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1 Overview

This paper deals with a peculiar instance of the con-
sensus problem.

In our scenario, the system can be assimilated to
an irregular network composed of clusters of process-
ing units. Each unit holds a ”copy” of a value, that
changes continuously according with a known func-
tion. The basic problem we address is to keep all the
copies sufficiently close to the real value, given that
most units cannot keep the local copy of the value ex-
actly updated, with a minimal computational load.

With respect to the ”precision” of the local copy
of the global value, we distinguish two kinds of units:
a restricted number of units that continuously keep
the correct value, upon which any other unit should
agree, and the rest of the units, that can only estimate
locally the current global value.

We do not investigate the way in which the for-
mer units keep their copies exactly updated: since
we count a few units of this kind in the system, they
may use an expensive strategy. On the contrary, we
are interested in the behavior of the rest of the sys-
tem.

The precision of the local estimate of the other
units progressively degrades, and they need to pe-
riodically refresh their local estimate in order to keep
it acceptably near to the global value. Our problem
is the design of a protocol that performs this task.

The relevance of the problem should become evi-
dent if we recognize that the above description is a
paraphrase of the clock synchronization problem: a
few units in the system hold accurate (and expensive)
clocks, while the others periodically synchronize their
in-accurate (and cheap) clocks with the accurate ones.
The interested reader can find a technical discussion
of the problem and its practical solution in Internet
in [7]: the protocol suite is known as Network Time
Protocol (NTP).
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In NTP each unit follows a selfish behavior, read-
ing the remote accurate clock when a given timeout
elapses and synchronizing the local clock. This may
cause a very high traffic load in a system composed of
many units, since each clock reading operation uses
several links from the unit to the clock synchroniza-
tion server and back.

In this paper we propose a completely different
strategy, and perform a first step towards its imple-
mentation.

The strategy basically consists in generating a syn-

chronization wave in response to a request: therefore
many units will be able to synchronize their clocks
during the same wave diffusion. We can quantify the
difference among the two approaches by counting the
link operations required to synchronize all the units
in the system composed of n units with O(n) links:
if the average distance (in terms of links to cross) of
a unit from a time server is O(

√
n), the operation

requires O(n3/2) link operations following the NTP
approach, and only O(n) following the synchroniza-
tion wave approach.

The concept of wave diffusion is typical of syn-
chronous networks, like systolic arrays, but is seldom
applied to a-synchronous networks, as in our case.
An application of this concept to clock synchroniza-
tion in an asynchronous network can be found in [4]:
in that case, the author assumes that there is not an
”absolutely correct” value, and the units may con-
verge to an arbitrary value, but common to all units.
With this paper, we share also a common fault model,
which will be described in the next section.

The operation that has to be carried out cannot
be assimilated with that usually referred as gossip-

ing [6]: in our case, communication is some-to-all. It
is also more complex than that usually referred as
broadcast, since we consider the interactions among
different broadcasts in the system. In fact, we con-
sider both the diffusion of the request and the one of
the broadcast, and we pay special attention to the sta-
tionary process of request-broadcast that determines
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a periodic, systolic behavior of the system.

In [2] we proposed an algorithm following the above
guidelines. The algorithm was described informally
and tested in a simplified environment. In the present
paper we make a first step towards the formal state-
ment and proof of this algorithm. Therefore we re-
worked a description of the problem that disregards
the topics related to real time, and we wrote and
proved the correctness of an algorithm that solves this
limited instance of the problem. The insigth gained
in the informal part of the work gives us confidence
in the possibility to extend this algorithm to the real-
time related problem.

One of the interesting features of the algorithm is
self-stabilization. The interest for this feature comes
from the consideration that the algorithm should re-
side at a very low level; therefore we cannot rely on
powerful fault tolerant features. Our fault hypothe-
ses exclude the permanent failure of a node, but oth-
erwise analyzes any other kind of faults. However,
in response to severe faults, the response of the al-
gorithm may be less safe: a system controlled by a
self-stabilizing algorithm may run into an inconsistent
state when units fail or are restarted in an inconsis-
tent state, but its consistency will be restored if all
units work properly.

In the rest of the paper we will make little ref-
erence to the original problem of clock synchroniza-
tion. Instead, we will define the problem starting
from scratch, and define and prove the validity of
a solution using a temporal logic, that excludes any
possibility of representing real time.

2 System Model

The system is composed of interconnected units. A
distinguished subset of such units is made of the units
that we call TRUs (Time Reference Units): they are
the source of the information to be diffused. In the
following, we will use non-ambiguously the word item

for the piece of information diffused by a TRU. When
the system is in an inconsistent state, it may occur
that some units behave like TRUs although they are
not: we call them false TRUs.

