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INTRO ON

OUTLINE

@ Hybrid Systems: definition and applications to Systems
Biology;

@ a Stochastic Process Algebra (SPA) for biological modeling:
sCCP;

e from sCCP to ODE's;

@ problems and about ... being more “discrete”.
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INTRODUCTION

A BIOLOGICAL CIRCUIT:
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INTRODU ON

CIRCADIAN CLOCK (J. M. G. ViLar, H. Yuan KueH, N. BARKAI, AND S. LEIBLER.

PNAS, 2002.)
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INTRODUCTION

CIRCADIAN CLOCK
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p_gate(ap, och, Ya:0a, Mg, A) |
p_sgate(ag, ag, YR, R, Mg, A) ||
reaction(84, [Mal, [A]) ||
reaction(Spa, [Mal, []) ||
reaction(8Rr, [MR], [R]) ||
reaction(SmR, [MR], [1) ||
reaction(y¢, [A, R], [AR]) ||
reaction(d 4, [AR], [R]) ||
reaction(84, [AL, []) ||

reaction(SR, [R], [])
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INTRODUCTION

MODELING: STOCHASTIC VS. DIFF. EQUATIONS

DIFFERENTIAL EQUATIONS
@ mature

e computationally affordable (one run)

STOCHASTIC something

@ precise

e computationally costly (many runs!)
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HYBRID SYSTEMS

HYBRID SYSTEMS

Many real systems have a double nature. They:
@ evolve in a continuous way,

@ are ruled by a discrete system.

hybrid systems/automata
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HYBRID SYSTEMS

The EXAMPLE

A THERMOSTAT MODEL
X <15 X' =X
Ooff On

X >20,X =X
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HYBRID SYSTEMS

HYBRID AUTOMATA - SYNTAX

Alur et al. 1992

DEFINITION (HYBRID AUTOMATON - SYNTAX)

A tuple H=(Z,Z',V, &, Inv, Dyn, Act, Reset) where:
o Z and Z’ are varibles in R*
e (V, &) is a graph
e Each v € V is labelled by Inv(v)[Z] and Dyn(v)[Z,Z’, T]
e Each e € € is labelled by Act(e)[Z] and Reset(e)[Z, Z’]

We consider Dyn(v)[Z,Z', T] of the form Z' = p,(Z, T), where p,
is the solution of the vectorial field P(v).
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HYBRID SYSTEMS

HYBRID AUTOMATA - INTUITIVELY

FINITE AUTOMATA plus Time
Time flows when within states:
o H evolves from Z to Z' in time T when Dyn(v)[Z,Z', T]
@ in mode v, Z must always satisfy Inv(v)[Z]
@ H can cross e only if Act(e)[Z]
@ when H crosses e, Reset(e)[Z,Z']
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HYBRID SYSTEMS

HYBRID AUTOMATA - STATES AND TRANSITIONS

DEFINITION (HYBRID AUTOMATON STATE)

A state is a pair in V x R,

DEFINITION (CONTINUOUS TRANSITION)

3f : Rt — R¥ continuous such that
r = f(0), s = f(t), and Vt' €
[0, t] the formulee Inv(v)[f(t')] and
Dyn(v)[r, f(t'), t'] hold.

(v,r) Sc(v,s) <

DEFINITION (DISCRETE TRANSITION)

i) (viuy € & and Inv(v)[r],
(v,r) —5p (u,s) <= Act((v,u))[r], Reset({v,u))[r,s],
and Inv(u)[s] hold.

V.
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HYBRID SYSTEMS

The EXAMPLE

A THERMOSTAT MODEL
X <15 X' =X
Ooff On

X >20,X =X
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HYBRID AUTOMATON’S TRACES AND REACHABILITY

DEFINITION (HYBRID AUTOMATON TRACE)

A trace g ... L, from £y to £, is a sequence of admissible states
such that either ¢;_; i>C 0iorbi_q Sp b forall i e 1, n].

DEFINITION (HYBRID AUTOMATON REACHABILITY)

g € R¥ is reachable from p € R¥ if there exists a trace from a state
(v, p) to a state (u, q).
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HyBRID Sy MS

REACHABILITY PROBLEM

REACHABILITY

Given two sets S and T, is there any p € S and g € T such that ¢
is reachable from p?
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HYBRID SYSTEMS

REACHABILITY PROBLEM

REACHABILITY

Given two sets S and T, is there any p € S and g € T such that ¢
is reachable from p?

