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mailto://augusto@di.unipi.it

http://www.di.unipi.it/∼augusto

April 13, 2001

Abstract

Condensing the definition of self-stabilization in a few temporal logic

predicates highlights strengths and limits of this concept: we show that

it enforces structural properties in the design of an algorithm, and prove

that the original definition is inherently limited to token passing in a ring.

We complete our discussion introducing an extended definition moti-

vated by the formal analysis.

Keywords: design of algorithms, distributed computing, fault tolerance,

self-stabilization.

1 Introduction

The concept of self-stabilization [12] is extremely deep in pointing out the fea-
tures of a fault-tolerant distributed system; however, there is not one reference
definition, but diverse definitions are introduced, promoting some aspects and
demoting others.

The purpose of this paper is too explain this fact: we argue that the con-
cepts introduced by Dijkstra are valuable, but that the model introduced in the
seminal paper is too restrictive. We use formal tools to establish a solid ground
for our discussion, and find the limits of Dijkstra’s model. Next we show that
the model can be extended, without compromising the important concepts: we
give an example for this, defining an extended model and a problem that could
not be solved in the original model.

2 Understanding self-stabilization

The self-stabilization concept has been introduced in 1974 by E.W.Dijkstra: the
original two pages long paper contains the model of a distributed computation,
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and three examples. The model is in fact the distillation of a number of im-
portant concepts: taken as a whole, it describes a system that spontaneously
recovers from transient failures, without apparent error detection and with an
extremely reduced control. Many problems that characterize distributed fault-
tolerant systems apparently melt down when the algorithm conforms to the
self-stabilization model. Self-stabilization raises the interest of the theorician,
that looks at the elegance of the algorithm, and of the practitioner, that finds
a simple and robust solution.

Thus Dijkstra’s model can be considered as a set of requirements: an system
that exactly meets such requirements enjoys the structural properties of self-
stabilizion: elegance and robustness. Let us summarize these requirements, as
they are found in the original paper.

The system layout is a directed graph. Each unit operates according to a set
of guarded assignments: the left term in an assignment corresponds to a local
variable, while the guard, as well as the right term in an assignment, refer to the
state of the unit and of its neighbors. The assignments whose guards evaluate
to true are enabled.

The set of the legitimate states must satisfy four requirements (we add a
label for future reference):

Legitimate Deadlock Freedom: in each legitimate state, one or more com-
mands are enabled.

Stability: in each legitimate state each possible move will bring the system
into a legitimate state.

Minimal Guards: each guard must be enabled in at least one legitimate state.

Minimal States: for any pair of legitimate states there exists a sequence of
moves transferring the system from the one into the other.

In [24] the authors prove that the Legitimate Deadlock Freedom requirement
is redundant, since it is a consequence of Minimal States.

A self-stabilizing algorithm must exhibit the following properties:

Finite Convergence: regardless of the initial state, the system is guaranteed
to find itself in a legitimate state after a finite number of steps.

Deadlock Freedom: regardless of the initial state, at least one command will
always be enabled.

As informally noted in [24], the last requirement is unnecessary: it is a
consequence of Legitimate Deadlock Freedom and Finite Convergence. 1

The computational model must satisfy the following requirement:
1If the system is bound to enter a legitimate state regardless of the initial state by the Finite

Convergence, then none of the non-legitimate states can deadlock. Since Legitimate Deadlock

Freedom requires that none of the legitimate states can deadlock, we conclude that Legitimate

Deadlock Freedom and Finite Convergence imply that none of the states can deadlock, which

coincides with the Deadlock Freedom statement.
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Restricted Scheduling: at any time, any of the enabled assignements can be
selected for the next move.

The scheduler “knows” which of the predicates is currently true, and arbi-
trarily selects one of them: the choice is therfore restricted to enabled state-
ments.

The model is therefore made of three, tightly bound parts: the requirements
on the set of legitimate states, the requirements on the algorithm, and the re-
quirements on the execution model. We stress that the requirements encompass
not only the algorithm, but the statement of the problem itself: limiting the way
legitimate states are described limits the set of problems that can be modeled
using self-stabilization. A formal proof of this fact is one of the contributions
this paper.

