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ABSTRACT. In recentyears,several semanticsfor place/transition Petri netshave
beenproposedthatadoptthecollectivetoken philosophy. We investigatedistinctions
andsimilaritiesbetweenthreesuchmodels,namelyconfiguration structures, concur-
rent transitionsystems, and(strictly) symmetric(strict) monoidalcategories. We use
thenotionof adjunctionto expresseachconnection.We alsopresenta purely logical
descriptionof thecollective tokeninterpretationof netbehavioursin termsof theories
andtheorymorphismsin partial membershipequationallogic.

Intr oduction

Petri nets, introducedby Petri in [17] (seealso[18]), areoneof themostwidely
usedandrepresentativemodelsfor concurrency, becauseof thesimpleformaldescrip-
tion of thenetmodel,andof its naturalcharacterisationof concurrentanddistributed
systems. Theextensive useof Petrinetshasgivenrise to differentschoolsof thought
concerningthesemanticalinterpretationof nets,with eachview justifiedeitherby the
theoreticalcharacterisationof differentpropertiesof the modelledsystems,or by the
architectureof possibleimplementations.

A realdichotomyrunson thedistinctionbetweencollectiveand individual token
philosophiesnoticed,e.g., in [6]. According to the collective token philosophy, net
semanticsshouldnot distinguishamongdifferentinstancesof the idealisedresources
(theso-called‘tokens’)thatrulethebasicsof netbehaviour. Therationalefor thisbeing,
of course,thatany suchinstanceisoperationallyequivalenttoall theothers.As obvious
asthisis, it disregardsthatoperationallyequivalentresourcesmayhavedifferentorigins
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andhistories,andmay, therefore,carrydifferentcausalityinformation. Selectingone
instanceof a resourceratherthantheother, maybeasdifferentasbeingor not being
causallydependenton somepreviousevent. And this maywell beaninformationone
is not readyto discard,which is thepointof view of theindividual tokenphilosophy.

In this paper, however, we focuson thecollective token interpretationasthefirst
stepof a widerprogrammeaimedat investigatingthetwo approachesandtheir mutual
relationshipsin termsof thebehavioural,algebraic,andlogical structuresthatcangive
adequatesemanticsaccountof eachof them.

Startingwith the classical‘token-game’semantics,many behavioural modelsfor
Petrinetshave beenproposedthat follow thecollective tokenphilosophy. In fact, too
many to besystematicallyreviewedhere.Amongall these,however, arelatively recent
proposalof van GlabbeekandPlotkin is that of configuration structures [6]. Clearly
inspiredby thedomainsof configurationsof eventstructures[22], thesearesimplycol-
lectionsof (multi)setsthat,at thesametime, representthelegitimatesystemstatesand
thesystemdynamics,i.e., thetransitionsbetweensuchstates.Oneof thethemesof this
paperis to compareconfigurationstructurewith thealgebraicmodelbasedonmonoidal
categories[11], which alsoadoptsthecollective tokenphilosophyandwhich provides
a precisealgebraicreinterpretation[5] of yet anothermodel,namelythecommutative
processesof BestandDevillers [1]. In particular, we shall observe thatconfiguration
structuresare too abstract a model,i.e., that they make undesirableidentificationsof
nets,andconcludethatmonoidalcategoriesprovidea superiormodelof netbehaviour.

To illustratebetterthedifferencesbetweenthetwo semanticframeworksabove,we
adoptconcurrent transitionsystemsasa bridge-model.Thesearea muchsimplified,
deterministicversionof higherdimensionaltransitionsystems[3] thatweselectasthe
simplestoneableto convey our ideas.Concurrenttransitionsystemsresembleconfig-
urationstructures,but aremoreexpressive. They alsodraw on earliervery significant
models,suchasdistributedtransitionsystems[9], stepandPN transitionsystems[16],
andlocal eventstructures[8]. Moreover, theequivalenceof thebehaviouralsemantics
of concurrenttransitionsystemsandthealgebraicsemanticsof monoidalcategoriescan
bestatedveryconcisely. As weexplainalsoin thispaper, thealgebraicsemanticsis it-
selfamenableto apurelylogicaldescriptionin termsof theoriesin partial membership
equationallogic [10].

The main resultof this researchis a new precisecharacterisationof the relation-
shipsbetweenall thesebehavioural,algebraic,andlogicalmodelswithin thecollective
tokenphilosophy. We show that Best-Devillers commutative processes,the algebraic
monoidalcategory model,andtheconcurrenttransitionsystembehavioural modelall
coincidein the precisesenseof beingrelatedby equivalencesof categories. And we
alsoshow how the behavioural modelaffordedby configurationstructuresis too ab-
stract,but is preciselyrelatedto all theabove modelsby a naturaltransformationthat
characterisestheidentificationof inequivalentnetsandbehaviourscausedby configu-
rationstructures.

Thestructureof thepaperis asfollows. In Section1 werecallthebasicdefinitions
aboutPT Petri nets,remarkingthe distinctionbetweenthe collective and individual
tokenphilosophies,andwe introducetheframeworksundercomparison,i.e., configu-
rationstructures,concurrenttransitionsystems,andmonoidalcategories(alsoin their
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membershipequationallogic characterisation),discussingfor eachof themthecorre-
spondingmodelsthat they associateto a Petri net. Section2 andSection3 compare
concurrenttransitionsystemswith, respectively, monoidalcategoriesandconfiguration
structures.Finally, theconcludingsectiondescribesrelatedwork on theindividual to-
kenphilosophy.

1. Background

1.1. Petri Netsand the Collective Token Philosophy. Place/transitionnets,the
mostwidespreadflavour of Petri nets,aregraphswith distributedstatesdescribedby
(finite) distributionsof resources(‘tokens’)in ‘places’. Theseareusuallycalledmark-
ingsandrepresentedasmultisets
������� , where
�� ��� indicatesthenumberof tokens
thatplace � carriesin 
 . We shalluse ���� � to indicatethesetof finite multisetson  ,
i.e., multisetthat yield a zeroon all but finitely many ���  . Multiset union makes���� � a freecommutativemonoidon  .

DEFI NI TI ON 1. A place/transition(PT for short)Petri net � is a tuple ���! #"$��%&"$'")( � ,
where  is a setof places, ( is a setof transitions, �* !"+�,%-�-(.�/���� � arefunctions
assigning,respectively, sourceandtargetto eachtransition.

Informally, �  � � � prescribesthe minimum amountof resourcesneededto enable�
, whilst � % � � � describetheresourcesthat theoccurrenceof

�
contributesto theglobal

state.This is madeexplicit in thefollowing definition,whereweshallindicatemultiset
inclusion,union,anddifferenceby, respectively, 0 , 1 , and 2 .