REACHABILITY CAN BE USED TO VERIFY SYSTEM’S

PROPERTIES

¢ is always false in H <= Sat(¢) is not reachable from H’s
initial states
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HYBRID SYSTEMS

DECIDABILITY OF THE REACHABILITY PROBLEM

Can | say when T is reachable from S7 l
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HYBRID SYSTEMS

DECIDABILITY OF THE REACHABILITY PROBLEM

Can | say when T is reachable from S7 l

The halting problem for 2-counters machines can be reduced to a
reachability problem over hybrid automata (Alur et al. 1995).
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HYBRID SYSTEMS

DECIDABILITY OF THE REACHABILITY PROBLEM

QUESTION

Can | say when T is reachable from S7

More Expressive Undecidability

Simple Multirate

Less Expressive

Rectangular Initializated

4
Decidability
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HYBRID SYSTEMS

EXAMPLES OF USE OF HS FOR SYSTEMS BIOLOGY

ESCHERICHIA COLI
@ a bacterium detecting the food

concentration through a set of
receptors;

e moving by flagellar rotations.

Depending on the concentration of
attractans and repellents, E. coli responds
to stimuli in one of two ways:

@ “RUNS" — it moves in a straight line
by moving its flagella
counterclockwise (CCW)

@ “TUMBLES"” - it randomly changes

its heading by moving its flagella
clockwise (CW)
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HYBRID SYSTEMS

EXAMPLES OF USE OF HS FOR SYSTEMS BIOLOGY

RUN [CCW] TUMBLE [CW]

Y=P>O0AS =+l AYp=Yp AY{=YoA
Bp=Bp ABy=ByAZ' =Z AP =P

Yp =k, P(Yo - Yp) — k_,ZYp Yp = ky,P(Yo — Yp) — k_yZYp

Bp = kyP(By — Bp) — k_,Bp Bp = kyP(By — Bp) — k_,Bp

P = LTy, + LTy, + LTyt
Top + Tap + Tup

P = LTy, + LTy, + LTyt
Top + T3p + Tup

Y=P <IN =-1AY,=Yp ANV =YoA
B, =Bp ABy=ByANZ =ZAP =P

A. Casagrande et al., Independent Dynamics Hybrid Automata in Systems
Biology, AB('05) Tokyo, 2005
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HyBRID

EXAMPLES OF USE OF HS FOR SYSTEMS BIOLOGY

PARAMETERS IN GENETIC REGULATORY NETWORKS

@ Use “well behaving” (TypicaL) KEY PROPERTY
differential equations (e.g.
piece-wise multi affine
functions);

Theorem (Multiaffine functions on hyperrectangular
polytopes) f multiaffine function and P

hyperrectangular polytope:
@ use temporal logic to

express dynamical f(P) C hull({f(v)|veVe}),

properties; . . . L
that is Vx € P, f(x) is a linear combination of

@ partition the the values of f at vertices of P.

parameters’space in such
a way to guarantee

validity of temporal o3 e g, B e
properties. . 1 ol | H ‘
- . R‘
@ PM-Systems Model Checking K Re—— e
e
Genetic Regulatory Networks with } - o/ | H ‘
- I MR e e He—— & &'
Applications to Synthetic Biology, K T I

G. Batt and C. Belta
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HYBRID SYSTEMS

EXAMPLES OF USE OF HS FOR SYSTEMS BIOLOGY

SWITCHING AMONG SIMULATION TECHNIQUES
Use different simulation techniques as the number of molecule
varies;

@ stochastic simulation for low numbers;

@ ode simulation for high numbers;

Alur et al. Hybrid Modeling and Simulation of Biochemical
Networks
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MODELING: STOCHASTIC VS. DIFF. EQUATIONS

DIFFERENTIAL EQUATIONS
@ mature

e computationally affordable (one run)

STOCHASTIC something

@ precise

e computationally costly (many runs!)
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HYBRID SYSTEMS

A Bridge: OUR ATTEMPT

Use a Stochastic version of Concurrent Constraint Programming as
Stochastic Process Algebra tool.

Problems! (with behavioral equivalence)

Introduce Hybrid Systems.

Modes of the HS < Combinations of Stochastic choices
Dynamics < Ad-hoc edge’s variables with activations constrained
by rates
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HYBRID SYSTEMS

THE GENERAL VIEW
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HYBRID SYSTEMS

THE GENERAL VIEW
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Behavior
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| Comtinuons  f———— Discrete |

\ / \ y

L / \ /
\\\ _ \\ e

FIND THE BALANCE

@ Use the continuous simulation to decrease cost.

