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Abstract. We explore some presynaptic mechanisms of the calyx of
Held synapse through a stochastic model. The model, drawn from a ki-
netic approach developed in literature, exploits process calculi as formal
grounds, enjoys nice compositional properties, has a direct computational
implementation that supports simulation trials, and, to our knowledge,
represents the first process calculi based model of a presynaptic terminal.
Simulation results have shown coherence with experimental data and ro-
bustness against sensitivity analysis. The core model has been extended
in order to address some issues related to open problems: we discuss
hypotheses on short-term synaptic enhancement (facilitation) and de-
pression, i.e. plasticity mechanism that are related to memory and learn-
ing. The two aims of our work, i.e. addressing neural mechanisms and
validating and possibly improving, process calculi based modeling tech-
niques are discussed throughout the paper, together with the results of
experiments.

1 Motivations

Research in life sciences is benefiting from a large availability of formal de-
scription techniques and analysis methodologies. These allow both the phenom-
ena investigated to be precisely modeled and virtual experiments to be per-
formed in silico. Such experiments may result in easier, faster, and satisfying
approximations of their in vitro/vivo counterparts. A promising approach is rep-
resented by the study of biological phenomena as a collection of interactive en-
tities through process calculi equipped with stochastic semantics. These exploit
formal grounds developed in the theory of concurrency in computer science, ac-
count for the not continuous, nor discrete, nature of many phenomena, enjoy
nice compositional properties and allow for simulations that have been demon-
strated to be coherent with data in literature. The huge amount of information
produced in the field of neurobiology and the complex dynamics of the biological
processes require the utilization of mathematical and computational modeling
methods [KS98,FMWT02]. Neurons represent the elementary components of the
nervous systems, able to communicate with each other at highly specialized con-
tact sites called synapses. In general, each neuron consists of a somatic cellular
body, on which a variable number of thin elongated structures called dendrites



converge and from which a long single structure called axon emerges, branch-
ing in several synaptic terminals. The synaptic terminals of the transmitting
neuron (the presynaptic element) send signals by releasing chemical molecules
(neurotransmitters) to the dendritic part of the receiving neuron (postsynaptic
term) [RBM].

The synapses are the places of functional contacts between neurons, where
the information is stored and transmitted from one to another neuron. Synaptic
transmission is a complex process and current knowledge on synapses is based
on the analysis of a limited number of experimental synaptic models [FGJ+06].
Synaptic transmission involves the presence of calcium ions in the presynaptic
terminal, which control the transmitter release process [ZKS04], consisting in the
exocitosis of synaptic vescicles (small elements containing the neurotransmitters)
located at the presynaptic so-called active zone [Sud04].

The electrical signals (action potentials) arriving at the synaptic terminal
induce the opening of the Ca2+ channels. The transient elevation of the in-
ternal Ca2+ concentration in the presynaptic terminal triggers synaptic vescicle
exocitosis, and hence the neurotransmitter release (calcium-triggered-release hy-
pothesis). Interestingly, chemical messengers (intracellular) and modulators (ex-
tracellular) regulate the relationship between action potential and release in a
synaptic terminal, which is also altered by the repeated activity. All these things
make the presynaptic terminal a kind of computational unit, which changes its
output based on its previous activity and ongoing modulation.

Theoretical and functional studies have suggested that Ca2+ acts on presy-
naptic vescicles by a local huge and short-lived elevation of its concentration.
The locality and rapidity of the concentration variation render the study of this
phenomenon not approachable with the conventional microscopic imaging tech-
niques. Among the methods envisaged to overcome this limitations, one very
fruitful is the so-called reverse approach, in which Ca2+ uncaging is induced in
the presynaptic element. The uncaging method induces spatially homogeneous
Ca2+ elevation, implying that measuring the Ca2+ fluorescent indicator gives an
indication of the real Ca2+ sensed by the vescicles. This experimental method
has been applied to the study of the large synapse of the auditory tract of the
central nervous system, called calyx of Held. Moreover, it has been possible to
build a minimal kinetic model for the process of the Ca2+ triggered vescicle
release. Also, one can infer local Ca2+ signal waveform which is compatible with
the experimental data on the time course and amplitude of release [SN00,SN05].