This explain why, except in a few cases (as in [4, 6, 11, 14]), authors change
the definition of self-stabilizing system, in order to fit the problem they want to
solve: to cope with permanent failures [7], to implement a system clock [15, 19],
to implement mutual exclusion in trees [23], or to color graphs [17]. However,
in these cases there is no mention that the model is modified, and it is not clear
whether the change is really needed, and what share of the structural properties
survives.

Only a few papers formalize the alternate definition: it turns out to be either
an important relaxation (considering primarily stability [18], or weakening the
fairness requirements in favor of a probabilistic attitude [22]), or the reduction
to a degenerate case (like [17], where legitimate states are the fixed points of a
finite computation). However, even when the alternate definition is explicitely
introduced, the authors do not explain if the new definition enjoys the same
structural properties of the old one.

A limited number of papers introduce fault-tolerance paradigms related with
self-stabilization, without addressing a specific problem. As a general rule, they
have an attitude centered on the their original contribution, and do not take
into account how much of the old concept is kept, and how much is traded off.
This is the case of [5], that formalizes and compares the concepts of stabiliza-
tion and pseudo-stabilization; both concepts differ from the original concept of
self-stabilization, and are not explicitely compared with it. In [2] the authors
mention the relationship between the paradigm of closure and convergence and
self-stabilization, but do not compare further the two approaches.

Summarizing, authors often modify the requirements for self-stabilization,
but they fail to say why, and how much of the structural properties associated to
the original concept are preserved, and we suspect that extensions often lend to a
substantial loss of structural properties. Using well known facts as a metaphore,
let us consider a computer language without repetitive statements: its programs
are very clean and understandable, but it has a limited applicability. We may
extend it either adding labels and goto statements, or introducing a while

construct. In both cases we obtain a more powerful language, but in the former
we would compromise the structure of the programs (at least of badly written
ones). Our case is similar: Dijkstra’s model is sharp, but too restrictive, and
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we want to extend it without losing sharpness.
We focus on this point, and we obtain two basic results:

• classify the systems that conform to Dijkstra’s requirements, and

• find a wider class sharing similar structural properties.

To reach the first result, we need to formally define the requirements, and ob-
tain a description of the class of systems that correspond to these specifications.
We conclude that the set of systems that comply with Dijkstra’s definition is
very limited.

To obtain the second result, we need to introduce an extension and to eval-
uate its structural properties. The first step in this direction is to understand
which are the structural properties we are interested in. This is an informal
step, and the reference paper is [24]. Next we formalize and evaluate an exten-
sion, which is in fact a common factor of many extensions that can be found
in the literature (although never stated formally). We conclude arguing that it
preserves the structural properties of the original idea, but we still need to prove
that the extension really extends the original definition. To this purpose, we
introduce a simple system: it witnesses that there are systems that do not sat-
isfy Dijkstra’s requirements for self-stabilization, but are such in the extended
definition.

3 Formalizing the concept of self-stabilization

We restate self-stabilization as follows:

• translate the syntactical framework given by Dijkstra into Unity state-
ments;

• prove that the execution model induced by Dijkstra’s daemon is equivalent
to the model induced by Unity’s scheduling rule;

• map the informal requirements of a self-stabilizing system into a Unity
definition of a self-stabilizing program.

3.1 Mapping the syntax

The initially section of the Unity program that describes a self-stabilizing sys-
tem is necessarily empty, since the definition requires stabilization not to be
limited by the initial state: therefore we cannot assume an initial value for the
variables.

The guarded commands described in [12] can be immediately translated into
corresponding Unity conditional statements and quantified statements contain-
ing conditional statements.

In order to make significant some of the indications in Dijkstra’s paper, we
require that conditional statements are not nested: a conditional statement is
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composed of a predicate, the guard, and of a sequence of statement that does not
contain conditional statements, the guarded assignement. In this sense we say
that we restrict to “flat” Unity programs. This requirement is not restrictive of
the power of the language: any nested conditional statement can be rewritten
as a (longer) non-nested conditional statement.

