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ABSTRACT. In recentyears,several semanticsor place/tansition Petri netshave
beenproposedhatadoptthe collectivetoken philosophy We investigatedistinctions
andsimilaritiesbetweernthreesuchmodels,namelyconfiguation structues concur

renttransitionsystemsand (strictly) symmetriq(strict) monoidalcateyories We use
the notion of adjunctionto expresseachconnection.We alsopresent purelylogical

descriptionof the collective tokeninterpretatiorof netbehaioursin termsof theories
andtheorymorphismsn partial membeshipequationallogic.

Intr oduction

Petri nets introducedby Petriin [17] (seealso[18]), areoneof the mostwidely
usedandrepresentatie modelsfor concuriency becausef the simpleformal descrip-
tion of the netmodel,andof its naturalcharacterisatioof concurentanddistributed
systems The extensve useof Petrinetshasgivenriseto differentschoolsof thought
concerninghe semanticalnterpretatiorof nets,with eachview justified eitherby the
theoreticalcharacterisatiowf differentpropertiesof the modelledsystemspr by the
architectureof possiblemplementations.

A realdichotomyrunson the distinctionbetweencollectiveandindividual token
philosophiesnoticed, e.g.,in [6]. Accordingto the collective token philosophy net
semanticshouldnot distinguishamongdifferentinstanceof the idealisedresources
(theso-calledtokens’)thatrule thebasicof netbehaiour. Therationalefor thisbeing,
of coursethatany suchinstanceas operationallyequialentto all theothers.As obvious
asthisis, it disregardsthatoperationallyequivalentresourcesnayhavedifferentorigins
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andhistories,andmay; therefore carry differentcausalityinformation. Selectingone
instanceof a resourcaatherthanthe other may be asdifferentasbeingor not being
causallydependenbn somepreviousevent. And this maywell be aninformationone
is notreadyto discardwhichis the point of view of theindividualtoken philosophy

In this paper however, we focuson the collective tokeninterpretatiorasthe first
stepof awider programmeaimedat investigatinghe two approacheandtheir mutual
relationshipsn termsof thebehaioural, algebraicandlogical structureghatcangive
adequatsemanticsaccounibf eachof them.

Startingwith the classical'token-game’'semanticsmary behaioural modelsfor
Petrinetshave beenproposedhatfollow the collective token philosophy In fact,too
mary to besystematicallyeviewedhere.Amongall these however, arelatively recent
proposalof van Glabbeekand Plotkin is that of configuation structues[6]. Clearly
inspiredby thedomainsof configuration®f eventstructues[22], thesearesimply col-
lectionsof (multi)setsthat, at the sametime, representhe legitimatesystemstatesand
thesystemdynamicsj.e., thetransitionsbetweersuchstates Oneof thethemef this
papelis to compareconfiguratiorstructurewith thealgebraianodelbasednmonoidal
categgories[11], which alsoadoptsthe collective token philosophyandwhich provides
a precisealgebraicreinterpretatiori5] of yet anothemodel, namelythe commutative
processe®f BestandDevillers [1]. In particular we shall obsene that configuration
structuresaretoo abstact a model,i.e., thatthey make undesirabladentificationsof
nets,andconcludethatmonoidalcateyoriesprovide a superiommodelof netbehaiour.

To illustratebetterthedifferencebetweerthetwo semantidramenorksabove, we
adoptconcurienttransitionsystemssa bridge-model. Theseare a much simplified,
deterministicversionof higherdimensionatransitionsystem¢$3] thatwe selectasthe
simplestoneableto convey ourideas.Concurrentransitionsystemgesembleconfig-
urationstructuresput aremoreexpressve. They alsodraw on earliervery significant
models,suchasdistributedtransitionsystem$9], stepandPN transitionsystem$16],
andlocal eventstructues[8]. Moreover, theequivalenceof the behaioural semantics
of concurrentransitionsystemsandthealgebraicsemantic®f monoidalcateyoriescan
be statedvery concisely As we explain alsoin this paperthe algebraicsemanticss it-
selfamenableo a purelylogical descriptionin termsof theoriesn partial membeship
equationallogic [1Q].

The mainresultof this researchis a new precisecharacterisationf the relation-
shipsbetweerall thesebehaioural, algebraic andlogical modelswithin the collective
token philosophy We shaw that Best-Deillers commutatve processeshe algebraic
monoidalcategory model,andthe concurrentransitionsystembehaioural modelall
coincidein the precisesenseof beingrelatedby equivalenceof cateyories. And we
alsoshov how the behavioural model afforded by configurationstructuress too ab-
stract,but is preciselyrelatedto all the abore modelsby a naturaltransformatiorthat
characterisethe identificationof inequivalentnetsandbehaiours causedy configu-
rationstructures.

