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Abstract

We introducethe notionof cartesiancloseddoublecat-
egory to providemobilecalculi for communicatingsystems
with specificsemanticmodels:Onedimensionis dedicated
to composesystemsand the other to composetheir com-
putationsand their observations. Also, inspired by the
connectionbetweensimplytyped � -calculusandcartesian
closedcategories,wedefinea new typedframework,called
double � -notation, which is able to expressthe abstrac-
tion/applicationandpairing/projectionoperationsin all di-
mensions.In thisdevelopment,wetake thecategorical pre-
sentationasa guidancein theinterpretationof theformal-
ism. A casestudyof the � -calculus,where the double � -
notationstraightforwardly handlesnamepassingand cre-
ation,concludesthepresentation.

1. Intr oduction

The (untyped) � -calculuswasintroducedby Churchas
a convenientformalismfor developingthe theoryof com-
putablefunctions.Sincethen,the � -calculusin its various
versionshasplayeda centralrôle in both logic andcom-
puterscience.

However, the � -calculusis notverywell-suitedfor deal-
ing with communicatingsystems,whereobservableinter-
actionsbetweencomponentsassumea key rôle. Instead,
processcalculi are designedhaving this interactive envi-
ronmentin mind. They are a widely usedformalism for
the descriptionof concurrentand distributed systems. In
particular, mobileprocesscalculi are thoseequippedwith
constructsfor passingnames(i.e., channels)andfor creat-
ing them. The � -calculus[15] is oneof the moststudied
calculi for mobility, thanksto its ability of modellingsys-
temswith dynamiccommunicationtopologies(e.g.,mobile
telephones).Mobility canalsobeusedfor encodinghigher-

ordercapabilities.We takethe � -calculusasacasestudyto
illustrateourapproach.

Processcalculi comeusuallyequippedeitherwith a re-
ductionsemanticsor with anLTS semantics,thelattergiven
in termsof labelledtransitionsystems,wherethe label of
eachtransition is a suitableencodingof the action per-
formedin theassociatedstep.

In thecaseof reductionsemantics,oneof themostrel-
evant paradigmsis probablyMilner’s action calculi [14],
wheresomebasiccomponents(names, abstractionandcon-
trols, thelatterconstructofferingageneralwayof encapsu-
lating agents)suffice to describethestaticsof moststudied
calculi (also in the presenceof higher-orderfeatures)and
wherethe dynamicscan be describedin termsof a suit-
able pre-orderover the states,similarly to what happens
in the chemicalabstract machine proposedby Berry and
Boudol [1]. This approachpresentssomeanalogiesalso
with Meseguer’s rewriting logic [12], wherean algebraof
proofs,usuallyobtainedby lifting thestatestructuretocom-
putations,replacesthepre-orderof actioncalculi. We refer
to [8] for a comparisonbetweenrewriting logic andaction
calculi.

In the caseof LTS semantics,the bidimensionalnature
of processcalculi — thestaticdescriptionof systemstates
andtheobservablepartof theirdynamics— is directlyrep-
resentedin a recentlydevelopedcompositionalmodel of
computation,calledtile logic. It collectsmany ideasin the
field, rangingfrom theclassicalSOS rulesby Plotkin [17],
to the alreadymentionedrewriting logic, including struc-
tured transitionsystems[6] andcontext systems[11]. The
basicreferencefor tiles is [9], but several tile formatshave
beeninvestigated,thatcandealwith differentaspectsof dis-
tributedandinteractivesystems[7, 4]. Paper[8] extendsits
comparisonalsoto thetile approach.

Tile logic consistsof a sequentcalculusover a rule-
basedmodel (i.e., the tile model), whoserulesdefinethe
behaviour of certainopen(e.g.,partiallyspecified)configu-
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Figure 1. A tile .

rations, which mayinteractthroughtheir interfaces. Then,
thebehaviour of a systemasa wholeconsistsof a coordi-
natedevolution of its sub-systems.Thename“tile” is due
to thegraphicalrepresentationof suchrules,whichhavethe

form in Figure1 but canalsobewrittenassequents8:9;=<> 8*? ,
statingthatthe initial configuration 8 of thesystemevolves
to the final configuration 83? producingthe effect @ , which
canbeobservedby therestof thesystem.However, sucha
stepis allowedonly if thesubcomponentsof 8 (which is in
generalanopenconfiguration)evolveto thesubcomponents
of 8 ? , producingthetrigger A .

Triggersand effectsare called observations. The ver-
ticesof eachtile arecalled interfaces. Tiles canbe com-
posedhorizontally(synchronizinganeffect with a trigger),
vertically(computationalevolutionsof a fixedcomponent),
and in parallel (concurrentsteps)to generatelarger steps.
Thanksto thesecompositionproperties,thereexistsa pre-
cisecorrespondencebetweentiles andthecellsof suitable
doublecategories.