Most of the models treating the calcium triggered release issues present some
methodological limitations. These models, and among them the calyx of Held
model, use differential equations to describe the time course of [Ca2+], the Ca2+

concentration (mole× liter−1) interacting with the synaptic vescicles. This ap-
proach implies that [Ca2+] is continuous, while it is clearly not [MBS]. For
example, with a Ca2+ concentration of 10 µM in a volume of 60 nm3 there is a
single free ion. Another common assumption is that the binding of the Ca2+ to
the release sensor of the vescicle does not affect the [Ca2+] concentration [MBS].
Also this assumption is not properly adequate: considering that the dimensions



of the vescicle diameters range in the interval 17-22 nm, in a volume of 60 nm3

there could be few Ca2+ ions, and when some of them bind to the vescicle sen-
sors, the number of calcium ions could change substantially. In these cases, the
use of a stochastic approach appears to be much more appropriate.

The deterministic and the stochastic approach are the main formalisms to
mathematically describe the time evolution of a chemical system which is spa-
tially homogeneous. In the first approach, the time evolution of the average
molecular populations of the chemical species present in a given volume is de-
scribed by a system of coupled, first order differential equations, known as reac-
tion rates equations. The second approach must be utilized when the fluctuation
in the molecular population levels are important, for example when the numbers
per unit volume of the molecular species involved are small. In the stochastic ap-
proach, the system is described by the so-called “master equation”, which usually
is intractable. A stochastic simulation algorithm has been proposed in [Gil77] to
overcome these difficulties.

Recently, stochastic techniques have been also adopted in computer science
to model quantitative aspects of interactive systems within concurrency the-
ory. Concurrency theory aims to model the behaviour and the structure of
systems composed of autonomous computational entities, which dynamically
interact one with another, possibly reconfiguring the system itself. At the be-
ginning, stochastic models have been used to study performance/time related
properties, e.g. [Hil96]. The strong analogies between concurrent and living sys-
tems, “cells as computation” [RS02], has fostered the development of Systems
Biology [Kit02,CAD+07], a systemic approach to living system modeling. Ac-
cording to this metaphor, cells, molecules and biological “active” components,
i.e. those capable of exhibiting a behaviour, are assimilated to computer pro-
cesses, the computational units of a concurrent software system. Then, bio-
logical interaction corresponds to process communication. By communicating,
processes may exchange information or synchronise themselves, i.e. they inter-
act one with another. Finally, a biological experiment, or biological activity
in general, has then a direct correspondence into computation. That is, bio-
logical processes can not only be simulated by in silico experiments, but also
it is possible to formally reason about their computational models and infer
properties of interest. Process calculi are a formalism to describe such mod-
els: systems are compositionally described in terms of suitable abstractions of
their component behaviour. Several process calculi whose “operators” are ori-
ented to describing different aspects of biological interaction have been pro-
posed e.g. [NOMK99,PRSS04,RPS+04,Car04]. Some of these calculi have been
equipped with stochastic semantics in order to study the quantitative evolutions
of systems, e.g. [Pri04,PRSS04,LPQ+04,CGH06]. This approach benefits from
conjugating the abstract and compositional algebraic models, the possibility of
precisely describe their semantics and formally reasoning about them, and the
quantitative analysis provided by stochastic semantics. Executable implementa-
tions of the calculi and analysis tools are provided.



In this context, motivated by addressing some aspects of the functioning of
neural synapses, we have developed a stochastic model of the calcium triggered
release in the calyx of Held synapse.