Thestructureof thepaperis asfollows. In Sectionl we recallthe basicdefinitions
aboutPT Petri nets,remarkingthe distinction betweenthe collective and individual
tokenphilosophiesandwe introducethe framewvorks undercomparisonij.e., configu-
ration structuresconcurrentransitionsystemsandmonoidalcateyories(alsoin their



FIGURE 1

membershigequationalogic characterisation)jiscussingor eachof themthe corre-
spondingmodelsthat they associatdo a Petri net. Section2 and Section3 compare
concurrentransitionsystemsawith, respectrely, monoidalcateyoriesandconfiguration
structures Finally, the concludingsectiondescribeselatedwork on theindividual to-

kenphilosophy

1. Background

1.1. Petri Netsand the Collective Token Philosophy. Place/transitiomets,the
mostwidespreadlavour of Petrinets,aregraphswith distributed statesdescribedy
(finite) distributionsof resourceg'tokens’)in ‘places’. Theseareusuallycalledmark-
ingsandrepresentedsmultisetsu: S — N, whereu(a) indicategshenumberof tokens
thatplacea carriesin u. We shallusep(S) to indicatethe setof finite multisetson S,
i.e., multisetthatyield a zeroon all but finitely mary a € S. Multiset union makes
u(S) afreecommutatve monoidon S.

DEFINITION 1. A place/tansition(PT for short)Petri net N is atuple (9y, 01,5, T),
whereS is a setof places T is a setof transitions 0y, 0;: T — u(S) arefunctions
assigningrespectrely, sourceandtargetto eachtransition.

Informally, 0y(t) prescribeghe minimum amountof resourceseededo enable
t, whilst 9, (t) describetheresourceshatthe occurrencef ¢ contritutesto the global
state.Thisis madeexplicit in thefollowing definition,wherewe shallindicatemultiset
inclusion,union,anddifferenceby, respectrely, C, +, and—.

DEFINITION 2. Letw andv be markingsand X a finite multisetof transitionsof a
net N. We saythatu evolvesto v underthe step X, in symbolsu [X) v, if the
transitionsn X areconcurrentlyenabledatu i.e., ), X(t) - 9o(t) C u, and

v=u+ Y eq, X(8) - (O1() — o(2))-
A stepsequencérom ug to u,, isasequenceg [X1) ug...up—1 [Xn) Un.

PT netsareoftenconsideredogethemwith a state:amarked PT net NV is aPT net
(0o, 01, S,T) togetherwith aninitial markingug € u(S). In orderto equipPT nets
with a naturalnotion of morphism,sincethat u(S) is a monoidunder+ with unit &,
we considemapsof transitionsystemshatpresere theadditionalstructure.

DEFINITION 3. A morphisnof netsfrom N = (0,04, S,T) to N' = (8},0;,S",T")
is apair (f:, fp) wherefy: T — T' is function, f,: p(S) = ©(S") is homomorphism
of monoidssuchthatd; o f; = f, o 8;, for i = 0,1. A morphismof marlednetsis a
morphismof netssuchthat f,,(uo) = u}.

We shallusePetri (respectiely Petri,) to indicatethe cateyory of (marked) PT nets
andtheir morphismswith the obviouscomponentwiseompositiorof arrovs.



To comparethe effects of the collective and of the individual token philosophy
on observingcausalrelationsbetweerfired transitions let us considerthe examplein
Figurel thatwe adapfrom[6]. (Asusualboxesstandfor transitionscirclesfor places,
dotsfor tokens,andorientedarcsrepresend, ando; .)

Obserne that the firing of ¢t producesa secondtoken in placeb. Accordingto
the individual token philosophy it makesa differencewhethert’ consumeghe token
b originatedfrom the firing of ¢, or the one comingfrom the initial marking. In the
first casethe occurrenceof ' causallydependn thatof ¢, andin the secondhe two
firings areindependentin the collective token philosophyinstead the two firings are
alwaysconsideredo beconcurrentbecauséhefiring of ¢ doesnotchangeheenabling
conditionof ¢'.

1.2. Configuration Structures. In the samepaperwherethey introducethe dis-
tinction betweencollective token andindividual token philosophy van Glabbeekand
Plotkin proposeconfiguation structuiesto representhebehaiour of netsaccordingo
the collective token philosophy Theseare structuresnspiredby eventstructureg22]
whosedynamicsis uniquelydeterminedy anexplicitly-givensetof possibleconfigu-
rationsof the system.However, the structureghey endup associatingo netsarenot
exactly configurationstructuresThey enrichthemin two ways: firstly, by considering
multisetsinsteadof setsof occurrencesandsecondly by usingan explicit transition
relationbetweenconfigurations.While the first point canbe handledeasily aswe do
belaw, the secondbneseemdo compromisahe basicideasunderlyingthe framewnork
andto show that configurationstructuresdo not offer a faithful representationf the
behaiour of netsunderthe collective tokenphilosophy

DEFINITION 4. A configuation structue is given by a set E anda collectionC' of
finite multisetsoverthesetE. Theelementof E arecalledevents andthe element®of
C' configuitions

Theideais thatan eventis an occurrenceof an actionthe systemmay perform,
andthat a configurationX represents stateof the system,which is determinedby
the collection X of occurredevents. The setC of admissibleconfigurationsyields a
relationrepresentindnow the systemcanevolve from onestateto another

DEFINITION 5. Let (E,C) be a configurationstructure. For X, Y in C we write
X —Yif

1) Xcy,

(2) Y — X isfinite,

(3) for ary multisetZ suchthatX Cc Z Cc Y,wehave Z € C.
Therelation— is calledthe steptransitionrelation

Intuitively, X — Y meansthatthe systemcanevolve from stateX to stateY
by performingthe eventsin Y — X concurently. To stresghis we shalloccasionally

write X -2 Y, with L = Y — X. Obsene that the last condition statesthat the
eventsin Y — X canbe performedconcurrentlyif andonly if they canbe performed
in ary ordet In our opinion, this requiremenembodiesaninterleavingorientedview,

asit reducesoncurreng to nondeterminismAs we explain below, we view this asthe
mainweaknes®f configurationstructures.