While the interpretationof tiles as doublecells is al-
readydescribedin [9], in previous joint work with Jośe
Meseguer [3, 5] and in the PhD thesisof one of the au-
thors[2] aprecisecategoricalformulationis givenfor those
tile systemswhoseconfigurationsandobservationsrely on
the samealgebraicstructure(e.g.,symmetricmonoidalor
cartesian).The categorical modelsfor suchsystemshave
beendefinedin termsof the novel notionsof symmetric
monoidalandcartesiandoublecategories. However, in the
previouswork, only first-orderstructureshavebeenconsid-
ered.

In this paper, following the analogousone-dimensional
construction,we thus define the closedversionof carte-
sian double categories (CCDC). However we deal with
an abstractionmechanismover objectsonly. Inspiredby
the well-known connectionsbetweencartesianclosedcat-
egoriesand � -calculus,we then investigatethe possibility
of adoptingthis new paradigmfor the analysisof mobile
communicatingsystems. To this purpose,we developea
syntacticalnotationfor representingthecellsof CCDC’s in

aconvenientway, wheretypedvariablesandtheusualfunc-
tionalapplicationof � -calculusaresuitablyincluded.How-
ever, sinceobjectabstractiononly is allowed (asopposed
to configurationabstractionor observationabstraction),we
mustexplicitly introducein thenotationthesequentialcom-
positionsof doublecells to recover the full expressiveness
of thecategoricalframework.

Thedouble� -notationis built overasetof typeconstants
andthreesetsof termconstants(for configurations,obser-
vationsandtiles). Thetypesystemweproposeassignsto a
termasits typethe“contour” of thetile it represents.Type
judgmentsfor termsaredefinedunderasequenceB of type
assignmentsto the freevariablesinvolved,asit is thecase
for simply typed � -calculus.Althoughthis notationcanbe
manipulatedandusedin thenaturalway, dependingon the
applicationswe areinterestedin, a morelinear but equiv-
alentnotationcanbe employed. We adoptthe alternative
notationfor encodingtheearlysemanticsof � -calculus.

This presentationcan be considereda still preliminary
investigationonthesubject,becausea lot of openquestions
remainto beanswered.In particular, theequalityon terms
is definedin the paperby looking at their corresponding
cells in the initial categorical model. SinceCCDC areax-
iomatized,we canlift the axiomatizationto terms,but re-
ductionto normalform is not consideredyet,andwe leave
this topic for furtherresearch.

Structur e of the paper. In Section2, we fix thecategori-
calnotationthatis usedin therestof thepaper. This ranges
fromcartesianandcartesianclosedcategoriestodoublecat-
egoriesandcartesiandoublecategories.

In Section3, we introduceanddiscussthedefinitionof
cartesiancloseddoublecategories,makingexplicit theirax-
iomatization.Section4 presentsthedouble � -notationand
its categorical interpretationin termsof CCDC’s. In Sec-
tion 5, therecastingof theearlysemanticsof � -calculusin
thedouble � -notationconcludesthemainpartof thepaper.

To makethispresentationalmostself-contained,two ap-
pendiceshave alsobeenincluded.In AppendixA boththe
syntaxandthecategoricalinterpretationof simply typed � -
calculusarebriefly discussed.Hopefully, this shouldhelp
to seetheanalogywith thebidimensionalstructuresthatwe
consider. In AppendixB, we recall from [5] theaxiomati-
zationof (canonical)cartesiandoublecategories.

2. Background

We review somebasicson cartesianclosedcategories
thatcanbeusefulto seetheanalogywith their correspond-
ing bidimensionalversionsin the theory of doublecate-
gories. Sincedoublecategoriesmight be unfamiliar to a
largepartof thecommunityof computerscientists,we de-
votedSection2.2to their introduction.



2.1. Cartesianclosedcategories

A cartesiancategory is a category such that for each
(possibly empty) tuple of objects ADC EGF#F"F#E5AIH , there exists
a product object that preciselyrepresentssuch tuple. It
is usually denotedby AJCLK:M*MGMNKOAPH , but notice that the
product is unique only up to isomorphism,and that it
is completely determinedby specifying its projections1Q 9GR*SUTVTVT"SJ9&WC E*F"F#F#E Q 9 R SXTVTVT�SY9 WH , with

Q 9 R SUTVTVT"SJ9 WZ [ AJC\K]MGM*MJK^APH < A Z E
for _a`cbPd4E*F"F#F"E5egf . For examplethis meansthat for any
two arrows h [ji < A and k [ji < @ , then thereexists
a uniquearrow from i to A^Kl@ , usuallydenotedby mnhUE/kJo ,
suchthat hqprmnhUE/kJo&s Q C and ktprmnhUE/kJo&s Qvu

. Given two
arrows h [ A < i and k [ @ <xw , thenthearrow

m Q C)s�hUE Qvu s-kDo [ ALK^@ < i K w
is usuallydenotedby hyKzk (seeRemark1).

If { hasbinary productsanda terminalobject(i.e., the
nullary product),thenit hasall finite products. It is often
convenientto chooseaspecificproductdiagramfor eachtu-
ple of objects,asexplainedin AppendixA.2. For instance,
this simplifies the classicalinterpretationof simply typed� -terms(seeTable8).

By exploiting the universalpropertyof products,carte-
sianitycanbedefinedin termsof suitableadjunctions.