The binding between a unit and the set of commands affecting that unit
is described as a mapping from the program to the architecture. This step
implements the allocation of the variables to the units. We recall that in order
to respect the distributed nature of the algorithms, a unit has read-only access to
the variables of adjacent units. This requirement limits the range of admissible
mappings for a given program.

3.2 Mapping the execution model

The execution model introduced in Unity associates a set of execution sequences
with a program. An execution sequence consists of a possibly infinite list of
pairs (xi, si) where xi is the index of a statement, and si is a state. Each pair
is obtained from the state of the previous pair, by applying statement xi to the
state si−1. The initial state s0 is chosen from those that satisfy the initially
section.

We can give a similar execution model which adheres to the one informally
defined by Dijkstra, and this model is fair if, following the indication in the first
part of Dijkstra’s paper, we introduce a daemon as an entity which “models
the undefined speed ratios of the various machines”. If speed ratios are consid-
ered finite (although undefined), a form of fairness is implicitly introduced: a
statement cannot remain enabled forever without being executed.

3.3 Formalizing the concept of self-stabilization

Now that we have justified the use of Unity in order to describe self-stabilization,
we can use it to describe the properties informally introduced in Section 2.

The property of being self-stabilizing pertains to a pair (F, l) where F is a
program and l is a predicate that characterizes legitimate states. Thereafter
the infix notation ‘F self-stabilizes to l’ is used, and the set of predicates Π =
p1, . . . , pv stands for the set of the guards in the program.

We will now define the properties that characterize the set of legitimate
states, with reference to the statements highlighted in the previous section, and
explain their part in the self-stabilization concept.

Definition 1 (Stability) l is stable

We recall that ‘stable’ indicates a property of a predicate that, once estab-
lished, is satisfied forever ([8]). This is a characterizing property: once the state
is correct, it remains such.

The role played by the two properties that follow is less apparent, but char-
acterize the self-stabilization as a software engineering principle. Although they
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reflect the fairness of a token circulation algorithm, they also say that the design
does not contain exceptional items.

Definition 2 (Minimal Guards) ∀p ∈ Π, {l ∧ p} 6= ∅

This requirement asserts that the program does not contain guards that are
satisfied only if the system is in a non-legitimate state. These predicates would
roughly correspond to detectors in the terminology introduced in [3].

One of the exceptional features of the self-stabilization concept is that it
introduces at the same time functional and structural properties of the algo-
rithm; the Minimal Guards property reflects this, and entails some important
structural consequences:

no error detection: the absence of recovery routines means that there is no
need of local error detection, which would trigger the execution of such rou-
tines. The implementation of error detection is especially difficult in dis-
tributed system, where the knowledge of the global state, which is needed
to detect failures, is impossible, or extremely expensive [9];

no cost fault tolerance: when the state of the system is legitimate, no share
of the activity of the system applies to the implementation of the fault
tolerance;

no “by case” design: error recovery (especially forward error recovery) often
requires the enumeration of different exceptional patterns, and related
recovery actions. The resulting design is poorly structured, its coverage
is difficult to test, and hides bugs that perform only when an emergency
raises. The Minimal Guards requirement explicitly excludes this.

Definition 3 (Minimal States)

∀s1, s2 ∈ {l}, s1 7→ s2

The above definition should be equivalent to the statement: “for any pair of
legitimate states there exists a sequence of moves from the one to the other”. In-
deed, the informal statement can be interpreted in two ways: the transition from
s1 to s2 is performed if 1) the daemon enables the units in an appropriate order,
or 2) independently from the behavior of the daemon. The first interpretation
does not guarantee a sort of fairness: a legitimate state might be left unvisited
forever, if the daemon never follows the appropriate strategy. This consequence
is serious if, as in the examples given by Dijkstra, each legitimate state must
be necessarily visited, since each legitimate state is relevant for the behavior of
the system. Therefore we follow the second interpretation, and formalize this
statement using the “eventually” concept embedded in the 7→ relation.