FIGURE 2. ThenetsN andM of ourrunningexample.
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FiGURE 3. Theconfiguratiorstructurecs(N) = ¢s(M) for thenetsN and M.

In the following definition we slightly refinethe notion of net configurationpro-
posedn [6], asthis mayimproperlyincludemultisetsof transitionghatcannotefired
from theinitial marking.

DEFINITION 6 (FromPT Netsto Config.Structureg6]). Let N = (8,01, S, T, uo),

beamarkedPT net. A finite multisetX of transitionss calledfireableif thereexistsa
partition X1, ..., X,, of X suchthatug [X1) u1...un—1 [Xn) u, IS astepsequenceA

configuationof N is afireablemultiset X of transitions.The configurationstructure
associatetb N is ¢s(N) = (T,Cn), whereCly is thesetof configurationsf N.

It followsthatfor eachconfigurationX thefunctionux: S — Z givenby

ux =wug + ZX(t) (0o(t) — Ou(t))
teT

is a (reachablejnarking,i.e.,0 < ux(a) for all a € S. Moreover, if X is aconfigura-
tionandux [U) v, thenX + U is alsoa configuratiorandv = ux .

Generallyspeakingjf N is a pure net i.e., a netwith no self-loops ¢s(N) can
be consideredh reasonablsemanticdor N. Otherwise asobsenedalsoin [6], it is
notagoodideato reduceN to cs(NN). Considerfor example,the markednetsN and
M of Figure2. They have very differentbehaiours,indeed:in N theactionst, and
t; areconcurrentwhereasn M they are mutually exclusive. However, sincein M
ary interleaving of ¢y, andt¢; is possiblethe diagonals — {to,t1} sneakdnto the
structureby definition. As a result,both N and M vyield the configurationstructure
representedn Figure 3, eventhough{to,t;} is not an admissiblestepfor M. The
limit caseis the marked netconsistingof a singleself-loop: the readerscancheckfor
themselesthat,accordingo cs(-), it canfire arbitrarily large steps.

Theseproblemshave promptedusto look for asemantidramenork thatrepresents
netbehaioursmorefaithfully thanconfiguratiorstructuresThekey obsenationis that
thereis nothingwrongwith theassumptionthatif astepinvolving mary parallelactions



canoccurin acertainstate thenall the possibleinterleaving sequencesf thoseaction
canalsooccurfrom thatstate.The problematidit is assumingheinverseimplication,
becauseasa matterof fact, it reducesoncurreng to nondeterminisnand makesthe
setof configurationgletermineuniquelythetransitionrelation. Our proposedsolution
is concurrentransitionsystems.

1.3. Concurrent Transition Systems. The analysisof the previous sectionsug-
gestsseekinga model that enforcesthe existenceof all appropriateinterleavings of
stepswithoutallowing thisto determinehe setof transitionscompletely Severalsuch
modelsappearin the literature. Among thosethat inspiredus most, we recall dis-
tributedtransitionsystems$9], steptransitionsystem$16], PN transitionsystem$16],
andhigherdimensionatransitionsystem$3]. Also closelyrelatedarethelocal event
structuesof [8], amodelthatextendseventstructureqratherthantransitionsystems)
by allowing the firing of sets(but not multisets)of events. Drawing on all these we
have herechoserthe simplestdefinitionthatsuitsour currentaim.

DEFINITION 7. A concurenttransition system(CTS for short)is a structureH =
(S, L, trans, s¢), whereS is a setof states L is a setof actions so € S is theinitial
stateandtrans C S x (u(L) — {@}) x S is asetof transitions suchthat:

Q) if (s,U, s1),(s,U, s2) € trans, thens; = sa,
(2) if (s,U,s") € trans andUy, Us is a partitionof U, thenthereexist vy, vs € S
suchthat(s, Uy, v1), (s,Ua, v2), (v1,Us, §'), (v2, U1, s") € trans.

Condition(1) above stateghatthe executionof a multisetof labelsU in a states
deterministicallyeadsto a differentstate.The seconcconditionguaranteethatall the
possibleinterlearings of the actionsin U arepossiblepathsfrom s to s’ if (s,U, s') €
trans. Noticethat, by (1), thestatesy; andv, of (2) areuniquelydetermined.

We formalisethe ideathat differentpathswhich aredifferentinterleavings of the
sameconcurrenstepcanbe considereasquivalent.

DEFINITION 8. A pathin aCTSis asequencef contiguoudransitions
(57 Uy, Sl)(sla Uz, 52) T (Snfla Un, Sn)-
A runis apaththatoriginatesrom theinitial state.

DEFINITION 9. Givena CTS H, adjacencyis the leastreflexive, symmetric,binary
relation« g onthepathsof H whichis closedunderpathconcatenatiomndsuchthat

(S,Ul,sl)(sl,Ug,Sz) H (8,U1 + UQ,SQ).