DEFI NI TI ON 2. Let 
 and 3 be markingsand 4 a finite multisetof transitionsof a
net � . We say that 
 evolves to 3 underthe step 4 , in symbols 
65 48793 , if the
transitionsin 4 areconcurrentlyenabledat 
 i.e., :<;>=#?A@B4C� � �ED �  � � � 0C
 , and

3GF<
G1 : ;>=#?A@H4I� � �ED ����%#� � � 2J�! *� � �)�LK
A stepsequencefrom 
  to 
-M is a sequence
  5 4 % 7E
 % KNKOK 
PMRQ % 5 4HM,7E
PM .

PT netsareoftenconsideredtogetherwith a state:a markedPT net � is a PT net���* *"+�,%S"T�")( � togetherwith an initial marking 
U � ���� � . In orderto equipPT nets
with a naturalnotionof morphism,sincethat ���� � is a monoidunder 1 with unit V ,
weconsidermapsof transitionsystemsthatpreservetheadditionalstructure.

DEFI NI TI ON 3. A morphismof netsfrom �WFX���! !"+�,%S"T�")( � to � � FX��� � "$� �% "$ � ")( � �
is a pair Y�Z ; "TZ\[&7 where Z ; ��(]�^( � is function, Z_[��,���� � �^���� � � is homomorphism
of monoidssuchthat � �`ba Z ; FcZ\[ a � ` , for deFgf,"\h . A morphismof markednetsis a
morphismof netssuchthat Z\[,�i
- � F<
 � .
We shallusej�k*l\mAn (respectively jok!lpmAn>q ) to indicatethecategoryof (marked)PT nets
andtheirmorphismswith theobviouscomponentwisecompositionof arrows.



To comparethe effectsof the collective and of the individual token philosophy
on observingcausalrelationsbetweenfired transitions,let usconsidertheexamplein
Figure1 thatweadaptfrom[6]. (Asusual,boxesstandfor transitions,circlesfor places,
dotsfor tokens,andorientedarcsrepresent�* and �,% .)

Observe that the firing of
�

producesa secondtoken in place
�
. According to

the individual tokenphilosophy, it makesa differencewhether
� �

consumesthe token�
originatedfrom the firing of

�
, or the onecomingfrom the initial marking. In the

first casetheoccurrenceof
� �

causallydependson thatof
�
, andin thesecondthe two

firings areindependent.In thecollective tokenphilosophy, instead,thetwo firings are
alwaysconsideredto beconcurrent,becausethefiring of

�
doesnotchangetheenabling

conditionof
� �

.

1.2. Configuration Structur es. In thesamepaperwherethey introducethedis-
tinction betweencollective token andindividual tokenphilosophy, van Glabbeekand
Plotkinproposeconfigurationstructuresto representthebehaviour of netsaccordingto
thecollective tokenphilosophy. Thesearestructuresinspiredby eventstructures[22]
whosedynamicsis uniquelydeterminedby anexplicitly-givensetof possibleconfigu-
rationsof thesystem.However, thestructuresthey endup associatingto netsarenot
exactlyconfigurationstructures.They enrichthemin two ways:firstly, by considering
multisetsinsteadof setsof occurrences,andsecondly, by usingan explicit transition
relationbetweenconfigurations.While thefirst point canbehandledeasily, aswe do
below, thesecondoneseemsto compromisethebasicideasunderlyingtheframework
andto show that configurationstructuresdo not offer a faithful representationof the
behaviour of netsunderthecollective tokenphilosophy.

DEFI NI TI ON 4. A configuration structure is given by a set r anda collection s of
finite multisetsovertheset r . Theelementsof r arecalledevents, andtheelementsofs configurations.

The ideais that an event is an occurrenceof an actionthe systemmay perform,
andthat a configuration4 representsa stateof the system,which is determinedby
the collection 4 of occurredevents. The set s of admissibleconfigurationsyields a
relationrepresentinghow thesystemcanevolvefrom onestateto another.

DEFI NI TI ON 5. Let ��rH"Ts � be a configurationstructure. For 4 , t in s we write4u2-�vt if

(1) 4xw�t ,
(2) ty284 is finite,
(3) for any multiset z suchthat 4uw{z|w�t , wehave z � s .

Therelation 2-� is calledthesteptransitionrelation.

Intuitively, 4}2P�~t meansthat the systemcanevolve from state4 to state t
by performingtheeventsin t�2�4 concurrently. To stressthis we shalloccasionally

write 4 �2-��t , with ��Fvt.2{4 . Observe that the last conditionstatesthat the
eventsin tg2C4 canbeperformedconcurrentlyif andonly if they canbeperformed
in any order. In our opinion,this requirementembodiesan interleaving-orientedview,
asit reducesconcurrency to nondeterminism.As weexplainbelow, weview thisasthe
mainweaknessof configurationstructures.



�
��

� �
��
� �

��
� �

��
�

�  ��
� %��

�  �� ���
� � ��� � � %��
��

� � � � � �
FI GURE 2. Thenets� and

�
of our runningexample.

� �  " � %_�
� �  � ���� ;��+�9������ � � % �

�� � ;i���� � � � � �

V
� � ; � �¡ ¡ ¡ ¡ ¡ ¡ ¡

¢�£
� ; �L¤ ; � � ¥�¦

� ; � �§§§§§§§
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In the following definitionwe slightly refinethe notion of net configurationpro-
posedin [6], asthismayimproperlyincludemultisetsof transitionsthatcannotbefired
from theinitial marking.

DEFI NI TI ON 6 (FromPTNetsto Config.Structures[6]) . Let �ªF����  "+� % "T�")(o")
  � ,
bea markedPTnet.A finite multiset 4 of transitionsis calledfireableif thereexistsa
partition 4«%S" KNKOK "+4 M of 4 suchthat 
- H5 4«%p7¬
% KOKOK 
 MRQ %®5 4 M 7¯
 M is a stepsequence.A
configurationof � is a fireablemultiset 4 of transitions.Theconfigurationstructure
associatedto � is ¨L©*��� � F���(°"$s²± � , where s²± is thesetof configurationsof � .

It followsthatfor eachconfiguration4 thefunction 
-³´�Uµ�v¶ givenby


 ³ F{
  1¸·;>=#? 4C� � ��D ���  � � � 2�� % � � �+�
is a (reachable)marking,i.e., fH¹{
P³G� ��� for all �º�  . Moreover, if 4 is a configura-
tion and 
P³�5�»¼7E3 , then 4½1¸» is alsoa configurationand 3GF{
P³e¾À¿ .

Generallyspeaking,if � is a pure net, i.e., a net with no self-loops, ¨L©*��� � can
beconsidereda reasonablesemanticsfor � . Otherwise,asobservedalsoin [6], it is
not a goodideato reduce� to ¨�©!��� � . Considerfor example,themarkednets � and�

of Figure2. They have very differentbehaviours, indeed:in � theactions
�  and� % areconcurrent,whereasin

�
they aremutually exclusive. However, sincein

�
any interleaving of

�  and
� % is possible,the diagonal V�2U� � �  " � %_� sneaksinto the

structureby definition. As a result,both � and

�
yield the configurationstructure

representedin Figure 3, even though
� �  *" � % � is not an admissiblestepfor

�
. The

limit caseis themarkednetconsistingof a singleself-loop: thereaderscancheckfor
themselvesthat,accordingto ¨�©!� � , it canfire arbitrarily largesteps.