This interpretation introduces another structural property of the self-stabilization
concept: none of the legitimate states warns about a fault that might cause a
failure. Consequently the daemon cannot anticipate failures by driving the sys-
tem into a fault related legitimate state, since this one would be an instance of
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a state that may or may not be reached, depending on the occurrence of the
fault; this fact is excluded by the Minimal States.

This implies that the daemon (i.e., the underlying abstraction levels) cannot
seamlessly drive the system in a fault recovery state: in fact, such daemon should
have some fault detection strategy, and this is what the self-stabilization concept
wants to exclude. Like the Minimal Guards, but at a different abstraction
level, this property addresses completely decentralized designs where global error
detection mechanisms are inapplicable.

Definition 4 (Finite Convergence) true 7→ l

Together with stability, this is a strongly characterizing property: the system
always tends to a legitimate state, independently from the current state.

We are now able to give a definition of a self-stabilizing system, which is the
literal translation of the original definition into a formal language:

Definition 5 (Self-stabilizing System) Given a (flat) Unity program PU with
guards Π and a predicate l, PU is self-stabilizing to l if and only if:

• the initially section of PU is empty and

• l is stable and

• ∀p ∈ Π, {l ∧ p} 6= ∅ and

• ∀x, y ∈ {l}, x 7→ y and

• true 7→ l

The following theorem states that a very limited set of problems may be
solved by a self-stabilizing algorithm:

Theorem 1 A predicate l satisfies Stability and Minimal States if and only if

1. only one state satisfies l and the execution of any statement leaves that
state unaltered or

2. there are n > 1 states that satisfy l and an indexing {l} = {s0, . . . , sn−1}
exists such that si ensures s(i+1) mod n.

The proof is available in [10].
Summarizing, if the system has more than one legitimate state, the states can

be arranged in a ring, so that the system moves from one state to its successor,
in an endless loop.

In each state there is exactly one guard that is satisfied, since more than
one guard enabled would mean more than one successor, and no guards enabled
would mean deadlock: each statement has the effect of enabling exactly one
other statement.

If we map each statement on a different unit, the layout of the system is a
ring: in that case self-stabilization is limited to token passing algorithm on that
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ring. If we map more than one statement on each unit, we obtain that the token
is passed according to a virtual ring: in that case each node is visited as many
times as are the statements mapped on that unit.

We conclude here the discussion about the restrictions introduced by Di-
jkstra’s model: this model is bound to describe a token passing on a ring,
with minimal variations on that theme. One practical consequence is that self-
stabilization is incompatible with path redundancy, which is an important draw-
back of a scheme addressing fault-tolerance.

4 Unfurling self-stabilization.

The point with Dijkstra’s definition of self-stabilization is that it tightly restricts
and characterizes both the problem and the solution: not only the solution
must respect certain requirements, but the problem itself must exhibit certain
features.

The previous section concludes that Dijkstra’s description of self-stabilization
is exactly shaped on the circulating token problem. Indeed, this conclusion co-
incides with the intentions of the author, as explained in [13], but presently this
feature is an undesirable restriction to a more powerful concept.

Theorem 1 precisely indicates where this restriction is introduced: the Sta-
bility and Minimal States requirements alone induce the limitation to a ring.
Since the stability requirement strongly characterizes self-stabilization, we focus
on the Minimal States requirement and explore the possibility to extend it, thus
widening the applicability of the self-stabilization concept. We opt to redefine
Minimal States so that it operates on set of states, instead of single states. A
set of properties L is given such that each legitimate state satisfies one of them,
and for any pair of properties in L there exists a sequence of moves transferring
the system from one to the other.

This simple modification alone eliminates the strong limit expressed by The-
orem 1. The new Minimal States is:

Definition 6 (Minimal States (extended)) A class L = {l1, ..., lk}, with⋃
L

= l exists such that:
∀(la, lb) ∈ L2, la 7→ lb

The following section is dedicated to a simple algorithm admitting redundant
paths that is self-stabilizing according to the extended minimal states introduced
above, but is not self-stabilizing according with the original definition.