Then,the homotopyrelation € g on the pathsof H is the transitve closureof < .
The equivalenceclasse®f runsof H with respecto the homotoyy relationarecalled
computations

In orderto simplify our exposition,we now refinethe notion of concurrentran-
sition systemso asto be ableto associatéo eachpath betweentwo statesthe same
multisetof actions. As we shall see,suchtransitionsystemsenjoy interestingproper
ties.
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FIGURE 4. TheCTSct(N) andct(M) for thenetsN and M of Figure2.

DEFINITION 10. A CTSis uniformif all its statesarereadablefrom theinitial state,
andthe unionof the actionsalongary two cofinalrunsyield the samemultiset,where
cofinalmeansendingin the samestate.

In auniform CTS H = (S, L, trans, sq) eachstates canbe associatedvith the
multisetof actionson ary runto s. Precisely we shall useg; to indicate"" | U;,
for (sg, U1, $1)(s1,Us, 82)...(8p—1, Un, s) arunof H. Obsere alsothatuniform CTS
are necessarilyagyclic, becausery cycle (s, Uy, s1) . .. (8n, Un, s) would imply the
existenceof runsto s carrying differentactions. In the restof the paper we shall
considemnly uniform concurrentransitionsystems.

Introducingthe naturalnotion of computation-preservingorphismfor CTS, we
definea category of uniform concurrentransitionsystemsin the following, for func-
tionsf: A — B, wedenoteby f*: u(A) — u(B) the obvious multisetextensionof

FLieL fHO) 1) = e X (a):
DEFINITION 11. For H; andH, CTS,amorphismfrom H; to H, consistof a map

f: S1 = Sy thatpreserestheinitial stateanda functiona: L; — L, andsuchthat
(s,U, s") € trans; implies(f(s),a*(U), f(s')) € trans,.

We denoteby CTS the catgyory of uniform CTSandtheir morphisms.

DEFINITION 12 (FromPT Netsto CTS). Let N = (&, 01,5, T,up) beamarked PT
Petrinet. The concurrentransitionsystemassociateto N is

ct(N) = (M, T, transn, @),

whereMy is thesetof fireablemultisetsof transitionsof N, and(X, U, X') € transny
if andonly if ux [U) ux'. (Recallthatux: S — Z is by definition a reachable
marking.)

Althoughthis constructioris formally very closeto thatproposedor configuration
structuresthe differences that CTS do not enforcediagonaldo fill thesquaresthese
areintroducedf andonly if theassociatedtepis actuallypossible(seeFigure4). We
shallgive aprecisecategoricalcharacterisationf therepresentationsf netsin theCTS
frameavork in Section2. For thetime being,we noticethe following.

PROPOSITION 1. ct(N) is afunctorfromPetri. to CTS.
Althoughall cofinalrunsof a CTS carrythe samemultisetof actions,it is notthe

casethatall suchrunsarehomotopic,i.e., they do not necessarilyepresenthe same
computation Enforcingthisis the purposeof the next definition.



DEFINITION 13. Anoccurrenceconcurrentransitionsystenis aconcurrentransition
systemH in which all pairsof cofinaltransitions(sy, U1, s), (s2, Uz, s) € transg are
thefinal stepsof homotopigaths.

It canbeshawn thatthe previousdefinitionimpliesthe following property
PropPosITION 2. All cofinalpathsof an occurrenceCTSare homotopic.

We shalluseoCTS to indicatethefull subcatgory of CTS consistingof occur
renceCTS.Clearly, auniform CTScanbeunfoldedinto anoccurrenceCTS.

DEFINITION 14 (FromCTSto OccurrenceCTS). LetH = (S, L, trans, so) beacon-
currenttransitionsystem.lts unfoldingis the occurrenceconcurrentransitionsystem
O(H) = (S, L, trans', €), whereS' is the collectionof computation®f H, and

trans' = {([r]e,U, [r']<) | 3s,s' €S, [r']e €8, n' €y n(s,Us)}.

PrRoOPOSITION 3. O(_) extendsto a right adjointto theinclusionof oCTS in CTS.

PrROOF. For H a concurrenttransitionsystem,considereg: O(H) — H that
mapseach[r]« € Som) toits final states € Sy. It is easyto verify thatthis forms
thecounitof theadjunction. O

1.4. Monoidal Categories. Severalinterestingaspect®f Petrinettheorycanbe
profitably developedwithin category theory seee.g.[21, 11, 2]. Herewe focuson
the approachnitiatedin [11] (otherrelevantreferencesare[5, 13, 19, 15, 20]) which
exposesthe monoidalstructureof Petrinetsunderthe operationof parallelcomposi-
tion. In [11, 5] it is shawvn thatthe setsof transitionscanbe endavedwith appropriate
algebraicstructuredn orderto capturesomebasicconstructionn nets. In particu-
lar, the commutativeprocessedy Bestand Devillers [1], which representhe natural
behaioural modelfor PT netsunderthe collective token philosophy canbe charac-
terisedaddingafunctorialsequentiatompositioronthemonoidof stepsthusyielding
astrictly symmetricstrict monoidalcateory 7 (V).

DEFINITION 15. For N aPT net,let T (V) bethe strictly symmetricstrict monoidal
catgyory freely generatedby V.