Theseproblemshavepromptedusto look for asemanticframework thatrepresents
netbehavioursmorefaithfully thanconfigurationstructures.Thekey observationis that
thereis nothingwrongwith theassumptionthatif astepinvolvingmany parallelactions



canoccurin a certainstate,thenall thepossibleinterleaving sequencesof thoseaction
canalsooccurfrom thatstate.Theproblematicbit is assumingtheinverseimplication,
because,asa matterof fact, it reducesconcurrency to nondeterminismandmakesthe
setof configurationsdetermineuniquelythetransitionrelation.Our proposedsolution
is concurrenttransitionsystems.

1.3. Concurrent Transition Systems.Theanalysisof theprevioussectionsug-
gestsseekinga model that enforcesthe existenceof all appropriateinterleavings of
steps,withoutallowing this to determinethesetof transitionscompletely. Severalsuch
modelsappearin the literature. Among thosethat inspiredus most, we recall dis-
tributedtransitionsystems[9], steptransitionsystems[16], PNtransitionsystems[16],
andhigherdimensionaltransitionsystems[3]. Also closelyrelatedarethe local event
structuresof [8], a modelthatextendseventstructures(ratherthantransitionsystems)
by allowing the firing of sets(but not multisets)of events. Drawing on all these,we
haveherechosenthesimplestdefinitionthatsuitsourcurrentaim.

DEFI NI TI ON 7. A concurrent transitionsystem(CTS for short) is a structureÁÂF���"+�o"pÃ�Ä+ÅAÆ�©S"TÇ  � , where  is a setof states, � is a setof actions, Ç  �  is the initial
state,and Ã�Ä+ÅAÆ�©È0{IÉJ������� � 2 � V � � ÉÊ is asetof transitions, suchthat:

(1) if ��Ç*"�»e"$ÇA% � "\��Ç*"T»e"TÇ_Ë �²� Ã�Ä$ÅAÆ,© , then ÇA%ÌF|Ç_Ë ,
(2) if ��Ç*"T»Ì"$Ç � �È� Ã�Ä$ÅAÆ,© and »¬% , »�Ë is a partitionof » , thenthereexist 3*%A"+3&Ë � 

suchthat ��Ç*"T»¬%A")3*% � "\��Ç*"T»'Ë*")3&Ë � "_�i3*%&"T»'Ë#"$Ç � � "\��3&Ë#"�»¬%A"$Ç � �²� Ã�Ä+ÅAÆ�© .
Condition(1) above statesthat theexecutionof a multisetof labels » in a stateÇ

deterministicallyleadsto a differentstate.Thesecondconditionguaranteesthatall the
possibleinterleavingsof theactionsin » arepossiblepathsfrom Ç to Ç � if ��Ç*"T»Ì"$Ç � �o�Ã�Ä+ÅAÆ�© . Noticethat,by (1), thestates3*% and 3&Ë of (2) areuniquelydetermined.

We formalisethe ideathatdifferentpathswhich aredifferentinterleavingsof the
sameconcurrentstepcanbeconsideredequivalent.

DEFI NI TI ON 8. A path in a CTSis asequenceof contiguoustransitions

��Ç*"�» % "TÇ % � ��Ç % "�» Ë "TÇ Ë �PD\DpD ��Ç_MRQ % "T»'MP"TÇ_M ��K
A run is apaththatoriginatesfrom theinitial state.

DEFI NI TI ON 9. Given a CTS Á , adjacencyis the leastreflexive, symmetric,binary
relation ÍCÎ on thepathsof Á which is closedunderpathconcatenationandsuchthat

��Ç*"T» % "$Ç % � ��Ç % "�» Ë "$Ç Ë � Í Î ��Ç#"�» % 1¸» Ë "$Ç Ë �LK
Then,the homotopyrelation Í 2 Î on the pathsof Á is the transitive closureof Í Î .
Theequivalenceclassesof runsof Á with respectto thehomotopy relationarecalled
computations.

In orderto simplify our exposition,we now refinethe notion of concurrenttran-
sition systemso asto be able to associateto eachpathbetweentwo statesthe same
multisetof actions.As we shall see,suchtransitionsystemsenjoy interestingproper-
ties.
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DEFI NI TI ON 10. A CTSis uniform if all its statesarereachablefrom theinitial state,
andtheunionof theactionsalongany two cofinalrunsyield thesamemultiset,where
cofinalmeansendingin thesamestate.

In a uniform CTS ÁÏFx���"$�°"pÃ�Ä+Å&Æ,©&"$Ç\ � eachstate Ç canbe associatedwith the
multisetof actionson any run to Ç . Precisely, we shall use Ð)Ñ to indicate : M`OÒ % » ` ,
for ��Ç\ *"T»¬%A"$ÇA% � ��ÇA%&"T»'Ë#"$Ç_Ë �LKNKOK ��Ç MRQ %&"T» M "$Ç � a run of Á . Observealsothatuniform CTS
arenecessarilyacyclic, becauseany cycle ��Ç*"T»' #"$ÇA% �PKpK\K ��Ç M "�» M "$Ç � would imply the
existenceof runs to Ç carrying different actions. In the rest of the paper, we shall
consideronlyuniformconcurrenttransitionsystems.

Introducingthenaturalnotionof computation-preservingmorphismfor CTS,we
definea category of uniform concurrenttransitionsystems.In thefollowing, for func-
tions Z��UÓÔ�ªÕ , we denoteby ZPÖ¯�U����Ó � �×����Õ � theobviousmultisetextensionofZ , i.e., Z Ö �i4 � � � � F]:<ØS=*Ù&Ú �TÛOÜ�Ý 4C� ����K
DEFI NI TI ON 11. For ÁÞ% and ÁBË CTS,a morphismfrom ÁÞ% to ÁBË consistsof a mapZo�-ß%à�ÏË thatpreservesthe initial stateanda function á®�-�²%â�Ï�¬Ë andsuchthat��Ç#"�»e"TÇ � �e� Ã�Ä+Å&Æ,©_% implies ��Z���Ç � "+á Ö ��» � "$Z���Ç � �+�e� Ã�Ä+Å&Æ,©pË .

We denoteby ãàäàå thecategoryof uniformCTSandtheirmorphisms.

DEFI NI TI ON 12 (FromPTNetsto CTS). Let �æF6���! !"+�,%S"T�")(o")
- � bea markedPT
Petrinet.Theconcurrenttransitionsystemassociatedto � is¨LÃL��� � FX� � ±à")(°"\Ã�Ä+Å&Æ,©p±à"TV � "
where

� ± is thesetof fireablemultisetsof transitionsof � , and ��49"T»Ì")4 � �²� Ã�Ä+ÅAÆ�©\±
if and only if 
P³×5�»¼7º
P³²ç . (Recall that 
P³9�ß��è¶ is by definition a reachable
marking.)