Proposition1 (CartesianCategory) Let { bea category:
(1) { hasa terminalobjectiff theuniquefunctor | } [ { <�~
hasa right adjoint; (2) { hasbinary productsiff thediag-
onal functor � } [ { < {tKa{ sendingeach arrow h of{ to ��hUE�h�� , hasa right adjoint; (3) { is cartesianiff both| } [ { <�~ and � } [ { < {lKz{ haveright adjoints.

Remark 1 Theright adjointto | } correspondsto thechoice
of a final elementin { that is theuniqueobjectin theimage
of ~ . The right adjoint to ��} correspondsto a suitable
productchoice K .

A cartesiancategory is called closed if for eachpair
of objects A and @ , thereexists an exponentobject @ 9 that
canrepresentthehomset{�� AUE�@�� (seeDefinition 9). As for
cartesiancategories,alsocartesianclosedcategoriesadmit
acharacterizationthatexploits thenotionof adjunction.

Definition 1 (CCC asAdjunction) A cartesian category{ is cartesianclosedif for each object A thefunctor K�A [{ < { hasa right adjoint 9 [ { < { .

1Wewill omit thesuperscriptswhenobviousfrom thecontext.

9
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Figure 2. Graphical representation of a cell.

The componentat @ of the counit of the adjunctionis
denotedby ��� � � 9��

> [ @ 9 K�A < @ . Werecallthat ��� � � gener-
alizestheset-theoreticevaluation ��� � �5��hUE-�X��p�hg���U� . The
universalpropertyof theexponentis explainedin detail in
AppendixA.2 (seeFigure11).

If we denoteby � 93�
>� the isomorphism(at i and @ ) from{�� i KlAUE�@�� to {N� i E�@ 9 � that arisesfrom theadjunction,then

thefunctor 9 [ { < { canbeexplicitly definedas:

� 9 ����kD��p � 93�
>>n� ����� � � 93�

> s-kD�
for any arrow k [ @ < w in { (thus, k 9 [ @ 9 <xw 9 ).

We will extendthis characterizationof cartesianclosed-
nessto obtainits correspondingversionin thedoublecate-
gorysetting.

To shortenthenotationwewill avoid thesuperscript 93�
>

that specifiesthe objects A and @ to which the map � � is
associated,as A and @ areoftenclearlydeterminedfrom the
context. An axiomaticpresentationof cartesianclosedcat-
egoriesis shown in AppendixA.2.

2.2. Doublecategories

Definition 2 (DoubleCategory) A double category ¡
consistsof a collection AUE�@ E i E*F"F#F of objects, a collection¢ E-kUE�hUEGF#F"F of horizontalarrows, a collection £=E5¤¥E5¦�EGF#F"F of
vertical arrows and a collection §�E5¨LE�©\E*F"F#F of cells (also
calleddoublecells).

1. Objectsand horizontalarrowsform the horizontal1-
category ª , with identity _ w 9 for each object A , and
composition « .

2. Objects and vertical arrows form also a category,
called the vertical 1-category ¬ , with identity _ w 9 for
each object A , and composition M (usuallywe will
referto both _ w 9 and _ w 9 eitherwith theobjectnameA
or with _ w 9 ).

3. Cellsareassignedhorizontalsourceand target(which
are vertical arrows) and vertical sourceand target
(which are horizontal arrows); furthermore given a
cell § , with vertical source

¢
, vertical target k , hor-

izontal source £ , and horizontal target ¤ , then the
sourcesandtargetsof

¢
, k , £ , and ¤ mustbecompat-

ible, in thesensethat they mustcomposea square as
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Figure 3. Horizontal and ver tical composition.

illustratedin Figure 2. We write § [ ¢ �;U<� k for such a
cell, andwereferto its sidesasnorth, south, westand
east, with theobviousmeaning.

4. Cells can be composedboth horizontally ( « ) and

vertically ( M ) as follows: given § [ ¢ �;=<� k , ¨ [
h �;=<¯¹¸ , and © [ k ³;=<µ ¢ ? , then§º«I¨ [ � ¢ «Dh�� �;Y<¯ ��k»« ¸ � ,
and §aM5© [ ¢ � T ³;X<� T µ

¢ ? arecells(seeFigure3). Moreover,

givena fourthcell ¼ [ ¸ µ;U<½ hX? , horizontalandvertical
compositionsverify thefollowingexchangelaw:

��§tM�©¾�¿«\��¨ÀMG¼L��pÁ��§²«j¨º�gM4��©t«j¼L�
Under theserules, cells form both a horizontal cat-
egory ¡ÃÂ and a vertical category ¡ T , with respec-

tive identities d � [ A �;=<� i and d � [ ¢ 9;=<> ¢
. Given

d � [ ¢ 9;=<> ¢
and d � [ k

>;=<� k , theequation d � «�d � pd � Â � musthold (and similarly for vertical composi-
tion of horizontal identities). Furthermore, horizon-
tal and vertical identitiesof identitiescoincide, i.e.,d Z � � pÄd Z � � , andare denotedby d 9 , or simply A .