Using CMonCat to denotethe cateyory of strictly symmetricstrict monoidal
catgyoriesandstrict monoidalfunctors, 7 (-) is a functorfrom Petri to CMonCat.
The catgory 7(N) canbe inductively definedby the following inferencerules and
axioms.

u € H(SN) teTn, 60(t) =u, 81(t) =v
idy:u—u € T(N) t:u—wveT(N)

a:u—=v, B:u =0 eT(N) a:u—wv, f:v—oweT(N)
a®B:ut+u sv+o € T(N) a;B8:u— we T(N)




wherethefollowing equationsstatingthat7 (V) is astrictly symmetricstrictmonoidal
category, aresatisfiedby all arrovs o, o', 3, 8', ~v, 6 andall multisetsu andv:

neutral: idg ®a=a,

commutativity: a®fB=0®a,

associativity: (@adB)@d=a (809, (a;8);7 = a5 (B;7),
identities: a;idy, = a =idy;a, idy @ idy = idyty,

functoriality:  (a;8) @ (o;8") = (a® &'); (B 3).
Theintuition hereis thatarrows arestepsequenceandarronv compositionis their
concatenationwhereashe monoidaloperator® allows for parallel compaosition. It

turnsout that this algebraicstructuredescribespreciselythe processes la Bestand
Devillers.

PrRoOPOSITION 4 (cf. [11]). The presentationof 7 (V) givenabove providesa com-
pleteand soundaxiomatisatiorof the algebra of the commutativeorocessesf V.

By analogywith Petri,, we take a pointedcategory (C, ¢y) to be a category C
togethemwith a distinguishedbjectcy € C. Similarly, a pointedfunctorfrom (C, ¢)
to (D, dp) is afunctor F': C — D thatmapsthe distinguishedbijectc, to thedistin-
guishedobjectdy. Then,usingCMonCat, to denotethe catgory of pointedstrictly
symmetricstrict monoidalcateyoriesandtheir pointedfunctors,the previousconstruc-
tion extendsimmediatelyto a functor 7, (V) : Petri, - CMonCat,, suchthatfor
N = (0o, 01,5, T,up) amarkedPT net,then

Te(N) = (T (00,01, 5,T), up).

1.5. A Logical Characterisation of the Algebraic Model. Thealgebraicseman-
tics of PT Petrinetscanbeexpressedrery compactiyby meansf amorphismbetween
theoriesin partial membeship equationallogic (PMEqtl) [10], a logic of partial al-
gebraswith subsortsand subsortpolymorphismwhosesentencesare Horn clauseson
equationg = t' andmembershimssertions : s. Suchacharacterisationanhave also
practicalapplicationsastherearetoolsavailablethatsupportexecutablespecifications
in partial algebras. This sectionand the Appendix provide an informal introduction
to the main ideasof PMEqtl. The interestedreaderis referredto [10, 12] for self-
containedpresentations.

A theoryin PMEqtl isapairT = (Q,T'), where{Q is a signatureover a posetof
sortsandl is a setof PMEQqtl-sentences the languageof Q2. We denoteby PAlg,,
the category of partial 2-algebrasand by PAlg its full subcatgory consistingof
T-algebrasi.e., thosepartial 2-algebraghatsatisfyall thesentencesm I.

Thefeaturesof PMEQqtl (partiality, posetof sorts,membershipssertionspffer a
naturalframework for the specificatiorof cateyorical structuresFor instanceanotion
of tensorproductfor partial algebraictheoriesis usedin [12] to obtain,amongother
things,a very elegantdefinition of the theoryof monoidalcateyoriesthatwe recallin
the Appendix. More precisely we definethetheoriesPETRI of PT netsandCMONCAT
of strictly symmetricstrict monoidalcategories,using a self-explanatoryMaude-like
notation(Maude[4] is alanguageecentlydevelopedat SRI International;it is based
on rewriting logic andsupportghe executionof membershigequationalogic specifi-
cations).



To study the relationshipsbetweenPETRI and CMONCAT, the Appendix defines
alsoan intermediateheory CMON-AUT of automatavhosestatesform a commutatve
monoid.Ourmainresultis thenthatthecompositiorof the obviousinclusionfunctorof
Petri into PAlggyqy_r @ndthefreefunctor Fy from PAlgayoy_agr 10 PAlgauoneat
associatedo the theorymorphismv from CMON-AUT to CMONCAT correspondgxactly
to thefunctor7(_): Petri — CMonCat.

PrRopPOsSITION 5. Thefunctor7(.): Petri - CMonCat is thecomposition

. F
Petri ——— PAIlguyoy_aur —r PAlgeyoncar

2. Concurrent Transition Systemsand Monoidal Categories

In thissectionwe statethefaithfulnesof the CTSrepresentationf nets,asgivenin
Definition 12, with respecto the collective token philosophy To accomplistthis aim,
we shaw thatboththe ct(_) andthe 7 (_) constructionyield two equivalentcateyories
of netbehaiours.

Regardingthemonoidalapproachtheobviouschoiceconsistsn takingthecomma
category of 7 (V) with respecto the initial marking,thusyielding a category whose
objectsarethe commutatve processesf N from its initial marking. An arrow from
proces to process; is thenthe uniquecommutatve process: suchthatp;r = ¢ in
T (N). We denotetheresultingcatagory by (ug | T(V)).