Althoughthisconstructionis formally verycloseto thatproposedfor configuration
structures,thedifferenceis thatCTSdo not enforcediagonalsto fill thesquares:these
areintroducedif andonly if theassociatedstepis actuallypossible(seeFigure4). We
shallgiveaprecisecategoricalcharacterisationof therepresentationsof netsin theCTS
framework in Section2. For thetimebeing,wenoticethefollowing.

PROPOSI TI ON 1. ¨LÃL��� � is a functorfrom jok!l\mSnéq to ãàäàå .

Althoughall cofinalrunsof a CTScarrythesamemultisetof actions,it is not the
casethatall suchrunsarehomotopic,i.e., they do not necessarilyrepresentthesame
computation.Enforcingthis is thepurposeof thenext definition.



DEFI NI TI ON 13. An occurrenceconcurrenttransitionsystemis aconcurrenttransition
systemÁ in which all pairsof cofinal transitions��ÇS%A"T»¯%S"$Ç � "\��Ç_Ë*"T»�Ë&"$Ç ��� Ã�Ä+Å&Æ,©pÎ are
thefinal stepsof homotopicpaths.

It canbeshown thatthepreviousdefinitionimpliesthefollowing property.

PROPOSI TI ON 2. All cofinalpathsof anoccurrenceCTSarehomotopic.

We shalluse êbãàäàå to indicatethefull subcategory of ã®äGå consistingof occur-
renceCTS.Clearly, a uniformCTScanbeunfoldedinto anoccurrenceCTS.

DEFI NI TI ON 14 (FromCTSto OccurrenceCTS). Let ÁWF����"+�o"pÃ�Ä+ÅAÆ�©S"TÇ\ � beacon-
currenttransitionsystem.Its unfoldingis theoccurrenceconcurrenttransitionsystemë ��Á � FX�� � "$�°"\Ã�Ä+Å&Æ,© � "+ì � , where � is thecollectionof computationsof Á , and

Ã�Ä+ÅAÆ�© � F�í-�+5 îPï Í 2 "�»e"_5 î � ï Í 2 �Èðð*ñ Ç*"$Ç � � �"²5 î � ï Í 2 �  � "Àî � Í 2 Î î���Ç*"�»e"$Ç � �pòUK
PROPOSI TI ON 3.

ë � � extendsto a right adjoint to theinclusionof êPãàäàå in ãàäàå .

PROOF. For Á a concurrenttransitionsystem,consideró Î � ë ��Á � � Á that
mapseach 5 îPï Í 2 � �ô Û Î Ý to its final stateÇ �  Î . It is easyto verify that this forms
thecounitof theadjunction.

1.4. Monoidal Categories. Several interestingaspectsof Petrinet theorycanbe
profitably developedwithin category theory, seee.g. [21, 11, 2]. Herewe focuson
theapproachinitiated in [11] (otherrelevantreferencesare[5, 13, 19, 15, 20]) which
exposesthe monoidalstructureof Petri netsunderthe operationof parallelcomposi-
tion. In [11, 5] it is shown thatthesetsof transitionscanbeendowedwith appropriate
algebraicstructuresin orderto capturesomebasicconstructionson nets. In particu-
lar, the commutativeprocessesby BestandDevillers [1], which representthe natural
behavioural model for PT netsunderthe collective token philosophy, canbe charac-
terisedaddingafunctorialsequentialcompositiononthemonoidof steps,thusyielding
astrictly symmetricstrictmonoidalcategory õö��� � .
DEFI NI TI ON 15. For � a PT net, let õ«��� � bethestrictly symmetricstrict monoidal
category freelygeneratedby � .

Using ãà÷�ê-ø�ãàù�l to denotethe category of strictly symmetricstrict monoidal
categoriesandstrict monoidalfunctors, õÞ� � is a functor from j�k*l\mAn to ãà÷�êUø'ãàù�l .
The category õÞ��� � canbe inductively definedby the following inferencerulesand
axioms.


 � ���� ± �d �*ú ��
º�u
 � õÞ��� �
� � ( ± "��  � � � F�
E"E� % � � � F<3� �,
º�v3 � õÞ��� �

á®��
ö�v3-"ßûâ�,
 � �u3 � � õÞ��� �áÊüµûâ��
B1µ
 � �u3È1�3 � � õ«��� � á®��
º�v3U"Eûâ��3B�vý � õÞ��� �á¯þ)ûâ��
ö�vý � õÞ��� �



wherethefollowing equations,statingthat õ«��� � is astrictly symmetricstrictmonoidal
category, aresatisfiedby all arrows á , á � , û , û � , ÿ , � andall multisets
 and 3 :

neutral: d ��� üCáJF<á¬"
commutativity: áÊüµû8F{ûöü�á¯"
associativity: ��áÊüµû � ü��âF<áºü �iûöü�� � " ��á¬þ+û � þ)ÿ F{á¯þ\��û�þ�ÿ � "
identities: á¯þ���� ú F<áJF	����
!þ+á¯" ��� ú ü����
¼F	��� ú ¾�
!"
functoriality: ��á¬þ+û � ü ��á � þ)û � � F���áºüCá � � þ\��ûöüµû � �LK

Theintuition hereis thatarrowsarestepsequencesandarrow compositionis their
concatenation,whereasthe monoidaloperator ü allows for parallel composition. It
turnsout that this algebraicstructuredescribespreciselythe processes̀a la Bestand
Devillers.

PROPOSI TI ON 4 (cf. [11]) . Thepresentationof õ«��� � givenabove providesa com-
pleteandsoundaxiomatisationof thealgebra of thecommutativeprocessesof � .

By analogywith j�k!lpmAn q , we take a pointedcategory �>ã«" �  � to be a category ã
togetherwith a distinguishedobject �  � ã . Similarly, a pointedfunctorfrom ��ã«" �  �
to ���8" �  � is a functor �J�-ã½��� thatmapsthedistinguishedobject �  to thedistin-
guishedobject

�  . Then,using ãà÷�êUø'ãàù�l q to denotethecategory of pointedstrictly
symmetricstrictmonoidalcategoriesandtheirpointedfunctors,thepreviousconstruc-
tion extendsimmediatelyto a functor õ q ��� � �Uj�k*l\mAn q � ãà÷�ê-ø'ã®ù,l q , suchthat for��F����! *"$��%A"$�"+(°")
- � a markedPTnet,then

õ�q#��� � FX��õ«���! !"+�,%S"T�")( � ")
- �LK
1.5. A Logical Characterisation of the Algebraic Model. Thealgebraicseman-

ticsof PTPetrinetscanbeexpressedverycompactlyby meansof amorphismbetween
theoriesin partial membership equationallogic (PMEqtl ) [10], a logic of partial al-
gebraswith subsortsandsubsortpolymorphismwhosesentencesareHorn clauseson
equations

� F � � andmembershipassertions
� �!Ç . Suchacharacterisationcanhavealso

practicalapplications,astherearetoolsavailablethatsupportexecutablespecifications
in partial algebras.This sectionand the Appendixprovide an informal introduction
to the main ideasof PMEqtl . The interestedreaderis referredto [10, 12] for self-
containedpresentations.