Our work starts from a deterministic model presented in [SN00], from which
we have derived a suitable stochastic model. This has subsequently been for-
malised in a variant of the Pi-calculus [Mil99], in which the behaviour of Ca2+

and vescicles has been described and composed to form the presynaptic terminal.
Model development has benefited from the above mentioned features, like mod-
ular design, abstract representation of the component functioning and stochastic
interpretation of the system dynamics. Then, in silico experiments have been car-
ried out by means of the stochastic Pi-calculus simulator SPiM [PC04], which
represents one of the most complete and expressive simulation environment for
stochastic calculi currently available.

The developed model has been firstly tested against sensitivity and robust-
ness, then tuned for our experiments of interest and, finally, used to investigate
two aspects of the presynaptic plasticity mechanisms: paired pulse facilitation
and short term depression.

Obtained results are coherent with those in literature and appears useful for
better understanding and testing hypothesis on not fully understood parts of
the two addressed issues.

Taking advantage of the compositionality of our approach, assemblying the
more detailed neural model has been quite straightforward and, also, has sug-
gested interesting directions for the enhancement of the expressive power of the
representation language.

In the long term, we are interested further pursue the investigation along two
complementary paths: from the biological viewpoint, we are interested to address
models of synaptic plasticity, i.e. activity dependent change mechanisms, which
are the bases of memory and learning processes, and to build more comprehensive
stochastic models of synaptic functioning; form the computer science viewpoint,
we aim at further developing the theory of concurrent biological interaction. In
this sense, addressing a notion of (spatial) locality along the line suggested by
the experiments would be a challenging task.

Synopsis The proposed model is described in Section 2, experiment results
and a discussion on the model are presented in Section 3. Related work are
discussed throughout the paper, while Section 4 contains concluding remarks.
Preliminary results of our work have appeared in [BBCDar].

2 A process calculi based stochastic model

In this paper we have applied a stochastic model, based on the algorithm intro-
duced in [Gil77], to describe the calcium triggered release mechanisms studied
in the model system of the synapse calyx of Held. Our staring point was a phe-
nomenological kinetic model, described in [SN00], in which five calcium binding
steps and a cooperativity factor b are needed for vescicle activation and release.



The kinetic model parameters were computed by fitting experimental data, ob-
tained by means of elevating the intracellular presynaptic [Ca2+] in a controlled,
homegeneous and step-like manner (calcium uncaging) [SN00]. We transformed
the equations of the above cited model by utilising the relationship between the
stochastic rate constants (c) and deterministic rate constants (k) [Kie02]. For
reactions of the first order, c = k. For reactions of second order, the relationship
becomes: c = k/(NA×V ol), where NA represents the Avogadro’s number and
V ol the volume of the reaction. Hence, in order to determine the values of the
stochastic rate constants, we needed to estimate the value of V ol. Spatially, the
calyx of Held is organized as a “parallel” arrangement of a large array of active
zones, ranging from 300 to almost 700 [SF06]. Active zones, each containing up
to 10 vescicles, are clustered in groups of about 10 of them, in a volume having
a diameter of almost 1 µm. Each action potential activates all the active zones.
Such particular morpho-functional organization of this synapse has allowed us
to model a subunit of the presynaptic element, consisting of a cluster of 10 active
zone, each containing 10 vescicles, in a volume of 0.5 10 −15 liter. With this vol-
ume estimate, we have obtained the following values for the stochastic constants:
con = 9 × 107 / (6.02 × 1023

× 0.5 × 10−15) s−1 = 0.3 s−1, coff = 9500 s−1,
γ = 6000 s−1 and b = 0.25, and the following numbers of Ca2+ ions: 300, 3000
and 6000, corresponding to molar concentrations [Ca2+] of 1, 10 and 20 µM.
The equations of the stochastic model are:
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where Ca2+

i represents the number of intracellular calcium ions, V the number
of vescicles, T the released vescicle.
Our simulations have confirmed the results obtained with the deterministic
model: high sensitivity of vescicles to calcium concentrations [SN00]. Moreover,
while several other synapses require a calcium concentration in the range of 100-
300 µM for triggering vescicle release [Sud04], it is known that the local calcium
concentration can be much lower than 100 µM in the calyx of Held [SN00]. Our
results have also confirmed this result, by showing that concentrations as low as
1, 10 and 20 µM are able to deplete the releasable pool in a few milliseconds.
In the following, we will graphically report our results. Each figure consists of
three pictures: on the left side the time course of Ca2+ is reported (together
with the extrusion mechanism (P) and its occupancy (CaP) when present, and
the intermediate Ca2+ bindings); in the middle the same picture is reported in
logarithmic scale so as to appreciate the intermediate states of calcium binding
and vescicle activation (Vstar) and release (T); on the right side the focus is on
activated vescicle (Vstar) and the total number of the transmitter released (T).