An analogougonstructiorcanbe definedstartingfrom ct(N). Thefirst stepis to
obsenethatthe pathsof a genericCTSunderthe homotoyy relationdefinea category.

DEFINITION 16. For H = (S, L, trans, sg) a CTS,we definethe category of compu-
tationsof H to bethecateyoryC(H) whose

> objectsarecomputationgr|« of H,
> arrowsarethehomotopy equivalenceclasse®f pathsin H suchthat

We: [rle = [rle iff ' epwy,
> arrow compositioris definedasthe homotoyy classof pathconcatenation,e.,

[Wle; e = [da,

> identity arrow at [7] ¢ iS €[+« , the homotoyy classof the empty pathat the
final stateof 7.

This constructionextendseasily to a functor C(_) from CTS to Cat, the cate-
gory of (small) categoriesand functors, yielding a functor C(ct(_)) from Petri, to
Cat. ObsenrealsothatC(_) factorsthroughO: CTS — oCTS via the obviouspath
construction.

THEOREM 1. Let N bemarked PT netwith initial markingug. Then,the categories
C(ct(N)) and(ug | T(N)) areisomorphic.

Proor. We sketchthedefinitionof functors
F: (up { T(N)) = C(ct(N)) and G:C(ct(N)) = (ug 4 T(N))
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FIGURE 5. ThecategyoriesC(ct(N)) andC(ct(M)) for thenetsof Figure2.

inversesto eachother The functor F mapsan objectof the commacategory to the
homotoyy classof ary of theobjectsinterleaving (whichis well-definedbecausef the
diamondequivalenceof [1]). Its actionon morphismss analogous.

On the otherhand,for a computation=]< in C(ct(NV)), startingfrom the initial
markingwe candetermineuniquelythe correspondingirron on 7 (IN), andtherefore
definetheactionof G onbothobjectsandarrows. O

The catgyoriesof computationgor the concurrentransitionsystemsassociatedo
netsN and M of Figure2 areshavn in Figure5, wherewe usecy, ande; to denote,
respectiely, the computationg(, {te }, {t0})]«<, and[(2, {t:},{t1})]«< in bothof
ct(N) andct(M). Analogously p; andp, indicatethe homotoyy classe®f the paths
[({to}, {t1}s {to,t1 )] and[({t1}, {to}; {to, t1})] &, respectiely. However, co; p1
andc; po yield thesameresulte = [(@, {to, 1}, {to, t1})]< in C(ct(N)), whereasn
C(ct(M)) they denotedifferentobjects:¢’ = [(&, {to}, {to}) ({to}, {t1}, {t0, 1 })]
andc” = [(2, {t1}, {t1})({t:1}, {to}, {to, 1 )] 2.

3. Configuration Structur esand Concurrent Transition Systems

In this sectionwe first give a categyorical structureto the classof configuration
structures,and then show that the obvious injection of configurationstructuresinto
CTSyieldsareflection.

DEFINITION 17. For (Ey,C1) and(Es,, Cs) configurationstructuresa cs-morphism
from (Ey, Cy) to (Ey, Cs) is afunctiong: E; — E, suchthatfor eachconfiguration
X € (4, theng#(X) € C,. We denoteby CSCat the category of configuration
structuresandcs-morphisms.

The obvious injection functor J(_) from CSCat to CTS mapsa configuration
structureC'S = (E, C) into theconcurrentransitionsystem

J(CS) = (C, E, transcs, $0),

wheretranscs = {(X,L,Y) | X N Y}, andmapsacs-morphisny: E; — E, to
themorphism(g’, g), whereg’: C; — C, istheobviousextensiong” of g to multisets,
with domainrestrictedo C.

THEOREM 2. ThefunctorJ(_): CSCat — CTS is the right adjoint of a functor
R(_): CTS — CSCat. Moreover, sincethe counit of the adjunctionis the identity,
J(2) andR(.) defineafull reflection.



Proor. We sketchtheproof,giving the precisedefinitionof thereflectionfunctor.
ThereflectionfunctorR(_) mapsauniformCTS H = (5, L, trans, so) into theconfig-
urationstructureR(H) = (L, Cs) suchthatCs = {ss; | s € S} (recallthatg; is the
multisetunion of theactionsof ary run leadingto s). O

We denotehecomponenat H of theunitof theadjunctiorby pg : H — J(R(H)).

THEOREM 3 (ConfigurationStructuressia CTS). Let N be a marked PT net. Then
cs(N) = R(ct(N)).

PrROOF. Theeventsof ¢s(IV), the actionsof ¢t(N) and,therefore the eventsof
R(ct(N)) arethetransitionsof N. ThestatesS of theuniform CTS ct(IN) areexactly
theconfiguration®f cs(N), andfor eachs € S, we have ¢, = s. Thissufiices,sincea
configuratiorstructureis entirelydeterminedy its setof configurations. O

Theseresultssupportour claim thatconfiguratiorstructuresido not offer a faithful
representatiomf net behaiours. In fact, R(_) clearly collapsesthe structureexces-
sively, asthe naturaltransformatiorassociatedo thereflectionmapp canidentify non
homotopicruns(e.g.,c’ andc” of Figure5).