A theoryin PMEqtl is a pair (gF½���È"�� � , where � is a signatureover a posetof
sortsand � is a setof PMEqtl -sentencesin the languageof � . We denoteby j��������
the category of partial � -algebras,and by j������ ? its full subcategory consistingof( -algebras,i.e., thosepartial � -algebrasthatsatisfyall thesentencesin � .

Thefeaturesof PMEqtl (partiality, posetof sorts,membershipassertions)offer a
naturalframework for thespecificationof categoricalstructures.For instance,a notion
of tensorproduct for partial algebraictheoriesis usedin [12] to obtain,amongother
things,a very elegantdefinitionof the theoryof monoidalcategoriesthatwe recall in
theAppendix. More precisely, we definethetheories�� "!"#�$ of PT netsand %�&�')(%+*"!
of strictly symmetricstrict monoidalcategories,usinga self-explanatoryMaude-like
notation(Maude[4] is a languagerecentlydevelopedat SRI International;it is based
on rewriting logic andsupportstheexecutionof membershipequationallogic specifi-
cations).



To study the relationshipsbetween�" "!"#,$ and %�&�')(%+*"! , the Appendix defines
alsoan intermediatetheory %�&�')(�-.*+/0! of automatawhosestatesform a commutative
monoid.Ourmainresultis thenthatthecompositionof theobviousinclusionfunctorofj�k*l\mAn into j������,1325476 Q983:<; andthefreefunctor =?> from j������,132�476 Q,87:<; to j������91@2�476<1 8@;
associatedto the theorymorphismA from %�&0')(�-)*+/! to %�&�'.(%�*"! correspondsexactly
to thefunctor õÞ� � ��jok!lpmAnÀ�^ã®÷gêUø'ãàù�l .
PROPOSI TI ON 5. Thefunctor õÞ� � ��jok!lpmAnÀ�^ã®÷gêUø'ãàù�l is thecomposition

jok!lpmAn �� j������ 1325476 Q983:<; ��B�C j��D���,132�476�1 83;
2. Concurrent Transition Systemsand Monoidal Categories

In thissectionwestatethefaithfulnessof theCTSrepresentationof nets,asgivenin
Definition 12,with respectto thecollective tokenphilosophy. To accomplishthis aim,
weshow thatboththe ¨pÃp� � andthe õÞ� � constructionsyield two equivalentcategories
of netbehaviours.

Regardingthemonoidalapproach,theobviouschoiceconsistsin takingthecomma
category of õÞ��� � with respectto the initial marking,thusyielding a category whose
objectsarethe commutative processesof � from its initial marking. An arrow from
processE to processF is thentheuniquecommutative processG suchthat Eßþ�GöFHF inõÞ��� � . We denotetheresultingcategoryby �i
  JI õÞ��� �+� .

An analogousconstructioncanbedefinedstartingfrom ¨pÃL��� � . Thefirst stepis to
observethatthepathsof agenericCTSunderthehomotopy relationdefinea category.

DEFI NI TI ON 16. For ÁxF ���"$�°"\Ã�Ä+Å&Æ,©A"$Ç\ � a CTS,we definethecategoryof compu-
tationsof Á to bethecategory K���Á � whoseL objectsarecomputations5 îPï Í 2 of Á ,L arrowsarethehomotopy equivalenceclassesof pathsin Á suchthat

5 M�ï Í 2 �À5 îPï Í 2 � 5 î � ï Í 2 if f î � Í 2 Î{îNMo"L arrowcompositionis definedasthehomotopy classof pathconcatenation,i.e.,

5 M¬ï Í 2 þ\5 M � ï Í 2 FX5 M�M � ï Í 2 "L identity arrow at 5 îPï Í 2 is ìPO QSR Í 2 , the homotopy classof the emptypathat the
final stateof î .

This constructionextendseasily to a functor K�� � from ãàäàå to ãàù�l , the cate-
gory of (small) categoriesand functors,yielding a functor K��+¨pÃL� �+� from jok!lpmAn q toãàù�l . Observe alsothat K'� � factorsthrough

ë �-ãàäàåC�^êbãàäàå via theobviouspath
construction.

THEOREM 1. Let � bemarkedPT netwith initial marking 
- . Then,thecategoriesK��+¨pÃL��� �)� and �i
- I õ«��� �)� are isomorphic.

PROOF. We sketchthedefinitionof functorsT �À�i
- I õ«��� �)� �UK��$¨LÃp��� �)� and V®�0K��+¨pÃL��� �)� � ��
U I õ«��� �+�
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FI GURE 5. ThecategoriesK��+¨pÃp��� �)� and K��+¨pÃL� � �)� for thenetsof Figure2.

inversesto eachother. The functor
T

mapsan objectof the commacategory to the
homotopy classof any of theobject’s interleaving (whichis well-definedbecauseof the
diamondequivalenceof [1]). Its actiononmorphismsis analogous.

On theotherhand,for a computation5 îPï Í 2 in K'�$¨LÃ\��� �+� , startingfrom the initial
markingwe candetermineuniquelythecorrespondingarrow on õ«��� � , andtherefore
definetheactionof V onbothobjectsandarrows.

Thecategoriesof computationsfor theconcurrenttransitionsystemsassociatedto
nets � and

�
of Figure2 areshown in Figure5, wherewe use �  and � % to denote,

respectively, the computations5O��Và" � �  � " � �  � � ï Í 2 , and 5O��Và" � � % � " � � % � � ï Í 2 in both of¨pÃL��� � and ¨pÃp� � � . Analogously, EP% and E� indicatethehomotopy classesof thepaths5O� � �  � " � � % � " � �  &" � % � � ï Í 2 and 5O� � � % � " � �  � " � �  #" � % � � ï Í 2 , respectively. However, �  *þ�EP%
and � %&þ�EU yield thesameresult � Fg5O��Và" � �  &" � % � " � �  #" � % � � ï Í 2 in K��+¨pÃp��� �)� , whereasinK��+¨pÃL� � �+� they denotedifferentobjects: � � F½5N�>Và" � �  � " � �  � � � � �  � " � � % � " � �  &" � % � � ï Í 2
and � � � FX5O��Và" � � % � " � � % � � � � � % � " � �  � " � �  &" � % � � ï Í 2 .

3. Configuration Structur esand Concurrent Transition Systems

In this sectionwe first give a categorical structureto the classof configuration
structures,and then show that the obvious injection of configurationstructuresinto
CTSyieldsa reflection.