Figure 1 shows simulation results for the step-like calcium case with the
following parameters: V = 100; Ca2+ = 6000; con = 0.3; coff = 9500; γ = 6000;
b = 0.25. It can be observed that the pool of vescicles is 80% depleted within 3
ms, coherently to the experimental findings [SN00].
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Fig. 1. Step-like calcium uncaging (V=100; Ca=6000; Con=0.3; Coff=9500; γ=6000; b=0.25).
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Fig. 2. Wave-like calcium uncaging (V=100; Ca=6000; Con=0.3; Coff=9500; γ=6000; b=0.25).

The experiments and models on Ca2+ uncaging [SN00] showed a high sen-
sitivity of vescicle release in response to a uniform elevation of [Ca2+] in the
range 10 µM. It was not clear whether very short [Ca2+] elevations are sufficient
to induce a release similar to that induced during an action potential. A re-
cent experimental work [BS05] has addressed this issue. A spatially uniform and
very rapidly decaying [Ca2+] transient, obtained by Ca2+ uncaging in the pres-
ence of added Ca2+ buffers, was induced in the presynaptic element of a calyx
of Held synapse. This short-lived elevation (wave-like) of calcium concentration
has been revealed to be able to trigger vescicle release. We have introduced
in our model a simple mechanism of calcium extrusion utilized in a previously
developed model [DMS94], adapting the rate constants to fulfill our needs:

Ca2+

i + P

c1
−→

←−

c2

CaP
c3
−→ Ca2+

o

where Ca2+
o is the extruded calcium, P is an abstraction of a pumping mecha-

nism, c1 = 8 s−1, c2 = 25 s−1 and c3 = 10000 s−1. We have obtained a simulated
calcium wave lasting about 1 ms and with a half width 0.5 ms, conforming to
the experimental requirements [BS05]. Such a kind of calcium wave with a peak



value of about 6000 ions, corresponding to a peak calcium concentration of 20
µM, can be seen on the left-side of Figure 2. In the right side of the same figure,
the release of one vescicle can be observed. Considering that a whole presynaptic
element can be made of about 70 of our simulated clusters, this implies that a
single action potential, and accordingly a single calcium wave, is able to release
a significant amount of vescicles. This is also along the line of the experimental
findings [SN00,SN05,BS05].

For both models (step-like and wave-like calcium), we have performed a pa-
rameter variation study (sensitivity analysis). We have run simulations for dif-
ferent values of the number of vescicles (reference value 100, other values: 10,
50, 200 and 500), the number of calcium ions Ca2+ (reference values 300, 3000
and 6000, other values: 12000, 18000, 24000), the stochastic coefficients con (ref-
erence value 0.3, other value: 0.1, 0.2, 0.4 and 0.5), coff (reference value 9500,
other values: 5500, 7500, 11500 and 13500), b (reference value 0.25, other values:
0.1, 0.2, 0.3 and 0.4) and γ (reference value 6000, other values: 2000, 4000, 8000
and 10000).

One of the results of this analysis is that the forward coefficient con seems to
have a critical role: higher values of this coefficient correspond to a faster release,
in the step-like case, and to a switch from no-release to a consistent release, in
the wave-like case. For the step-like case, we showed that a simple variation of
the coefficients con and b changes the dynamics of the release processes in an
unpredictable manner.