Concluding Remarks and Futur e Work

We have investigatedhe expressienesof some‘collective-token’ semanticgor
PT nets. In particular to remedythe weaknesof configurationstructureswe have
introducedconcurenttransitionsystems— a versionof higherdimensionatransition
systen3] moresuitedto thecollective tokenphilosophyasthey do notassignindivid-
ual identitiesto multiple actionoccurrencesn a multiset— andhave shovn thatthey
canprovide afaithful descriptiornof netbehaiours.

CP(.)

*

Petri, ——————— CMonCat, > Cat
\a() = /_ c0)

cs(-) /: y <p: \ =

FIGURE 6

Thediagramof functors,equivalencesndnaturaltransformationg Figure6 sum-
marisegherelationshipdetweerall thesemodels.In thediagram commutatioronthe
nose(resp.naturalequivalence)is representethy = (resp.~), andp denoteghe unit
of the reflectioninto the subcatgory of configurationstructures. The functor CP(_)
givesthe catagory of Best-Deillers commutatve processesThe functor c¢(_) corre-
spondsto the constructionof the CTS for a givennet, asdefinedin Sectionl.3. The
functor C(_) yields the constructionof the catgory of computationgi.e., homotogy
equialenceclasse®f pathsbeginningin theinitial state)of aCTS.Theequivalence~



betweerC(ct(-)) and(uin 4 7(.)) is shavnin Section2, providing thefaithfulnessf
theconstructionThefunctorcs(_) representtheabstractiorfrom netsto configuration
structure definedin Sectionl.2. Unfortunately CSCat is areflective subcatgory of
CTS, asshovnin Section3 viatheadjunction®(-) 4 J(-). ThereflectionfunctorR(_)
identifiestoo mary things,sothatthe naturaltransformatiorassociatetb thereflection
mapp canidentify nonhomotopicruns. Our runningexampleshows thatcausalityin-
formationscangetlost whenusingconfigurationstructurespbecausénomotopicpaths
aremappednto the sameequivalenceclass.

Structures
Computation Model Behavioural Algebraic Logical
NetsandCollective Conf.structuresCTS, | T(N) CAT ® CMON
TokenPhilosophy Commutatve processes
NetsandIndividual Conc.PomsetsEvent P(N),Q(N) | CAT ® MON
TokenPhilosophy Struct.,Processes Z(N)? + SYM

TABLE 1

The conceptuaframework of this paperis summarisedn Table 1, which makes
explicit our researclprogrammeon the behavioual, algebraic andlogical aspectf
the two computationainterpretationof PT nets,namelythe collectivetoken andthe
individual token philosophiesfrom the viewpoints of the structuressuitedto eachof
themandtheir mutualrelationships.

The first row of Table 1 hasbeentreatedin this paper As for the individual
token interpretation,obvious candidatedor suitablebehaioural structuresare event
structues concatenablgpomsetsand, especially variouskinds of concatenablgoro-
cesse$5, 20]. Fromthelogical viewpoint, it is not difficult to formulatea theorySYM
of permutationandsymmetriegcf. [19]) bridgingthe gapfrom strictly symmetriccat-
egoriesto catgoriessymmetriconly up to coherenisomorphism.On the otherhand,
the investigationof suitablealgebraicmodelsis still open,asour currentbestcandi-
dates,the symmetricstrict monoidalcategoriesP (V) of concatenablerocesseg$5]
and Q(IV) of strongly concatenablgrocesse$20], areboth somehav unsatishctory:
‘P(.) is a nonfunctorial construction,a dravback that inhibits mary of the applica-
tionswe have in mind, whilst Q(_) solvesthe problemat the price of complicatingthe
constructiomandrelying on anoncommutatve monoidof objects.

We arecurrentlysearchingor a bettercateyorical constructionsay Z(N), based
onasuitablenotionof pre-netthatmaysubsumendunderlythetheoryof PT netsand
allow usto completeour programme.

Also, the completeanalysisand comparisorof bisimulationrelatedissuesin the
variousmodelsconsideredn the paper(asin [6] for configurationstructuresylesere
furtherwork thatwe leave for a future paper
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Appendix. Recovering the Algebraic Semanticsof Netsvia Theory Mor phisms

In orderto definethe theoryof strictly symmetricstrict monoidalcategories,we
first recallthe definitionof thetheoryof categyoriesfrom [12].

The posetof sortsof the PMEQqtl -theoryof categyoriesis Object < Arrow. There
aretwo unaryoperationgi(_) andc(_), for domainandcodomainandabinarycom-
positionoperation_; _ definedf andonly if thecodomairof thefirstargumentis equal
to the domainof the secondargument. Functionswith explicitly given domainand
codomairarealwaystotal.

fth CAT is

sorts Object Arrow.

subsort Object < Arrow.

ops d(_) c(_) : Arrow -> Object.
op _;_-

var a : Object.

vars f g h : Arrow.

eq d(a) = a.

eq c(a) = a.

ceq a; f = f if d(f) == a.

ceq f;a = f if c(f) == a.

cmb f;g : Arrow iff c(f) == d(g).
ceq d(f;9) = d(f) if c(f) == d(g).
ceq c(f;9) = c(g) if c(f) == d(g).
ceq (f;9);h = f;(g;h) if c(f) == d(g) and c(g) == d(h).
endfth

The extensionof the theory CAT to the theory of monoidalcateyoriesis almost
effortlessthanksto the tensorproductconstructionof theories,which is informally
definedasfollows.