@ (Re)Introduce discrete transition to maintain behavioral
equivalence.
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sCCP aND BIloMODELING

STOCHASTIC CONCURRENT CONSTRAINT
PROGRAMMING

WHAT 18

o A SPA with a computational “twist”.
@ Maintains a form of local storage.

o Keeps separated the description of interactions and the
management of data for computations.

o (Naturally) Introduce functional rates.
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sCCP aND BIloMODELING

CONCURRENT CONSTRAINT PROGRAMMING

CONSTRAINT STORE

@ In this process algebra, the main objects are constraints , which are
formulae over an interpreted first order language (i.e. X = 10,
Y > X —3).

@ Constraints can be added to a "container", the constraint store, but can
never be removed.

SyNTAX OF CCP

Agents can perform two basic operations on this
store (asynchronously):

Program = Decl.A

@ Add a constraint (tell ask) B o | e | i
=€ ecl.Dec P\x):: —

@ Ask if a certain relation is entailed by the

current configuration (ask instruction) tell(c). A
ask(c1).Aq + ask(ca). A2

A1 || A2 | 3xA | p(x)

A= 0
|
|
I

V. Saraswat, Concurrent Constraint Programming, MIT press, 1993
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ZCP aND BIOMODELING

SYNTAX OF sCCP

SYNTAX OF STOCHASTIC CCP

Program = D.A
D=c¢|D.D|p(x): -A

A=0|tello(c)A| M| LA|A| A
M=n.G|M+M
m = tellx(c) | askx(c)
G=0|tello(c).G | p(y) IM|3G| G| G

L. Bortolussi, Stochastic Concurrent Constraint Programming, QAPL, 2006
y

STOCHASTIC RATES

Rates are functions from the constraint store C to positive reals:
A:C— R,
Rates can be thought as speed or duration of communications.

v
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sCCP aND BIloMODELING

SCCP — TECHNICAL DETAILS

OPERATIONAL SEMANTICS » Show Details

@ There are two transition relations, one instantaneous (finite and
confluent) and one stochastic.

@ Traces are sequences of events with variable time delays among them.

DISCRETE vS. CONTINUOUS SEMANTICS > Show Details

@ The operational semantics is abstract w.r.t. the notion of time: we can
map the labeled transition system into a discrete or a continuous time
Markov Chain.

IMPLEMENTATION STREAM VARIABLES
@ We have an interpreter written in @ Quantities varying over time can
Prolog, using the CLP engine of be represented in sCCP as
SICStus to manage the constraint unbounded lists.
store.

@ Hereafter: special meaning of
@ Efficiency issues. X=X+1.
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sCCP aAND BIOMODELING

CONTINUOUS TIME MARKOV CHAINS

A Continuous Time Markov Chain (CTMC) is a direct graph with edges
labeled by a real number, called the rate of the transition (representing the
speed or the frequency at which the transition occurs).

@ In each state, we select the next state
according to a probability distribution
obtained normalizing rates (from S to S; with

prob. f-).

@ The time spent in a state is given by an
exponentially distributed random variable,
with rate given by the sum of outgoing
transitions from the actual node (r1 + r2).
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sCCP AND BIOMODELING

BIOCHEMICAL ARROWS TO SCCP PROCESSES

reaction(k, [Ry, ..., Ral,[P1,...,Pm]): —
aSkfmA(kvRLm,Rn) (Afa(Ri > 0)) .

R1 +...+R, Pi+...+P
: m kP " (753 telloc (Ry = Ry — 1) 72 telloo (P = Pj +1).

reaction(k, [R1, ..., Ral,[P1,...,Pm])
_kq reaction(ky, [R1, ..., Rn]l,[P1,-..,Pm]) ||
Rit+. .. 4Ra= P1t ... +Pm reaction(kz, [P1, . . .. Pml, [R1, - - - » Rn])

mm_reaction(K, Vo, S,P) : —

ask, (K, Vg,8)(S > 0).

(telloo (S = S — 1) || telloo (P = P + 1)) .
mm_reaction(K, Vo, S, P)

E
S —K,Vo P

hill _reaction(K, Vo, h, S, P): —
_E p ask, . (K,Vg,h,s)(S > 0).
K.Vo.h (telloo(§ =S — h) || telloo (P = P + h)) .
Hill_reaction(K, Vo, h, S, P)

Vosh
sh + Kh

VoS
where rpya(k, X1, ..., Xn) = k- X1 -+ Xn; rMM(K,v.,,S):SiK; rain (ks Vo, h, S) =
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sCCP aND BIloMODELING