As a matterof notation,sometimeswe will use s to
denotethecompositionon both thehorizontalandvertical
1-categories.

Example1 (Quartet Category) Given a category { , we
denoteby ÅÆ{ thecategory of quartetsof { : its objectsare
theobjectsof { , its horizontaland vertical arrowsare the
arrows of { , and its cells are the commutingsquare dia-
gramsof arrowsin {

9� �	
­ �� >

��	� � �� �
where hUE5£=E5¤¥E-ky`a{ and hÇs5¤]pÁ£=s-k in { . Noticethat { is
boththehorizontalandthevertical1-categoryof Å�{ .

Definition 3 (Double functor) Given two double cate-
gories ¡ and È , a doublefunctor É [ ¡ < È is a 4-tuple
of functionsmappingobjectsto objects,horizontalandver-
tical arrowsto horizontalandvertical arrows,andcells to
cells,preservingidentitiesandcompositionsof all kinds.

Double functorscan be composedin the obvious way
andany doublecategory hasassociatedan identity functor
mappingeachelementinto itself. This yields a categoryÊ^Ë�ÌDÍ

whoseobjectsaredoublecategoriesandwhosear-
rowsaredoublefunctors.

Example2 Thediscretecategory ~ (with just oneobject)
can be viewedas a doublecategory, which is also a final
objectin

Ê^Ë�ÌDÍ
.

Diagonalcategories.Sometimes,dueto theparticularkind
of cellsinvolvedin a complex composition,it is possibleto
adoptamoreconciseandconvenientnotation.In particular,
for any doublecategory, it is alwayspossibleto characterize
two suitablediagonalsub-categories.

In fact, thosecells having identitiesboth as southand
eastsidesarethearrows of a diagonalcategory ¡ÏÎ whose
composition Ð is uniquelydefinedasdepictedbelow:

9
� ��

� �	 �
> >�	> > �� > Ð

> � ��
� �	 ®

� ��	� � �� � p
9

��
�	 �

> ��
�	 C5Ñ

�
�	> ��

�	 C-Ò
> ��
�	 ®

�
�	� �� � �� �

i.e., §ÓÐj¨ÔpÄ��§O«vd � �gMÕ�-d � «j¨º� .
Remark 2 Thecompositionschemaassociatedto Ð is well-
definedalsowhenthe horizontaland vertical targetsof ¨
arenot identities.Abusingthenotation,wewill write §ÖÐg¨
alsofor such cases.

In a similar way, we candefinea diagonalcomposition× for thosecellshaving identitiesbothasnorthandwest
sides(yieldingthedoublecategory ¡ÏØ ):

9 9 ��
9 �	 � 94��	
9 � �� >

×
> > ��> �	 ®

>
��	> � �� � p

9
��

�	 � 9
��

�	 C-Ù 9 �	
9

��
�	 C5Ú

> ��
�	 ®

>
�	> �� > �� �

i.e., § × ¨ÔpÄ��§O«vd � �gM4�-d � «j¨º� .
Cartesiandoublecategories.To fully exploit thebidimen-
sionalstructureof doublecategories,in joint workwith Jośe
Meseguer[5] weproposeda notionof doubleproductsthat
requirestheproductsto exist accordingto thefour possible
compositionsthatwe have seen:horizontal( « ), vertical



( M ), anddiagonals( Ð and × ). Thefactthatalsothediag-
onalsub-categorieshave a cartesianstructureassertssome
sortof consistency betweenthehorizontalandthevertical
cartesianity. For examplethis meansthat onehasseveral
ways for pairing two cells, but they areall strictly corre-
lated,sothatit is possibleto stepfrom oneto another. This
is discussedin detailin AppendixB.2. In thissection,carte-
siandoublecategoriesareinsteaddefinedin termsof suit-
ableadjunctionsbetweendoublefunctors.Suchadjunctions
actin all thedimensionsunderconsideration.

Definition 4 (DoubleAdjoint) Given two double cate-
gories ¡ and È and a doublefunctor É [ ¡ < È , we
saythat É hasa doubleright adjoint (or equivalently, thatÉ is a doubleleft adjoint) if there existsa doublefunctorÛ [ È < ¡ that is a right adjoint of É in ¡ÃÂ , ¡ T , ¡ Î , and¡ÏØ . A doubleadjoint is strict if the objectcomponentsof
thecounits(respectivelyunits) for ¡ÃÂ and ¡ T are thenon-
trivial horizontalandvertical arrowsin thecorresponding
counits(respectivelyunits)for ¡ Î and ¡ÏØ .

The fact the
Û

is the right adjoint of É alongthe four
possiblecompositionsis clearly different from requiring
the existenceof four right adjoints,one for eachcompo-
sition. Indeed,thisexpressestheconsistency of theadjunc-
tion alongthepossiblecompositions.