This kind of experiments are of interest when addressing the problem of the
variations in the release rate, one of the still obscure phenomena which have
been observed about vescicle release. These variations have been explained by
the recruitment of new vescicles within the same active zone or by a different
sensitivity to calcium ions of the vescicle belonging to same cluster. Our kind
of analysis might give some contributions to the debate on the interpretation of
these controversial experimental data [SN00,SN05,BS05].

2.1 Neuro-processes

In order to illustrate the main features of the formal model used to stochastically
represent the behaviour of the calyx of Held synapse, we briefly sketch some of its
parts. Excerpts from the model, viz. its implementation for the SPiM stochastic
interpreter [PC04], are in Figure 3. The representation language models inter-
action as pairs of input/output actions over the same communication channel
(?c/!c). These atomic actions can be composed in a sequence (;) or in alterna-
tive choices (?c or ?d) so as to form a process (p()= ...). Processes can run
in parallel (p()|q()).

Initially, the length of the simulation is set (here 0.005s), then some stochastic
parameters are defined. Communication channels can be (dynamically) created
by means of the new command and have associated a stochastic rate (this and
the current quantities of reactants determine the probability of a reaction “hap-
pening” through the channel). A calcium ion (ca()) can interact with a vescicle
(v()) over channel vca with rate con5=1.5 (beyond being able to do other



things). After this communication, ca() disappears and v() becomes v ca(),
representing the binding of the two. This realises a second order reaction. First
order reactions are modeled as interactions with a single dummy molecule (so as
not to alter stochastic dynamics). For instance, v ca() can then either accept
other calcium bindings or degradate back to an unbound vescicle by communi-
cating through bvca with Dv ca(), which restores ca() and itself. So far, the
system has been described by specifying simple atomic behaviour, basically cor-
responding to chemical reactions, and then composing them together.

directive sample 0.005

val con5 = 1.5

val b = 0.25

val coff5 = 47500.0 * b * b * b * b

new vca@con5:chan

ca() = do ?vca;()

or ?v2ca;()

...

or ?cp;()

v() = !vca; v_ca()

v_ca() = do !bvca; v()

or !v2ca; v_2ca()

Dv_ca() = ?bvca; ( ca() | Dv_ca() )

w( cnt : int) =

do delay@40000.0;

if 0 <= cnt then ( 80 of ca() | 80 of w(cnt - 1)) else ()

or !void; ()

run 1 of w(1) 1000 of p() 100 of v() 1 of (Dv_ca() | Dv_2ca()| ... )

Fig. 3. The calyx of Held SPiM code.

The parametric process w(cnt:int) allows us to suitably modulate the cal-
cium wave. After a stochastic delay, it replicates 80 copies of itself in parallel
with 80 ca() if its integer parameter cnt is positive, otherwise it dies. This re-
alises an exponential growth, which can be controlled by the delay rate and the
parameter in its rapidity and quantity. Finally, the initial state can be populated
specifying how many molecules of each specie are present (1 wave, 1000 pumping
molecules, 100 vescicles and 1 copy of the needed dummy molecules).

3 Results and model evaluation

Exploiting the developed model, we have addressed some open issues regarding
the presynaptic mechanisms for Ca2+ triggered vescicle release. More specifically,



we have considered temporal and spatial aspects of the release which appear in-
tertwined and relevant for synaptic plasticity. On the one hand, we have studied
the behaviour of the synaptic terminal in the presence of a train of action po-
tentials occurring within short temporal intervals. We report on an analysis of
two Ca2+ waves and discuss how this is related to facilitation, i.e. a form of ac-
tivity dependent enhancement of the synaptic strength. On the other hand, we
have tried to find a suitable model of the spatial (and functional) distribution of
vescicles within the presynaptic terminal. This has been done in order to support
the verification of competing hypotheses on the mechanisms ruling short-term
synaptic depression. With this aim we have analysed the relationship between the
measured pattern of the time course of release and the possible existence of two
pools of different vescicles in the active zone [FNS03,SSJN05,WSN99,SSN02a].