DEFI NI TI ON 17. For ��r % "$s % � and ��r Ë "Ts Ë � configurationstructures,a cs-morphism
from ��r % "Ts % � to ��r Ë "$s Ë � is a function _¯�Ur % �ªr Ë suchthat for eachconfiguration4 � sÌ% , then _ Ö ��4 �8� s²Ë . We denoteby ãBåEã®ù,l the category of configuration
structuresandcs-morphisms.

The obvious injection functor `#� � from ãBåEãàù�l to ãàäàå mapsa configuration
structurea?bJFg��rH"Ts � into theconcurrenttransitionsystem

`#�ca?b � FX��sÈ"+rH"\Ã�Ä+Å&Æ,©�deß"$Ç\ � "
where Ã�Ä+ÅAÆ�©�de9F � �i49"$�°"$t �gf 4 �2U� t � , andmapsa cs-morphism_²��r�%¼� r°Ë to
themorphism�h_ � "@_ � , where_ � �-se%o��s²Ë is theobviousextension_ Ö of _ to multisets,
with domainrestrictedto sÌ% .
THEOREM 2. The functor `*� � �ÀãBåEã®ù,lI�èã®äGå is the right adjoint of a functori � � �bãàäàå �~ãBåÀãàù�l . Moreover, sincethecounit of the adjunctionis the identity,`#� � and

i � � definea full reflection.



PROOF. Wesketchtheproof,giving theprecisedefinitionof thereflectionfunctor.
Thereflectionfunctor

i � � mapsauniformCTS ÁWFX���"+�o"pÃ�Ä+ÅAÆ�©&"$Ç\ � into theconfig-
urationstructure

i ��Á � F����°"Tskj � suchthat skjµF � Ð)Ñ f Ç �  � (recall that Ð)Ñ is the
multisetunionof theactionsof any run leadingto Ç ).

Wedenotethecomponentat Á of theunitof theadjunctionby lRÎ9��ÁW�m`#� i ��Á �+� .
THEOREM 3 (ConfigurationStructuresvia CTS). Let � be a marked PT net. Then¨L©*��� � F i �$¨LÃp��� �)� .

PROOF. Theeventsof ¨�©#��� � , the actionsof ¨pÃp��� � and,therefore,the eventsofi �$¨LÃp��� �)� arethetransitionsof � . Thestates of theuniformCTS ¨pÃp��� � areexactly
theconfigurationsof ¨�©!��� � , andfor eachÇ �  , wehave Ð Ñ F Ç . Thissuffices,sincea
configurationstructureis entirelydeterminedby its setof configurations.

Theseresultssupportour claimthatconfigurationstructuresdonotoffer a faithful
representationof net behaviours. In fact,

i � � clearly collapsesthe structureexces-
sively, asthenaturaltransformationassociatedto thereflectionmap l canidentify non
homotopicruns(e.g., � � and � � � of Figure5).

Concluding Remarksand Futur eWork

We have investigatedtheexpressivenessof some‘collective-token’ semanticsfor
PT nets. In particular, to remedythe weaknessof configurationstructures,we have
introducedconcurrenttransitionsystems— a versionof higherdimensionaltransition
system[3] moresuitedto thecollectivetokenphilosophy, asthey donotassignindivid-
ual identitiesto multiple actionoccurrencesin a multiset— andhave shown that they
canprovidea faithful descriptionof netbehaviours.