5 Example: the “tick-tack” algorithm

The constructive proof that the class of problem-solutions is in fact widened
is obtained finding a pair that cannot be described as a pure self-stabilization
instance, but complies with the extension mentioned above.
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The introduction of a new algorithm is not strictly needed: algorithms have
already been presented ([23, 1, 16, 19, 20, 21]) that would indeed fit our purpose,
since they implicitly use the extension we propose. But we prefer to introduce
a simpler algorithm, exactly shaped to our needs.

We want to design an algorithm that controls a number of units so that they
move in lockstep: this means that none of them can engage in the successive
step until all other units have committed the previous. Each move is therefore
identified by an integer number in the interval [0..N ], and is divided in two
steps: an operation and its commitment.

To support this requirements, we introduce an internal clock register in each
of the units records the present state as an integer: the operation of the i-th
step corresponds to state 2∗ i, its commitment to state 2∗ i+1 (here and in the
following the increment is intended modulo the number of states). In addition,
two other units are introduced: in figure 1 we have depicted a scenery with
three controlled units: B1, B2, and B3. Units A and C are used to enforce the
lockstep progress of B units.

A

B3

B2

B1

C
��

@@

@@

��

Figure 1: Layout of the system

The predicate that characterizes the legitimate state (i.e. lockstep operation)
is the following:

• the difference between the clocks of A and C is ±1;

• the clocks of the units Bk, k ∈ [1..3] have a value chosen among those of
A and C.

The mutual states of the units A and C are easy to enumerate, since they
must move in turn: A = C − 1 alternates with A = C + 1, with A always odd
and cycling in the admitted range of values: since this alternation recalls the
move of a pendulum, we say that a state with A = C +1 is a tick state, and the
others are a tack states. The definition of our problem implies that any couple
of values for A and C such that A is odd, and C is one of the even numbers
adjacent to A must be eventually reached. But the state of the system contains
also the state of the B’s.

For these units the requirements are fuzzier: their value must be equal to
A’s or C’s, but there is no priority among them, and all possible configuration
are in fact equivalent for the informal requirements.

The fuzzy requirement introduced above does not match the original, ex-
haustive definition of Minimal States: we do not want that every legitimate
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state is eventually visited. Instead, we want that each member set of a parti-
tion of legitimate states is eventually visited; all the individual states that are
equivalent from the point of view of the requirements are grouped in the same
member set of the partition.

The members of the partition are defined by the following predicates:

ticki = {s | A = 2i − 1 ∧ A = C + 1 ∧ (∀k : Bk = A ∨ Bk = C)}

tacki = {s | A = 2i − 1 ∧ A = C − 1 ∧ (∀k : Bk = A ∨ Bk = C)}

Intuitively,

• while the system is in a ticki state, all the B units have either committed
or performed the (i − 1)-th step,

• while the system is in a tacki state, some of the B units have committed
the (i−1)-th step, while the others have already performed the successive
step.

Our Extended Minimal States property is defined for the class

L = {ticki, tacki | i ∈ [0, N ]}

where N is the number of possible states of the global clock.
It is possible to prove that the following algorithm is self-stabilizing, and

that it satisfies the Extended Minimal States property. The proof is available in
[10].

A:

if (B1==B2) and (B2==B3) and even(B1) A=B1+1;

if (B1==B2) and (B2==B3) and odd(B1) A=B1;

C:

if (B1==B2) and (B2==B3) and even(B1) C=B1;

if (B1==B2) and (B2==B3) and odd(B1) C=B1+1;

Bk:

if A!=(C-1) Bk=A;

else Bk=C;

6 Conclusions

The concept of self-stabilization defined by E.W.Dijkstra in [12] has been ana-
lyzed, and a motivated extension has been proposed.
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We have shown that the original definition can describe only cyclic token
passing schemes: under this restriction, there is no room for more adaptive
scheduling policies.

We have proposed a weaker definition that extends the applicability of self-
stabilization to a wider class of concurrency problems, that do not need strictly
cyclic scheduling, but lockstep operation, as indicated by the final sample algo-
rithm.
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