In order to tune the model for these two experiments, we have beforehand
run a series of simulations (not reported here) with the aim of both evaluat-
ing the variance of the results of different runs, and of tuning the model to the
hypotheses of the experiments. In particular, the hypotheses about vescicle dis-
tribution has required us to revise the assumption on the number, and also the
behaviour, of vescicles. This is needed to obtain average release values during a
single action potential that are coherent with the experimental findings in the
scenaria of interest. In particular, setting the number of the readily releasable
vescicles (V ) to 50 and increasing their propensity to calcium bounding (con) to
0.4s−1 has resulted in an average number of released vescicles of about 2, which
is about 4% of the (readily releasable) vescicle pool, adherent to the experimental
findings [FNS03].

The compositionality of the chosen representation language has permitted us
to easily embed the new features in the model by means of modular changes.
Moreover, the challenge of dealing with the illustrated spatial and temporal
aspects seems to suggest fruitfully directions for extending the expressiveness of
the representation language. Both these aspects are discussed in Section 3.3.

With this more detailed model, we have hence studied the phenomenon of
synaptic transmission called paired pulse facilitation (Section 3.1) and synaptic
depression during sustained depolarization of the synapse (Section 3.2), which
are examples of short-term synaptic plasticity still puzzling neuroscientists.

3.1 Paired pulse facilitation

The term synaptic facilitation indicates a form of activity-dependent synap-
tic enhancement observed in several synapses, in which the synaptic strength
increase during a train of action potentials [FNS03,ZKS04]. In general, facilita-
tion depends by pre and post -sinaptic mechanisms. In this paper, we focus on
the presynaptic side of facilitation. It is generally accepted that the intracellu-
lar Ca2+ remaining from previous activity (the so-called residual Ca2+) causes
facilitation, but the mechanisms that make this happens are still not clearly
understood [Sud04]. In general, the residual Ca2+ is less than 1 µM (in our
model this correspond to less than 300 Ca2+ ions) and for most synapses the



local [Ca2+] increase needed for release is between 100 and 300 µM. This implies
that, typically, the residual Ca2+ is not sufficient to induce facilitation.

Some other underlying mechanisms for facilitation have been proposed, such
as, just to cite some, the permanence of Ca2+ bound to the high affinity binding
sites of the secretory machinery, Ca2+ buffer saturation or an increased size of
the readily releasable (see Section 3.2) pool [FNS03].
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Fig. 4. Two wave-like calcium pulses at different intervals (V=50; Con=0.4).

We have run a series of simulations in which we have used a double Ca2+

wave in order to study facilitation. We report in Figure 4 a small sample selection
of our simulations with varying time delays between waves, each row represents
a simulation. In the left pictures, and correspondingly in the others, it is possible
to appreciate the occurrence of the two waves with varying delays. From upper
to lower row, the time interval betwee Ca2+wave decreases (12, 8 and 2 ms) and
it can be observed that for smaller delay the amount of release due to the second
wave increases notably.



The possible underlying mechanisms could be suggested by observing the
central column of Figure 4. Just before the second calcium wave develops, the
amount of residual Ca2+is bigger when the delay decreases. This causes a con-
comitant increase of the release.

At the same time, it seems that other parts of the release machinery could
be involved in facilitation, such as the occupancy of P or the intermediate steps
of vescicle binding. In our simulations, also these parts seem to be influenced by
residual Ca2+, as can be seen, for instance, by looking at the level of occupancy
of P. Hence, the residual Ca2+ seems to have a central role in the facilitation
process, even at very low concentrations.

Summing up, our simulations support the hypothesis that in calyx of Held,
facilitation is likely due to residual Ca2+ and to occupancy of Ca2+buffers, which
are cellular elements which control, by reducing it, the Ca2+ concentration. Our
simulations show that our model is consistent with the idea that a very low level
of residual Ca2+ might account for the particular form of short-term synaptic
plasticity named paired pulse facilitation [FNS03,ZKS04].