In the following definition,let � [ ¡ < ¡ÜKÝ¡ bethe
doublefunctorthatmakesacopy of theargument,i.e.,such
thatfor each§Ä`L¡ , �Ö��§\�ÆpÀ��§�E�§v� .
Definition 5 (CartesianDoubleCategory) A doublecat-
egory ¡ is cartesianiff boththedoublefunctor | Þ [ ¡ <ß~
and �ÏÞ [ ¡ < ¡�KL¡ havestrict doubleright adjoints.

As saidabove, thefact that theright adjoint is thesame
functor in all thedimensionsguaranteestheconsistency of
productsandterminalobjectsin thetwo dimensions.

For example,this meansthatgiventwo cells § [ ¢ �;X<> @
and ¨ [ k �;U<> @ with thesamehorizontalsource£ [ A < @
andwith identitiesas targets,thenthey canbe pairednot
only horizontally, but also diagonally(w.r.t., compositionÐ ), justexploiting thecommonsourceA .

3. Cartesiancloseddoublecategories

The definition of the analogousof cartesianclosedness
in the theoryof doublecategoriesis problematic,andthe
approachwe proposecan appeara bit controversial. The
problemis that the objectsof the horizontalcategory are
arrowsof thevertical1-category, andvice versa:In princi-

ple onemight requirethatfor eachcell § [ ¢ �;=<� k boththe
cells § ­

and § ¯
would exists, for any horizontalarrow h

@ 9 K^A
� � SY9 �	

à�á&â-ã ��ä å ��
æ àná�â-ã �&ä Ù

@ ��	@&? 9 K^A àná�â-ã �&ä å 6 �� @ ?

@ 9 KÖAà�á&â-ãç6��ä å �	

� � SJ9 ��è à�á&â-ã ��ä Ú
@&? 9 KÖAàná�â-ãV6�&ä å 6�	@ � �� @&?

@ 9 KÖAà�á&â-ã�6��ä å �	
à�á&â-ã ��ä å ��
é à�á&â-ã ��ä å @ >

�	@ > �� @

@ 9 K^A> �
SJ9 �	

> �
SJ9 ��é àná�â-ãç6�&ä å @ 9 K^Aà�á&â-ã�6��ä å�	@ 9 K^A àná�â-ã �&ä å �� @

Figure 4. The doub le evaluation maps.

andverticalarrow ¦ . Suchrequestimpliestheexistenceof
higherorderarrows

¢ ­
, £ ¯ thathasnocounterpartin carte-

sianclosedcategories,andthis contradictour intuition of
having two (coherent)cartesianclosedcategoriesasunder-
lying horizontalandverticalstructures.

The solutionwe adoptis to allow the abstractiononly
w.r.t. objects.Indeedthey aretheonly elementsthatthever-
tical andthe horizontal1-categorieshave in common,and
moreover we think that this featuresufficesfor modelling
a wide classof applications.In particular, givenany cell §
andany objectA , it makessensetodefinetheexponentiation§ 9 , andsuchconstructionactsasa doublefunctor.

Definition 6 (CCDC) A double category ¡ is cartesian
closed(CCDC) iff it is cartesianand for each object A the
doublefunctor K^A hasa strict doubleright adjoint.

The extensive definitionof CCDC implies that the hori-
zontal (respectively vertical) 1-category of ¡ is CCC with
exponent@ 9 , evaluationmap �G���)� andnaturalisomorphism� (respectively, CCC with exponent @ 9 , evaluation map��� � � ? andnaturalisomorphism� ? ) andalso the existence
of thefollowing cells(seealsoFigure4):

ê for any verticalarrow £ [ @ < @ ? andfor any object A ,
thereexiststhecell

ë �G���)� 93� � [ ��� � � 9��
> � � SJ9;U<� �G���)� 93�

> 6 s
ê for any horizontalarrow

¢ [ @ < @&? andfor any objectA , thereexiststhecell

ì �G���)� 93� � [ ¢ 9 KÖA
à�á&â-ãç6��ä å;=<à�á&â-ãV6�&ä å 6 ¢ s

ê for any objectsA and @ , thereexiststhecell

í �G���)� 93�
> [ �G���)� 93�

> àná�â-ãç6�&ä å;=<> @ s



ê for any objectsA and @ , thereexiststhecell

í �G���)� ?93�
> [ @ 9 K^A

> �
SJ9;U<àná&â-ã�6��ä å �G� � � 93�

> F
Moreover, we have the following isomorphismsbetween
thecellsof ¡ :

ê for any object A andverticalarrows ¤ and £ , thereis

a bijection2 �Æî� [ b3§ [ ¢ � SJ9;U<� kUf < b3¨ [ � ¢ �;=<� � ��kUf ,
where� î � ��§v� is thehorizontalabstractionof § , with

��� î � ��§\�ïK^AI�»« ë ��� � � 93� � p § (1)

� î � �5��¨ðKÖAD�»« ë �G� � � 93� � �ñp ¨òs (2)

ê for any object A andhorizontalarrows k and
¢
, thereis

a bijection ��ó� [ b3§ [ k^K�A �;U<� ¢ f < b�¨ [ kïô 6"�;=<
ô 6#�

¢ 9 f ,
where�Æó� ��§\� is theverticalabstractionof § , with

��� ó � ��§v�õKÖAD�gM ì ��� � � 93� � p § (3)