n
jok!lpmAn>q op

qSr Û Ý
��sut Û Ý

vwx3y Û Ý zzzzzzzzzzzzz
zzzzz

{|
x7} Û Ý ~~~~~

~~~~~
~~ ãà÷�ê-ø'ã®ù,l_q ��ú ���

n ãàù�l
F ã®äGå

��
� Û Ý
� � � � � � � � ������� ��������� F

� �
q Û Ý ���������������� F

ãBåÀãàù�l ��� Û Ý ãàäàå

���
q Û Ý
�����������

FI GURE 6

Thediagramof functors,equivalencesandnaturaltransformationsin Figure6 sum-
marisestherelationshipsbetweenall thesemodels.In thediagram,commutationonthe
nose(resp.naturalequivalence)is representedby F (resp. n ), and l denotestheunit
of the reflectioninto the subcategory of configurationstructures.The functor K��Þ� �
givesthe category of Best-Devillers commutative processes.The functor ¨pÃp� � corre-
spondsto theconstructionof the CTSfor a givennet,asdefinedin Section1.3. The
functor K�� � yields the constructionof the category of computations(i.e., homotopy
equivalenceclassesof pathsbeginningin theinitial state)of aCTS.Theequivalencen



betweenK��+¨pÃL� �)� and �i
,� � I õ«� �)� is shown in Section2, providing thefaithfulnessof
theconstruction.Thefunctor ¨L©*� � representstheabstractionfrom netsto configuration
structure,definedin Section1.2. Unfortunately, ãBåÀãàù�l is a reflective subcategory ofãàäàå , asshown in Section3 via theadjunction

i � ��� `#� � . Thereflectionfunctor
i � �

identifiestoomany things,sothatthenaturaltransformationassociatedto thereflection
map l canidentify nonhomotopicruns.Our runningexampleshows thatcausalityin-
formationscanget lost whenusingconfigurationstructures,becausehomotopicpaths
aremappedinto thesameequivalenceclass.

Structur es
Computation Model Behavioural Algebraic Logical
NetsandCollective
TokenPhilosophy

Conf.structures,CTS,
Commutativeprocesses

õö��� � %+*"!���%�&�'.(
NetsandIndividual
TokenPhilosophy

Conc.Pomsets,Event
Struct.,Processes

�«��� � "S�®��� �� ��� � ? %+*"!���&�'.(1��+��&
TABL E 1

The conceptualframework of this paperis summarisedin Table1, which makes
explicit our researchprogrammeon thebehavioural, algebraic and logical aspectsof
the two computationalinterpretationsof PT nets,namelythe collectivetokenandthe
individual token philosophies,from the viewpointsof the structuressuitedto eachof
themandtheirmutualrelationships.

The first row of Table 1 hasbeentreatedin this paper. As for the individual
token interpretation,obvious candidatesfor suitablebehavioural structuresareevent
structures, concatenablepomsetsand,especially, variouskinds of concatenablepro-
cesses[5, 20]. Fromthelogical viewpoint, it is not difficult to formulatea theory �+�"&
of permutationsandsymmetries(cf. [19]) bridgingthegapfrom strictly symmetriccat-
egoriesto categoriessymmetriconly up to coherentisomorphism.On theotherhand,
the investigationof suitablealgebraicmodelsis still open,asour currentbestcandi-
dates,the symmetricstrict monoidalcategories �«��� � of concatenableprocesses[5]
and �à��� � of stronglyconcatenableprocesses[20], arebothsomehow unsatisfactory:�«� � is a non-functorial construction,a drawbackthat inhibits many of the applica-
tionswe have in mind,whilst �à� � solvestheproblemat thepriceof complicatingthe
constructionandrelyingona noncommutativemonoidof objects.

We arecurrentlysearchingfor a bettercategoricalconstruction,say
� ��� � , based

onasuitablenotionof pre-netthatmaysubsumeandunderlythetheoryof PTnetsand
allow usto completeourprogramme.

Also, the completeanalysisandcomparisonof bisimulationrelatedissuesin the
variousmodelsconsideredin thepaper(asin [6] for configurationstructures)deserve
furtherwork thatwe leave for a futurepaper.
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Appendix. Recovering the Algebraic Semanticsof Netsvia Theory Mor phisms

In orderto definethe theoryof strictly symmetricstrict monoidalcategories,we
first recallthedefinitionof thetheoryof categoriesfrom [12].

Theposetof sortsof thePMEqtl -theoryof categoriesis '.Å�Æ"Ç�ÈSÉ«¹Ê*"Ë"Ë0Ì)Í . There
aretwo unaryoperationsÎÐÏ�Ñ0Ò and ÈÓÏ«Ñ�Ò , for domainandcodomain, andabinarycom-
positionoperationÑÕÔ5Ñ definedif andonly if thecodomainof thefirst argumentis equal
to the domainof the secondargument. Functionswith explicitly given domainand
codomainarealwaystotal.Ö É+×	%�*�!ÙØ+ÚÚ.Ì+Ë"É,ÚÊ'.Å0Æ"Ç�ÈÀÉ�*"Ë�Ë0Ì)ÍkÛÚuÜ"Å�Ú)Ì+Ë�ÉÝ'.Å�Æ"Ç0ÈÀÉßÞ�*"Ë�Ë0Ì)ÍkÛÌ.à�Ú�ÎÐÏ�Ñ�Ò�ÈÓÏ�Ñ0ÒâáD*"Ë"ËÌ)Í	-"ãä'.Å�Æ"Ç�ÈSÉåÛÌ.à ÑÕÔ«Ñ�Ûæç Ë � áè'.Å�Æ"Ç�ÈSÉåÛæç Ë,Ú¸Zé_ßêmáë*"Ë�Ë0Ì)ÍkÛÇ+ì ÎÐÏ � Ò�í � ÛÇ+ì ÈÓÏ � Ò�í � ÛÈ.Ç�ì � Ô$ZHí|ZîØ Ö ÎÐÏ$Z?Ò�í�í � ÛÈ.Ç�ì ZïÔ � í|ZîØ Ö ÈÓÏ$Z?Ò�í�í � ÛÈcð�Å]ZïÔ@_ñáë*"Ë�Ë0Ì)ÍéØ Ö"Ö ÈÓÏ$Z?Ò�í�íòÎÐÏ@_�Ò?ÛÈ.Ç�ìäÎÐÏTZïÔ@_,Ò�íòÎÐÏ$Z?ÒÝØ Ö ÈÓÏ$Z?Ò�í�íòÎÐÏ@_�Ò?ÛÈ.Ç�ì	ÈÓÏTZïÔ@_,Ò�íéÈÓÏ@_�ÒäØ Ö ÈÓÏTZ?Ò�í"íÝÎÐÏ<_�ÒóÛÈ.Ç�ìîÏTZïÔ@_�Ò�Ô5êßí|ZïÔ�Ï<_�Ô�êÓÒ�Ø Ö ÈÓÏTZ?Ò�í"íÝÎÐÏ<_,Ò ç.ô Î	ÈÓÏ<_�Ò�í"íÝÎÐÏ«ê�Ò?ÛÇ ô Î Ö É�×

The extensionof the theory %+*"! to the theoryof monoidalcategoriesis almost
effortlessthanksto the tensorproductconstructionof theories,which is informally
definedasfollows.