3.2 Short-term synaptic depression

It is known by experimental data that the vescicles of the active zone can be
divided in two virtually separated and equally populated pools: one consisting
of so-called readily releasable vescicles and the other one of so-called reluctantly
releasable vescicles [Neh06,SSJN05,WSN99].

During a single action potential discharge, which in our model is mimicked
by a single calcium wave, the vescicles released belong to the readily releasable
pool. The amount of release corresponds to about 4% of the readily releasable
pool, hence in our model to 2-3 vescicles [FNS03]. Whereas, when the synapse
is depolarized to elicit maximal Ca2+ influx, all the vescicles of the active zone
are released (readly and reluctantly releasable) and the synapse active zone is
completely depleted. In this case the time course of the release process is charach-
terized by two time constants, which are about 3 and 30 ms, during which the
readily and reluctant vescicle are released, respectively [Neh06,SSN02b]. It is
also known that the reluctant vescicles are replaced much more rapidily than
the readily releasable ones.

The precise mechanisms through which this form of release happens are still
debated. For some cells, such as the chromaffin cells, it is likely that the reluctant
vescicles differ, in their intrinsic kinetics, from the readily releasable ones [Sor04].

For the calyx of Held synapse, it has been suggested, by means of a qualitative
model, that the reluctant vescicles are precursors of the rapidly releasing ones
and that they become readily releasable by laterally moving toward the readily
releasable pool [Neh06]. Based on these suggestions, we have built a stochastic
multi-pool model of the possibile mechanisms underlying short-term synaptic
depression. The coefficients have been in part obtained from the literature and
in part obtained by trails and errors, because generally unknown.



In this stochastic model, one pool represents the readily releasable vescicles
(docked to the active zone), which are released according to the model previously
developed and whose starting number has been set to 50.

The reluctant vescicles (whose starting number is 50) go back and forth be-
tween two other pools, in which they are undocked (Rct V), i.e. not releasable,
and docked (R V), i.e. releasable, respectively. The undocked reluctant are ra-
pidily replenished from a forth pool (Inf V) of vescicles, which represents the
reservoir of the reluctant vescicles:

Inf V

10s−1

−−−−→

←−−−

1s−1

Rct V

2.5s−1

−−−−→

←−−−−

0.1s−1

R V + Ca2+

i

5con
−−−→

←−−−−

coff b0

. . .

con
−−→

←−−−−

coff b4

R V
5Ca

2+

i

γ
−→T

The results of the simulations are reported in Figure 5 for the case of 300 and
1000 Inf V vescicles, respectively. Here, the left picture shows calcium dynamics
as usual, the center one reports calcium again and the four kind of vescicles and
their activation and release in logarithmic scale, while the rightmost picture
reports again activated vescicles and the corresponding cumulative release. In
both simulations, the continuous depolarization was mimicked by a step like
calcium wave. In the central column it can be seen the synchronous release
(darker, within the first 3 ms) and the asynchronous one (grey in the picture).
In the right pictures, it is very clearly visible the double slope of the cumulative
release curves.

The two right pictures are qualitatively similar: it can be observed a fast
release (during about 3 ms) of about 50 vescicles, followed by a slower release.
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Fig. 5. Multipools vescicle activation (Con=0.4; V=50; R V=0; Rct V=50; Inf V=300(top); Inf V=1000(bottom)).



In the first row of Figure 5, during the slower release, 50 vescicles (rather
than 150 of the second row) are released in about 30 ms, which is most adherent
to the experimental findings.

This model helps to clarify the mechanisms of delocalization of vescicles in
the active zone, helps to determine some unknown parameters (stochastic co-
efficients, number of vescicles) and reproduces some experimental observations.
It must be noted that it is a partial description of the complex and still poorly
understood short-term synaptic depression process [Sud04]. Nevertheless, it sug-
gests that the stochastic constants cannot be effectively constant: they would
need to be modulated during the ongoing process of release, otherwise the move-
ments of the vescicle would be out of equilibrium condition during the rest state
of the synapse. This last condition could explain the discrepancy between the
values of some coefficients utilized in the model and the corresponding values
found in the literature, for example the value 2.5 for the coefficient was indicated
to be 0.25.