ENZYMATIC REACTION

S+E=* ES—, P+E

MAass AcTION EQUATIONS

Mass AcTioN KINETICS
enz_reaction(ky,k_1,k2,S, E, ES,P) :-

@ = ka[S][E] — k2[ES] — k_1[ES]

macti%%in [5[’5':;]]’ [[isg];\ ” ﬁ = —ka[S][E] + k2[ES] + k_1[ES]
reaction(k_q, 9 B _
reaction(k2 ,1[55], [E, P]) g = —klSIIE]

IRl — y[Es)

MICHAELIS-MENTEN KINETICS

MICHAELIS-MENTEN EQUATIONS

ko + k_y

mm_reaction ( ,ka - E,S, P)
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sCCP aND BIloMODELING

ENZYMATIC REACTION

S+E={* ES—, P+E

Enzymatic Reaction with Mass Action Dynamics

enz_reaction(ky, k_3,k2,S, E, ES, P) :-
reaction(ki, [S, E], [ES]) ||
reaction(k_3, [ES], [E, S]) ||
reaction(ka, [ES], [E, P])

500 7000 1500

Enzimatic Reaction with Michaslis Menten dynamics.

MICHAELIS-MENTEN KINETICS

ko + k_
mm_reaction (¥, ky - E,S, P)

k1
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'CP AND BIOMODELING

MAP-KINASE CASCADE

(input)

|
KKK T KKK* KK T KK-P T KK-PP K T— K-P _-
(output)
E2 KK-P'ase K-P'ase

enz_reaction(ka, kg, ke, KKK, E1, KKKE1, KKKS) ||
enz_reaction(ka, kg, kr, KKKS, E2, KKKSE2, KKK) ||
enz_reaction(ka, kg, kr, KK, KKKS, KKKKKS, KKP) ||
enz_reaction(ka, kg, kr, KKP, KKP1, KKPKKP1, KK) ||
enz_reaction(ka, ky, kr, KKP, KKKS, KKPKKKS, KKPP) ||
enz_reaction(ka, ky, kr, KP, KP1, KPKP1, K) ||
enz_reaction(ka, ky, kr, K, KKPP, KKKPP, KP) ||
enz_reaction(ka, kg, ky, KKPP, KKP1, KKPPKKP1, KKP) ||
enz_reaction(ka, kg, ky, KP, KKPP, KPKKPP, KPP) ||
enz_reaction(ka, kg, ky, KPP, KP1, KPPKP1, KP)
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REPRESSILATOR

sCCP AND BIOMODELING

neg gate(0.1,1,0.0001, A, C) ||
reaction(0.0001, [A], []) ||

neg gate(0.1,1,0.0001, B, A) ||
reaction(0.0001, [B], []) ||

neg_gate(0.1,1,0.0001, C, B) ||
reaction(0.0001, [C], [])

AR,

|
My
e

f

L

10 2 14

{
[
,
B
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sCCP anp HS

CONNECTING SPA AND ODE MODELS

mterchangeability

behavioral expressivity
hybrid modeling
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sCCP anp HS

FroMm sCCP 1o ODE

We want to associate a set of ODE to an sCCP program (written in a
restricted syntax).

ODE can be numerically simulated faster than stochastic processes.

There are (syntactic) methods to write set of ODEs for PEPA and stochastic
m-calculus, looking at the speed of creation and destruction of terms (We did
the same for sCCP).

However, the ODE can show a behavior different from that of SPA models.
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sCCP anp HS

FroM sCCP 1O ODE: EXAMPLE

Collapse all instantaneous transitions following a stochastic one and
add their updates to the edge’s label denoting such a transition.

REDUCED TRANSITIONS SYSTEMS

@ Associate a labeled graph to each sequential component of an
sCCP program:
EDGES are transitions and are labeled by a set of guards,
a set of updates of variables of the store, and the
corresponding rates;
NODES are stochastic choices.

@ Procedure calls are resolved by inserting a copy of the called
procedure.

@ Syntactic restrictions are necessaries.

’

A. POLICRITI HyYBRID SYSTEMS AND SysTEMs BiloLocy 29/41




sCCP anp HS

FroM sCCP 1O ODE: EXAMPLE

EXAMPLE

A :- asky, (true).tello(X = X +1).B
B - telly, (X = X —1).A

X =X +1\] “ X =X-1\)

A. POLICRITI HyYBRID SYSTEMS AND SysTEMs BilorLocy 30/41
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sCCP anp HS

FroM sCCP 1O ODE: EXAMPLE

INTERACTION MATRIX ANDX REACTION VECTOR

X=M-A-X2-B
ode A=—-X\ -A+X X B
B=X\-A—X- B
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THE STRANGE BEAST OF REPRESSILATOR