Let (.Fu���È"�� � and ( � Fx��� � "5� � � be theoriesin partial membershipequational
logic, with ��F ��'"p¹¼"«õ � and � � F �� � "p¹ � "«õ � � . Their tensorproduct (Ê��( � is the
theorywith signature���ò� � having: posetof sorts ���"\¹ � ÉI�� � "\¹ � � , andsignatureõÊ�Ýõ � , with operatorsZSö � �7õ��ßõ � � M and _)÷ � ��õø�Ýõ � �<ù for each Z � õ²M and_ � õ �ù (indices ú and G standrespectively for û�Ç Ö É and Ë�ØSü�×É andwitnesswhether
the operatoris inheritedfrom the left or from the right component).The axiomsof(��µ( � arethedeterminedfrom thoseof ( and ( � asexplainedin [12].

Theessentialpropertyof thetensorproductof theoriesisexpressedin thefollowing
theorem,where j��D��� ? �>ã � indicatesthe category of ( -algebrastaken over the base
category ã ratherthanover åßk*l , thecategoryof smallsetsandfunction.

THEOREM 4. Let ( , ( � betheoriesin partial membershipequationallogic. Then,we
havethefollowing isomorphismsof categories:j������ ? ��j������ ? ç � n j��D��� ?�ý? ç n j������ ? ç ��j������ ? ��K

To definethe theoryof monoidalcategories,we introducea theory %�&�'.( of com-
mutative monoidsandapplythetensorproductconstruction.Herewe exploit thepos-
sibility givenby Maudeof declaringtheassociativity, commutativity andunit element
asattributesof themonoidaloperator.



Ö É+×	%�&0')(þØ�ÚÚ.Ì+Ë"Éä&0Ì ô Ì�ØÀÎ�ÛÌ.àþÿ á -�ã�&0Ì ô Ì9ØÀÎ�ÛÌ.àéÑRügÑ áD&0Ì ô Ì�ØÀÎø&0Ì ô Ì�ØÀÎÝ-"ãø&0Ì ô Ì9ØSÎ � ç Ú"Ú)Ì0È�È)ÌSð"ð ØÀÎ�á ÿ���ÛÇ ô Î Ö É�×
Thetheoryof strictly symmetricstrict monoidalcategoriesis thendefinedasfol-

lows. Notice also the useof û�Ç Ö É and Ë,ØSü�×É correspondingto the indices ú and G
discussedabove.Ö É+×	%�&0')(%�*"!ßØ�Úø%+&�')(ß� %�*�!ÝËÇ ô�ç ð�Ç+ÎÊÅ�� ÏÚ.Ì+Ë"É Ï�&0Ì ô Ì9ØÀÎ��«'ÀÅ�Æ"Ç�ÈÀÉ,Ò ÉÌß'.Å0Æ"Ç�ÈÀÉåÛÚ.Ì+Ë"É Ï�&0Ì ô Ì9ØÀÎ��<*�Ë"Ë0Ì)ÍNÒ É0Ì�*"Ë"ËÌ)ÍkÛÌ.à ÿßû�Ç Ö ÉäÉ0Ìòÿ�ÛÌ.àéÑRügÑäû�Ç Ö ÉäÉ0ÌßÑ!ügÑ�ÛÌ.àéÑÕÔ5ÑøË,ØSü�×É�É0ÌòÑÕÔ«ÑÐÛÌ.à	ÎÐÏ«Ñ�Ò Ë�ØSü�×"ÉÝÉÌÝÎÐÏ«Ñ�Ò?ÛÌ.àHÈÓÏ«Ñ�Ò Ë�ØSü�×"ÉÝÉÌþÈÓÏ«Ñ�Ò?Û�Ò?ÛÇ ô Î Ö É�×

In orderto definea theoryin PMEqtl that representsPT Petrinetsandtheir mor-
phisms,we first introducea theorywhosemodelsareautomatawhosestatesform a
commutativemonoid.Ö É+×	%�&0')(�-)*+/!	Ø�ÚÚ.Ì+Ë"É,Ú��+É ç É0Çø!"Ë ç)ô ÚØSÉ�Ø.Ì ô ÛÌ.àþÿ á -�ãÝ�+É ç É0Ç�ÛÌ.àéÑ"�gÑ áë�+É ç ÉÇÝ�)É ç É0Çä-"ãä�+É ç É0Ç � ç Ú"Ú.Ì�È�È)ÌSð"ð ØÀÎ�áèÿ���ÛÌ.à�ÚÊÌ+Ë�ØSü�Ø ô Ï�Ñ�Ò Î"Ç�ÚÀÉ�Ø ô0ç É�Ø.Ì ô Ï�Ñ�Òéá !"Ë ç)ô ÚØSÉ,Ø.Ì ô -�ãÝ�+É ç É0Ç�ÛÇ ô Î Ö É�×
PROPOSI TI ON 6. Thecategory j�k*l\mAn is a full subcategoryof j��D����132�436 Q987:�; .

PROOF. It is immediateto checkthat eachPT net is just a modelof %�&0')(�-)*+/!
whosestatesarethe objectof thecommutative monoidfreely generatedby thesetof
places.

Exploiting themodularityfeaturesof Maude,we cancharacterisejok!lpmAn asa sub-
categoryof j������,132�476 Q,87:<; . We importa functionalmodule&0�) "! �  á"áD!"#�$uA�� of mul-
tisets,parametrisedon a functionaltheoryof !�#�$SA of elements,whosemodelsaresets
correspondingto theplacesof thenet.Ö É+×ß!"#,$SAþØ�ÚÝÚ)Ì+Ë"Éä �û�Çuð�Ç ô ÉåÛÇ ô Î Ö É�×
Ö ð,Ì�Î�&0�+ "! �  á"á !�#�$SA��	Ø�ÚÚ.Ì+Ë"Éä&0�"Ç+É�ÛÚuÜ"Å�Ú)Ì+Ë�Éø �û�ÇSð,Ç ô ÉòÞø&0�"Ç+ÉåÛÌ.à�V á -"ãø&0�"Ç)ÉåÛÌ.àéÑR1gÑ áD&0�"Ç+Éä&0��Ç+Éß-"ã�&�"Ç+É � ç Ú"Ú.Ì�È�È)ÌSð"ð ØÀÎ�á V���ÛÇ ô Î Ö ð



Ö É+×ß�" �!"#�$ � �âá"á !�#�$SA��	Ø�Úà"Ë0Ì+É0Ç�ÈSÉ�Ø ô ü�&0�+ "! � ���øË0Ç ô�ç ð�Ç�ÎÊÅ�� Ï�Ú)Ì)Ë"Éä&0�"Ç+ÉäÉ0Ì�& ç Ë
	,Ø ô üåÛ�ÒóÛÚ.Ì+Ë"Éä!"Ë ç)ô ÚØSÉ�Ø.Ì ô ÛÌ.à�Ú�àË0ÇÕÏ�Ñ0Ò à�Ì�ÚÀÉ�Ï«Ñ�Ò á !�Ë ç)ô ÚØuÉ�Ø.Ì ô -�ãø& ç Ë
	�Ø ô üåÛÇ ô Î Ö É�×
A theorymorphism Á from ( to ( � , alsocalleda view in Maude,is a mapping

of the operatorsand sortsof ( into ( � , preservingdomain,codomainand subsort-
ing, andsuchthat the translationof the axiomsof ( areentailedby thoseof ( � . It
originatesa forgetful functor �²Î8�Pj������ ? ç �}j������ ? that — for ( and ( � theories
without freenessconstraints,suchasthoserequiredin �" �!"#�$ � ��� — admitsa left ad-
joint ='ÎÊ��j������ ? �æj������ ? ç whoseeffect is to lift Á to a freemodelconstructioninj������ ? ç . Theinclusionfunctorfrom j�k*l\mAn to j��D���,132�436 Q987:�; is inducedastheforgetful
functorof a theorymorphism$ specifiedasa æ Ø.Ç)Í in Maudeasfollows.æ ØÀÇ)ÍÙ$ Ö ËÌSðþ%�&�')(�-.*+/0!øÉ0Ì��" "!�#�$ � � á"áD!"#�$uA��	Ø�ÚÚ.Ì+Ë"Éä& ç Ë
	,Ø ô üøÉ0Ì�&0�"Ç)ÉåÛÌ.àþÌ+Ë,ØSü�Ø ô Ï«Ñ�Ò�É0ÌøàË0Ç?Ï�Ñ�Ò?ÛÌ.à	ÎÇ0ÚÀÉ�Ø ô�ç É�Ø.Ì ô Ï«Ñ�Ò É0Ì�à0Ì�ÚÀÉ�Ï�Ñ0Ò?ÛÌ.àþÿ�É0Ì V ÛÌ.àéÑ"�gÑÊÉ0ÌòÑR1gÑ�ÛÇ ô Î æ Ø.Ç)Í

Finally, thealgebraicsemanticsof PT netsunderthecollective tokenphilosophy,
i.e., theconstructionõ«� � , canbeeasilyrecoveredvia a simpletheorymorphismspec-
ified in Maude-likenotationasæ ØÀÇ)ÍÝA Ö ËÌSðþ%�&�')(�-.*+/0!øÉ0Ìä%�&�'.(%�*"!þØ�ÚÚ.Ì+Ë"Éò�+É ç ÉÇÊÉ0Ìß'ÀÅ�Æ"Ç�ÈÀÉ�ÛÚ.Ì+Ë"Éä!"Ë ç)ô ÚØSÉ�Ø.Ì ô É0Ì�*"Ë"Ë0Ì.ÍkÛÌ.àþÌ+Ë,ØSü�Ø ô Ï«Ñ�Ò�É0ÌäÎÐÏ�Ñ0Ò?ÛÌ.à	ÎÇ0ÚÀÉ�Ø ô�ç É�Ø.Ì ô Ï«Ñ�Ò É0ÌþÈ�Ï�Ñ�Ò?ÛÇ ô Î æ Ø.Ç)Í

As statedin Proposition5, theconstructionõÞ� � �-j�k!lpmAno�~ãà÷�ê-ø�ãàù�l is then
thefollowing functorcomposition.
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