LetT = (Q,T) andT' = (Q',T") betheoriesin partial membershipequational
logic, with Q = (S, <, ) andQ’ = (S',<',¥'). Theirtensorproduct” ® T is the
theorywith signatureQ ® Q' having: posetof sorts(.S, <) x (S’, <'), andsignature
¥ ® X', with operatorsf; € (X ® ¥'), andg, € (X ® ¥'),, for eachf € ¥, and
g € X! (indicesl andr standrespectrely for left andright andwitnesswhether
the operatoris inheritedfrom the left or from the right component). The axiomsof
T @ T' arethedeterminedrom thoseof T' andT" asexplainedin [12].

Theessentiapropertyof thetensomproductof theorieds expressedh thefollowing
theoremwherePAlg,(C) indicatesthe catgory of T-algebragaken over the base
catgory C ratherthanover Set, the cateory of smallsetsandfunction.

THEOREM 4. LetT, T' betheoriesin partial membeshipequationallogic. Then,we
havethefollowingisomorphismef categories:

PAlg,(PAlg;) ~ PAlg;or ~ PAlg, (PAlgy).

To definethe theoryof monoidalcategories,we introducea theory CMON of com-
mutative monoidsandapply thetensorproductconstruction Herewe exploit the pos-
sibility givenby Maudeof declaringthe associatiity, commutatvity andunit element
asattributesof themonoidaloperator



fth CMON is

sort Momnoid.

op 0 : -> Monoid.

op _@_ : Monoid Monoid -> Monoid [assoc comm id: 0].

endfth

Thetheoryof strictly symmetricstrict monoidalcategoriesis thendefinedasfol-

lows. Notice alsothe useof 1left andright correspondingo the indices! andr
discussedbore.

fth CMONCAT is CMON ® CAT renamed by (

sort (Monoid,Object) to Object.

sort (Monoid,Arrow) to Arrow.

op O left to O.

op _®_ left to _B_.

op _;_ right to _;_

op d(_) right to d(_).

op c(_) right to c(.).).

endfth

In orderto defineatheoryin PMEqtl thatrepresent®T Petrinetsandtheir mor-

phisms,we first introducea theory whosemodelsare automatavhosestatesform a
commutatve monoid.

fth CMON-AUT is

sorts State Transition.

op 0 : -> State.

op _®_ : State State -> State [assoc comm id: 0].
ops origin(_) destination(_) : Transition -> State.
endfth

PROPOSITION 6. Thecategory Petri is a full subcatgory of PAlg oy _ayt-

PROOF. It is immediateto checkthateachPT netis just a modelof CMON-AUT
whosestatesarethe objectof the commutatve monoidfreely generatedy the setof
places. O

Exploiting themodularityfeaturesof Maude,we cancharacteris®etri asa sub-
category of PAlgayoy_agr- WeimportafunctionalmoduleMSET[E :: TRIV] of mul-
tisets,parametrisedn a functionaltheoryof TRIV of elementsywhosemodelsaresets
correspondingo theplacesof thenet.

fth TRIV is sort Element.
endfth

fmod MSET[E :: TRIV] is

sort MSet.

subsort Element < MSet.

op & : -> MSet.

op _+_ : MSet MSet -> MSet [assoc comm id: &].
endfm



fth PETRI[S :: TRIV] is
protecting MSET[S] renamed by (sort MSet to Marking.).
sort Transition.
ops pre(_) post(_) : Tramnsition -> Marking.
endfth
A theorymorphismH from T' to 7", alsocalleda view in Maude,is a mapping
of the operatorsand sortsof T into 7", preservingdomain, codomainand subsort-
ing, and suchthat the translationof the axiomsof T' are entailedby thoseof 7”. It
originatesa forgetful functor Uy : PAlg;, — PAlg, that— for T andT" theories
without freenessonstraintssuchasthoserequiredin PETRI[S] — admitsa left ad-
joint ¥ : PAlg, — PAlg,. whoseeffectisto lift H to afreemodelconstructiorin
PAlg.. Theinclusionfunctorfrom Petri to PAlguy_ayr IS inducedastheforgetful
functorof atheorymorphismI specifiedasaview in Maudeasfollows.
view I from CMON-AUT to PETRI[S :: TRIV] is
sort Marking to MSet.
op origin(_) to pre(.).
op destination(_) to post(_).

op 0 to &.
op _®_ to _+_.
endview

Finally, the algebraicsemanticof PT netsunderthe collective token philosophy
i.e.,theconstructiori7 (_), canbeeasilyrecoreredvia a simpletheorymorphismspec-
ified in Maude-like notationas

view V from CMON-AUT to CMONCAT is
sort State to Object.
sort Transition to Arrow.
op origin(_) to d(.).
op destination(_) to c(_).
endview

As statedin Proposition5, the construction7 (_): Petri - CMonCat is then

thefollowing functorcomposition.

. F
Petri ——— PAIlgoyoy_ o1 —— PAlgcuoncar
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