The communication network is represented by a
neighborhood relation: to each unit we associate a
set of nodes that we call neighbors. The relation of
neighborhood is symmetric. A unit can receive the
item coming from different TRUs. For each unit and
each TRU α, there is a subset of the neighbors of
the unit from which it accepts the item: we call such
neighbors the synchro-neighbors with respect to TRU
α. A TRU is always a synchro-neighbor with respect
to itself for each of the neighbors. The relation of

T the set of TRUs
α,β,γ generic TRUs
x, y, z generic units, but not TRUs

Table 1: System notation

synchro-neighborhood is a-cyclic. The notation used
in the rest of the paper is summarized in table 1.

The above definitions confine the spread of an item
into a number of subgraphs: each of them has a
pre-ordering structure (since it is a-cyclic), and is
“rooted” in a TRU. The reason for this restriction is
related to the original problem: the timing informa-
tion carried by the item degrades as it is transmitted
from a node to another, due to the indeterminacy of
the communication delay, thus we have to limit the
length of the path covered by an item.

We require a further property to hold, which re-
stricts the way different diffusion subgraphs inter-
twine:

Predicate 1 For all nodes x, there exists a neighbor

y such that, if y has a synchro-neighbor with respect

to the TRU α, then y is a synchro-neighbor to x for

the TRU α.

In other words, we require that each unit has at
least one neighbor that can pass it the item, what-
ever the TRU is from which the neighbor has received
the item. This condition is essential to avoid the
case when a unit x never receives the item, since all
synchro-neighbors repeatedly receive it from TRUs
for which they are not synchro-neighbors to x. For
instance, if the system is the one depicted in Figure
2a and the diffusion graphs are those depicted in Fig-
ures 2b and 2c, it might happen that unit x never gets
the item: it happens when unit a privileges receiving
the item from TRU α, and unit b privileges TRU β.

In the following, we will implicitly restrict any
statement to the systems that satisfy the above Pred-
icate 1.

Requirement 1 is quite restrictive, but it is satis-
fied by several topologies of interest: for instance, by
any network where all units belong to only one syn-
chronization graph, as well as every network where
all units belong to all synchronization graphs. There
are also regular topologies that satisfy Requirement
1: for instance, a square grid n ∗ n, where TRUs are
at the vertices of the network and, for each unit, the
synchro-neighbors with respect to α are all the neigh-
bors that are nearer to α, if the distance from the unit
to α is less than n.

We adopt the fault model that is usually adopted
for self-stabilizing algorithms: the system can re-
establish a consistent state regardless of the state
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c) the synchronization graph of TRU β

Figure 1: A case of synchronization graphs that do not satisfy the Predicate 1

produced by the fault, once the fault has been re-
moved. In addition, the disconnection of one or more
units is not regarded as a fault, as long as the re-
sulting subgraph satisfies the properties stated above.
The behavior of the system while a fault is active,
or during the time between its removal and the re-
establishment of a consistent state, strongly depends
on the type of fault. This topic, which is common to
any self-stabilizing algorithm, will not be discussed
in this paper, but we prove that the system will ulti-
mately converge to a consistent state.

Another peculiar, but ultimately non-restrictive,
hypotheses that we introduce is that the item gen-
erated by a TRU is unforgeable and unique. This
is reasonable, since the granularity of the timing in-
formation carried by the item is so small, that the
probability that a clock arbitrarily set up has the
right value is negligible. But we argue (still have not
proved) that even in this case the algorithm would
not be disrupted.

3 The Algorithm

We assume that the state of each unit, except TRUs,
is represented by:

• a label, that indicates the phase in which the unit
resides with respect to the algorithm, and

• the name of a TRU (e.g., α), and

• an integer value (e.g., n).

The last two fields should uniquely identify (if the
unit works properly) the item which was most re-
cently received by a TRU: they indicate the n-th item

generated by unit α. Since the items generated by a
TRU are unforgeable and unique, if the two values
above are correct they indicate a unique item.

The label can have one of three (mutually exclusive)
values:

w(aiting) when the unit is waiting for a new item
from a TRU;

s(teady) when the unit is satisfied of the item it
currently holds;

r(eference) when the unit holds the most recent
item diffused by a TRU, and can therefore diffuse
it to the neighbors that are waiting for it.

The state of a TRU is uniquely identified by its
name and by the number of the last item it released.

In Table 2 we summarize the notation used to in-
dicate the local state of a unit.

We want that the algorithm exhibits three funda-
mental properties, that we informally state as follows:

progress: a waiting unit will eventually receive an
item, and

self-stabilization: if all units participating in the
algorithm are properly working, then the system
will converge into a state where all units in the
state r hold the most recent item diffused by the
TRU, and such property will be satisfied as long
as the units work properly. This property char-
acterizes a legitimate state.