� ó � �5��¨öK^AD�ÇM ì �G���)� 93� � �ñp ¨òs (4)

ê for any objectsA , @ and i , thereis a bijection �÷Î� from

the setof cells b3§ [ ¢ �;U<> @aø ¢ E-£ [ji KaA < @3f to

thesetof cells b3¨ [ ¢ ? �&6;U<> � @ 9 ø ¢ ?nE5£P? [=i < @ 9 f , with

� Î ��§\� � [ � ¢ ô 6#�;U<> � @ 9 suchthat

��� Î � ��§\�õK^AI�XÐ í �G���)� 93�
> p § (5)� Î � �5��¨öK^AD��Ð í ��� � � 93�
> �ùp ¨òs (6)

ê for any objectsA , @ and i , thereis a bijection �÷Ø� from

the set b3§ [�i KaA � SY9;U<� ¢ ø ¢ E5£ [Æi KúA < @3f to the

set b3¨ [÷i �;U<�&6 ¢ ?Ïø ¢ ?nE-£I? [Æi < @ 9 f , with � Î ��§\� � [
i �;=<
ô 6#� �

¢
suchthat

��� Ø � ��§\�õK^AI� × í �G���)� ?93�
> p § (7)

� Ø � �5��¨öK^AD� × í ��� � � ?93�
> �ùp ¨òF (8)

Givenacell § [ ¢ �;U<� k , fromthedefinitionof doublead-
junctionit turnsout thatthepossiblehorizontalandvertical
definitionsof § 9 coincide(seeFigure5).

§ 9 p � î � � � ë ��� � � 9�� � «j§\�p � ó � � � ì �G���)� 93� � M*§v�
2Wejust recallthatevery arrow û üJý�þ»ÿ�� � is in theimagethrough�

of anarrow û\ý�þ����÷ÿ�� , andtherefore���	 is indeedabijectionbetween
�� ýGû 	�
 �� ÿ����� and

�� ý�û ü 	� ÿ� � � ü � .

@� �	
� ��
�

w
��	@&? � �� w ?

@ 9� � �	
� � ��
� �

w 9 � ��	@&? 9 � � �� w ? 9
Figure 5. A cell § and its exponentiation § 9 .
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Figure 6. Comm uting compositions of cells.

Notice that if § [ ¢ �;=<� w or § [ @
>;=<� ¢

, thenalsothe two
following diagonaldefinitionsarefeasible,andthey coin-
cidewith thepreviousone:

if § [ ¢ �;=<� w then § 9 p � Î > � � í �G���)� 93�
> Ðj§\�

if § [ @
>;X<� ¢

then § 9 p � Ø > � � í �G���)� ?93�
> × §\�

Thecell
í ��� � � 93�

>
and

í �G���)� ?93�
>

canalsobeusedto char-
acterize

ë ��� � � and
ì �G� � � (viewedasfunctorsfrom thever-

tical/horizontal1-category to the vertical/horizontalcate-
gory of cells) in termsof doubletransformations(seeAp-
pendixB.1). Indeed,the following naturality axiomsare
satisfied(for all A , @ , ¢ and £ ):

ë ��� � � 93� � M í ��� � � 93�
> 6 p í ��� � � 93�

> M)d �ì �G���)� 93� � « í ��� � � 93�
> 6 p í ��� � � 93�

> «vd �
d � � SJ9 M í ��� � � ?93�

> 6 p í ��� � � ?93�
> M ë �G� � � 93� �d � � SY9 « í ��� � � 93�

> 6 p í ��� � � 93�
> « ì �G���)� 9�� �í ��� � � ?93�

> « í �G� � � 93�
> p d à�á&â-ã ��ä åí �G���)� ?93�

> M í �G� � � 93�
> p d à�á&â-ã 6 ��ä å

For instance,all thepastingsof cellsin Figure6 coincide.



Theorem1 The complete axiomatizationof CCDC’s is
given by axioms(1)–(8) together with axioms(A)–(E) in
AppendixB.2.

4. Double � -notation

We aim at developinga generaltypeformalismfor pro-
cesscalculi, which hasa naturalinterpretationin termsof
cartesiancloseddoublecategories. Our formalism takes
into accountboth thesyntacticstructureof the calculi and
its observabledynamics.Sinceit actsin two dimensionswe
call it double� -notation.

Theideais to extendthetile formalism(seee.g.,[9, 2])
with moreexpressive configurationsandobservations. In
particular, weassumethatthey arebothdescribedbysimply
typed � -termsover two distinct signatures(over the same
sorts). Therefore,this format allows us to introduceab-
stractionsbothon configurationsandon observations.For
instance,this is veryimportantwhendesigningtherulesfor
the input context in mobile calculi, wherechannelnames
are both syntacticelementsand also entities that can be
communicated,thus appearingin the behavioural dimen-
sion.