MODELING 3 NEGATIVE GENE GATES

Neg(X, R) :-  tellg, (X = X + 1).Neg(X, R)
+ asky,r(R > 1).asky, (true).Neg(X, R)

Degrade(X) :- asky, x(X > 0).tell (X = X — 1).Degrade(X)

Neg(A, C) || Neg(B, A) || Neg(C, B) || Degrade(A) || Degrade(B) |
Degrade(C)

A. POLICRITI HYBRID SYSTEMS AND SysTEMs BiloLocy 32/41



sCCP anp HS

[

[ 53 K] A:kaA—de
H B =k,Yp — k4B
@ €= k,Ye — kyC
Ya = k,Za — kpYaC
s s Al YB = kuZB — kaBA
@ Yo = k,Zc — kyYcB
Za=kpYaC — kyZa
Zg = kp YgA — k,Zg

D [ X = X — 1; k4 X] Zc =kpYcB —kuZc

[#;%; Ky R]
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THE STRANGE BEAST

OF REPRESSILATOR

Repressilator with gene gates

Repressilator: ODE from sCCP

Repressilator ODEs

—

—

Repressilator in sCCP

Repressilator in sCCP

Repressilator: average of sCCP model

Average quantity or protein a in repressilator
3

Cancentration

HYBRID SYSTEMS AND SysTEMs BiloLocy 34/41
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sCCP anp HS

FroM sSCCP 17O HYBRID AUTOMATA

We want to associate an hybrid system to a sSCCP network.

@ The mixed discrete/continuous dynamics of HS is more natural than
simple ODE, as it can preserve some logical structure of sCCP networks.

@ Hybrid automata are equipped with well developed analysis methods.

v
How?

@ The separation between constraint store and logical description of agents
makes easy to identify (discrete) modes of the automata

@ Activation conditions need to look at the temporal semantics of
stochastic actions.

A\
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sCCP anp HS

EXAMPLE: A “DISTILLED” REPRESSILATOR

A - tellk+ X=X+1).A (X =X+ Liky] (X >0X =X -1k X]
+ askp x(X >0).
telloo (X = X — 1).A
+ askko (true).B

s34 ko] %1 ko)
B :- tell, (X=X+1).B
+ askk+x(X > 0).
telloo (X = X — 1).B

+ asky (true).A X =X+ 1k ] X >0:X =X - Lk,X]
v
©
e
o
=
00 w®
w0
»
w©
o o
©
.
.
S O P e W
ime e
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sCCP anp HS

HA ASSOCIATED TO AN SCCP-NTWRK

Ideas

@ localize the construction to looping edges in order to
determine flow conditions;

@ use (non constant) rates to govern variables associated to
edges;
@ use variables associated to edges in activation conditions.
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sCCP anp HS

HA ASSOCIATED TO AN SCCP-NTWRK

N =A; | ...]| Am be an sCCP-network.
@ control modes ¥ = (01,...,0m);
@ control edges corresponding to non-looping arcs t; € T; of RTS(A;);
@ variables: stream variables Xi, ..., Xk of N, plus one variable Y; ; for
each RTS-edge tjj;
Q@ flow conditions odes = Y| odei ,,, where odei o, = li o, - Iio;-
Moreover, if the label of t; is (gij, Gij, \ij), Yi = Nij(Xu, ..., Xk);
@ activation condition corresponding to t;, is the predicate gjj A Y; > 1,
where gj; is the guard predicate of the transition;
. . hij
@ resets corresponding to tj, with ¢; = A\, 2, X, = X, + dj,
hy
ANXi =X+ |nl N\ Yi=0
k=1 t;ET;

V.
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[ X = X + 15ky)

[ X =X + 1k ]

X>0:X=

| s ko

- Lk X

Yi=ko N
Ya=ko
V-1 V=1

o

time

0o

00

1000

1200

a0 40 e0 w0 100 1200

RID SYSTEMS AND SysTEMs BioLocy 39/41



HYBRID REPRESSILATOR

Repressilator with gene gates

Repressilator: ODE from sCCP

Repressilator ODEs

—
—

A. POLICRITI

Repressilator in sCCP

Repressilator in sCCP

Hybrid Repressilator from sCCP

/ /]

i i Aomatn sutamaticly e oSS
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sCCP anp HS

CONCLUSIONS
@ HS for: biochemical reactions, genetic networks, etc.

@ SPA to ODE: problems (the stochastic component averaged
away).

@ Localize ODE’s and maintain a discrete portion of the
network: Hybrid Systems (with the right control variables).

o Define a /attice of HSs.

o Formalize the behavioral properties to guide/determine the
level of discreteness to maintain.
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