In order to realistically represent a clock synchro-
nization algorithm, we also need a further property
to hold:
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wα the unit is in the w state, and is in
the synchronization graph of TRU α

〈lsp〉 sn
α the unit is in the s state, and received

the n-th data produced by TRU α

rn
α the unit is in the r state, and received

the n-th data produced by TRU α

Rn
α is the TRU α that holds the n-th data

it produced

Table 2: The notation for the predicates related to
the state of a unit

〈lsp〉 a neighbor exists whose state sat-
isfies 〈lsp〉 and it is a synchro-
neighbor

〈nsp〉 〈lsp〉 a neighbor exists that is in state
〈lsp〉

〈lsp〉 a neighbor exists whose state sat-
isfies 〈lsp〉 and the unit is a
synchro-neighbor for it

Table 3: The notation for the predicates related to
the state of the neighbors of a unit

liveness: each unit perpetually loops through the
three states.

This requirement is implicit in the definition of self-
stabilization given by Dijkstra [5], but recent inter-
pretations of self-stabilization consider it as too re-
strictive [8]. Note that the progress property stated
above is a straightforward consequence of the liveness

property.
Since the algorithm depends not only on the local

state of the unit, but also on the state of neighbors,
in Table 3 we give a concise notation also for the state
of the neighbors of a given unit.

Based on such syntax, a predicate concerning the
state of a unit as well as that of its neighbors will be
indicated as:

〈lsp〉[〈nsp〉1, ..., 〈nsp〉n]

The global algorithm is composed of all the algo-
rithms which are run locally by the units. Following
the terminology introduced by “Unity” (see [1]) we
say that they are composed by union. We have dif-
ferent algorithms for TRUs and for the other units:
they are illustrated in Table 5 and 4

The self-stabilizing predicate, that is characteris-
tic of a legitimate state of the system, can now be
formulated as follows:

Predicate 2 (Legitimate state) For every unit x

in the r state, there exists a TRU α such that

state = rn
α if w[rn

α,¬sα] 2

state = s if rα[rα ∨ Rα,¬rα,¬(wα[¬sα])] 2

state = s if rα[¬rα ∧ ¬Rα] 2

state = w if sα[¬rα]

Table 4: The algorithm run by a non-TRU

state = Rn+1
α if Rn

α[¬rα,¬(wα[¬sα])]

Table 5: The algorithm run by a TRU

rn
α ∧ Rn

α

In order to prove the self-stabilization of the algo-
rithm, we need a metric, a quantity that represents
the distance of the present state from one of the le-
gitimate states. As one may expect, this quantity is
strongly related to the number of units that do not
satisfy the self-stabilizing predicate.

We call false TRUs those units that do not respect
the above property: namely those that have appar-
ently been the source of an item, but are not TRUs.

Definition 1 (The metric) We call false TRUs
the units that do not satisfy the legitimate state predi-

cate above, and for which the predicate rn
α[¬rn

α∧¬Rn
α]

is valid. Let F x be an integer value corresponding to

the number of units that follow a false TRU x in the

synchronization tree associated with α. Our metric

F is the sum of the F x over all the false TRUs in

the system.

Note that F may be higher than the number of
units in the system. In addition, it necessarily de-
creases each time the third statement of the algorithm
is used (see Table 4).

The fact F = 0 is a sufficient and necessary condi-
tion for the absence of false TRUs in the system, and
therefore can be used as an indication of a legitimate
state.

The next step is to prove that self-stabilization
and liveness hold for a system running the algorithm
above. The proof will be carried out using Unity.

4 Outline of the Proof

The complete proof of the lemmas introduced in this
section have been omitted from the paper published
in the ERSADS ’97 proceedings. The interested
reader is invited to download or request the complete
paper [3] that contains the formal proofs.
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The first statement to be proved is that the metric
F is eventually decreasing.

(F = kF ) 7→ (F < kF ) (1)

This immediately leads to the proof of self-
stabilization.

The proof that F does not increase entails proving
that a unit that has no false TRUs among its ances-
tors in any of the synchronization graphs of which it
is part, cannot receive an item from a false TRU. This
is, indeed, evident.

The proof that F eventually decreases is more com-
plex: the following Lemma plays a key role in the
proof.

Lemma 1 (Self-stabilization property) For

each properly working unit,

(rα ∧ (F = kF )) 7→ (sα ∨ (F < kF ))

If we assume that the current state is not legiti-
mate, then it holds that F > 0, and there is at least
one unit which is a false TRU. When we apply the
lemma to this unit, we conclude that the system will
necessarily evolve into a state where

• the unit has moved into the s state, thus leaving
the state of false TRU, or

• the metric F has decreased.

But, if the unit has moved into the s state, then it
will not contribute to F any more, since it is no more
a false TRU, and therefore the value of F decreases
also in this case.

Thus we conclude that Lemma 1 is true, and that
false TRUs will ultimately disappear.

The following lemmas hold when we have ensured
the absence of false TRUs:

Lemma 2 (Liveness property) For each properly

working unit, when F = 0,

rα 7→ sα (2)

s 7→ w (3)

w 7→ rn
α[rn

α] (4)

The relation 4) is the progress property for units in
the w state, and the relation 2) is proved as a corol-
lary of Lemma 1. Together they prove that units per-
petually move through the three states (the liveness

property stated before).
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