As discussedin AppendixA.1, theusualwayof present-
ing syntacticjudgmentsfor simply typed � -calculusis de-
finedby theformat B���� [�� , whereB is anenvironment
and � is thetypeof theterm � (definedovera certainsig-
nature m�¨òE�©¾o ). Our type systemmust take into account
the fact that termsaredoublecells andtheir typesarees-
sentiallytheir borders,i.e., the typedtermsthat definethe
north,south,eastandwestsides.

4.1. Double typing

A doublesignature for thedouble� -notationis a4-tuple

� pÁm! gE#"ÃE%$ÏE#&Ýo
where  is the setof typeconstants, " is the set of hor-
izontal term constants

¢ ['� E-k [)( E*F"F#F typed over  (see
AppendixA.1 for thedefinitionof � , ( , ...), $ is thesetof
vertical termconstants£ [*� E-¤ [*( EGF#F"F typedover  , and &
is the setof tile term constants+-,/.&E102,/./?�EGF#F"F , with . , ./? , ...
closedcontourtypes(seebelow).

The pair m! gE�"�o definesthe horizontal � -notation
� î ,

andthepair m! gE1$vo definesthevertical � -notation
� ó . Con-

tour typesessentiallydescribetheborderof tile terms,and
thustheir definitioninvolvesa “mixture” of horizontaland
verticalterms.

The idea is that just by looking at the contourtype of
a tile term, it mustbe possibleto understandthe ways in
which it canbecomposedwith othertile terms,i.e., its fea-
sible interactionswith the environment. This canbe done

by consideringthetermsthatform theborderof thetile. A
genericcontourtypehastheform:

3 [4( 576 8 ��9 6 :<;>=
Û [/? < �

where
3

representsthe north side, @ representsthe east
side, A representsthewestside,and

Û
representsthesouth

side. Here
3

and
Û

are horizontalterms,whilst @ andA arevertical terms. A contourtype is well-typedunder
the type assignmentB if

3
,
Û

, A and @ are well-typed
whenemploying B (with typesaswritten in the formula).
A contourtype . is closedif it canbe typedby an empty
environment,i.e., if

3
,
Û

, A and @ areclosedterms.
Startingfrom theconstantsin thesignature,morecom-

plex termscan be constructedusing the following syntax
(noticethedifferencebetweenthesymbolB for theunit and
thesymbol « for horizontalcomposition):

� [#[ p +�ø ¢ øÇ£ øÇ�ÀøCB ø
� «D� øE� M�� øE�rÐ)� øE� × � ø
mF� E��Äo î ø�G�H#I%J î Z � øïmF� E��Äo ó ø�G�H#I%J ó Z � ø
mF� E��Äo Î ø�GDH#IKJ Î Z � øïmL� E��Äo Ø ø�G�H#I%J Ø Z � ø
� î � [L� FM� øE��N î � øN� ó � [L� FM� øE��N ó � ø
� Î � [L� FM� øE��N Î � øN� Ø � [L� FM� øE��N Ø �

where +À`O& ,
¢ `O" , £ `P$ , � is a genericvariableand

pairings,projections,abstractionsandapplications(thelat-
terdenotedby thesymbol N ) arepossiblealongall thecom-
positionaldimensionsof tiles(horizontal,verticalanddiag-
onal,thelatterin two distinctways).Moreover, horizontal,
verticalanddiagonalcompositions( �Ü«Q� , � ML� , ��ÐR�
and � × � ) arealsogiven.We will seethatsinceabstrac-
tion is restrictedto objects,thesecompositionscannotbe
expressedby functionalapplication.

We arenow readyto presentthe inferencerulesof the
typesystemfor thedouble � -notation. In thenext section,
wewill give thetranslationof well-typedtile termsinto the
correspondingcells of the categorical models,which are
cartesiancloseddoublecategories.In particular, theequiv-
alencesbetweentile termsareexactly thosethatcanbede-
rivedin theinitial model.We leaveto futurework thestudy
of a more direct equationalsystemfor tile termsand the
definitionof possiblenormalform reductionstrategies.

A generictypesentencehastheform

B�ST�U, 3 [4(V5W6 8 ��9 6 :<;>=
Û [4? < � F

Thetypesystemis definedby theaxiomsandinference
ruleslistedbelow. They arenumberedto enhancethecor-
respondencewith thecategorical interpretationrulesgiven
in Section4.2. Due to spacelimitations, for eachkind of



¢ î p ¢
B î p B
� î p �

�-m 3 E Û o5� î p m 3 î E Û î o î
�XG�H#IKJ Z 3 � î p GDH#IKJ î Z 3 î
�n�J� [Y� F 3 � î p � î � [/� F 3 î

� 3 Û � î p 3 î N î Û î
Table 1. Definition of the meta-notation

3 î .
construct(identities,pairing,projection,abstraction,appli-
cation,andcomposition)the correspondingrule is shown
only in the horizontal“dimension.” Theotherscanbe ob-
tainedanalogously.

To keepthe notationshorterwe usethe following ab-
breviations: for all type � let _ w = p �[Z [-� F Z (with type� < � ) andfor all type \ andverticalterm B��]@ [E( < �
then let @_^Ópr�*Z [ �K\ < ( �&FV�Y� [ \IF`@Ã�!ZI�U� (with type�K\ < ( � < �K\ < � � ), where ZXE-�ba`dc!e»�F@�� (with c!e»�X@¾�
denotingthefreevariablesof @ ), andsimilarly for thehor-
izontalterm B�� Û [E? < � .