3.3 Extending the stochastic model and further considerations

The core Calyx of Held stochastic model, i.e. the one featuring step-like or (one)
wave-like Ca2+ uncaging, has been easily extended in order to support the pre-
sented experiments.

The generation of a second wave trivially consists of running a second iden-
tical wave-generator process (see Figure 3). Calling the second generator with
a different name (w2(1)) allows us to more easily distinguish the two pulses,
when needed. Moreover, in order to control the delay of the second wave, a pro-
cess that activates the generator after a parametric nondeterministic delay has
been introduced: snd w() = delay@125.0; w2(1). Although varying the delay
parameter has allowed us to simulate a wide range of delays (some of which re-
ported in Figure 4), this experiment has suggested the utility of a more precise
time control over processes. In general, there might be several cases in which one
would like to be able to express something like

run 1 of w(1) at 0.002

meaning that the stochastic process w(1) is supposed to start at about (in a
sense to be specified according to the stochastic nature of the approach) time
0.002 of the simulation. This issue is under study.

The presence of residual calcium has been analogously modeled by modularly
adding a generative process. Tuning the recursive branching factor and the delay
parameter (e.g. 80 and 4000 for the case of w(cnt) in Figure 4) has allowed us
to control the amount of Ca2+ and the time interval needed by the extrusion
mechanism to clear it.

Besides the temporal aspects, also the spatial ones have needed to be en-
gineered so that the desired behaviour is suitably modeled. According to the
multi-pool hypothesis we have distinguished the reluctant vescicles of replenish-
ing pools (inf v()) from those undocked (rct v()) and those docked (rv()):



inf_v() = !vinfgo; rct_v()

rct_v() = do !rvgo; rv() or !bvinfgo; inf_v()

rv() = do !vca; rv_ca() or !brvgo; rct_v()

Accordingly to the presented model, the behaviour of rv() is undistinguishable
from that of the readily releasable v() with respect to calcium binding. Indeed,
note that once docked, rv() interacts with ca() through the same channel vca
used by v(). This preserves correctness of the model since, coherently with
the interpretation of docked rv(), both kind of vescicles participate to calcium
dynamics (and both concur, insisting on the same communication channels, to
the Gillespie-based stochastic dynamics [PC04]). Such name distinction allows
us to clearly mark fast and slow vescicles in Figure 5.

Although this reading of a “spatially” distributed (over different pools or
classes of processes) behaviour has allowed us to perform coherent simulations,
it seems worth investigating more expressive spatial primitives. A starting point
is naturally represented by location-aware calculi a là Ambient calculus, like
the Brane Calculi [Car04]. However, the problem of understanding the relation
between stochastic dynamics and spatial information, e.g. how the traversal of
an axon modifies signal strength, and hence its “interaction capability”, is still
open. Along this line goes the possibility of dynamically modifying the stochastic
rates during a stochastic run, as advocated in Section 3.2.

4 Conclusion

The presented results are encouraging about the validity of the stochastic ap-
proach in studying the synaptic processes, which consist of many discrete-like
events and involve arrays of vescicles and hundreds of different molecules. Many
of these molecules have roles in the process of synaptic transmission which still
are not fully understood [Sud04]. We started by studying the release process
by using data of a simplified experimental model, in which the concentration
of Ca2+ was controlled and homogeneous. Under these hypotheses, the issue of
spatial locality could not have been considered. We have extended the model
in order to study events taking place during prolonged neural activity. To this
aim, we added more details on vescicle trafficking and cluster compartimental-
isation [Neh06], and we studied short-term synaptic plasticity, facilitation and
synaptic depression. Embedding these processes in the model might shed some
light on the ways the nervous system processes and stores information. In order
to support these, and others, developments the underlying process calculus might
be extended, too. Surely, the problem of expressing locality, already addressed
by several calculi, could be valuably addressed within a stochastic viewpoint.
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