1. tile termconstants:+-,/.j`�&f ST+g,E. ;
2. horizontalidentities:B�� 3 [7(

B�S 3 î , 3 [4( h 6 i ��Z ��j 6 :<;>: ��k [Yl F 3 [Yl < ( ;

wherek]a`]c!e»� 3 � andthesuperscript î is justa meta-
notationto representthetile termassociatedto thehor-
izontalterm

3
andcanbeeasilydefinedby induction

on thestructureof
3

asin Table1;

3. horizontalpairing:

B�ST�²CW, 3 C [4( C 576 8 ��9 R 6 : R ;>= R
Û C [4? < � C¾E

B�ST� u , 3Ãu [4( u 576 8 ��9 ¶ 6 : ¶ ;>= ¶
Û u [4? < � u

B�S mL� C E�� u o î ,·m 3 C E 3 u o [4( C K ( u 576 8 ��9 6 6 : 6
Û ? [/? ?

where@¾?=p �¥m!Z C E#Z u o [4( C K ( u F�mF@ C Z C E�@ u Z u o
with type ( ?XpÄ� ( C K ( u � < � � C K � u �
and

Û ?Up:�[k [/? F�m Û C kYE Û u kIo
with type ? ? p ? < � � C\K � u �
for Z C E#Z u a`mc!e»�F@ C En@ u � and kUa`oc!e¿� Û C E Û u � (form E o�ó , m E o Î and m E o/Ø , in the first casethe require-
mentis that

3 C¾p 3Ãu
but the A ’s canbedifferent,in

thesecondcasejust B mustbethesame,andin thelast
caseboth

3 Cõp 3Ãu
and AXC ppA u musthold);

4. horizontalprojection:

qsrut ,wv ýyxnzW�{x�| }�~ � ��� ~ �`� R 
 �
¶����
�M� R 
 �

¶#��� ýy�Æÿ���zW���4|
qsru�», 2�� � z t , �», 2�� z v ýnxnz }C~ � ���y� R ~ � R�� � R ~ � R

�
� R
� üYýn�÷ÿ�� z

where @ p:�¥m!Z C E1Z u o [4( C K ( u F#mX@ C E�@ u o
and

Û ?=p:��k [4? FMG�H�IKJ C � Û kI�
provided that k�a`�c!e¿� Û � , ZPC�a`�c!e»�F@ u � and Z u a`c!e»�F@÷C�� , andsimilarly for G�H#I%J î u ;

5. horizontalabstraction:

B�E5� [ \�S��m, 3 [4(V576 8 ��9 6 :�;s=
Û [/? < �

B�Sú� î � [ \IF �U,Ó�Y� [ \IF 3 [ \ < ( 576 8 ��9R� Û ? [/� ?
where @ ^ hastype �K\ < ( � < �K\ < � �
and

Û ?=p:��k [4? F �Y� [ \IF Û k
hastype � ?Up ? < �%\ < � � ,
providedthat ��a`�c!e»�LAÆE�@¾� and k]a`�c!e»� Û � (for vertical
abstraction��a`�c!e¿� 3 E Û � musthold, whereas� Î � [
\IF � requires�ba`�c!e¿�F@õE Û � and � Ø � [ \IFM� requires��a`�c!e»� 3 E�AÏ� );

6. horizontalapplication:

qsrut z[,�v zNýnxnz } R ~ � R ���`  j R ~ � R
�
� R
� zgý��4z»ÿ�xnzD¡

qsrut |Q,�v |÷ýnxnz¿ÿ�x#|¢} ¶ ~ � ¶��� j R¶ � |Æýn�£|Nÿb¤¥xnz¥ÿ��4|n¦
qsrut |�N � t z[,Tv | v zgýnx#|§ } ¶©¨ } R ª ~ �

¶ 
 � R��� ¶ ~ � ¶�� � ¶ � ý<¤¥�£|2�{�«z1¦=ÿ��4|
where @ : Ru hastype � ( C < ( u � < � ( C < � u �
and

Û p �¥m�k u E#k)C�o [4? F Û u k u � Û Cnk)C�� ,
with k C E#k u a`�c!e¿� Û C E Û u � ;

7. horizontalcomposition:

qsrut z ,Tv zgýnxnz } R ~ � R ��
}
¶
~ � R
�
�
¶ � z ýn� z ÿ�� | ¡

q ¡L¬\ýnxnz rut |�N®­n¬2,Tv |�¬\ýnx#|b} ¶1¯ ~ � ¶ ��� ¶ ~ � ¶#� � ¶ � |÷ýn�£|gÿ��4|q>rut z�° t |®,Tv ýnx#| } R ~ � R ��� ¶ ~ � ¶#� � ¶ � ýy�«z¿ÿ��4|
where

3 p 3Ãu©3 C and
Û pð�[k [R? C�F Û u � Û C©kP� , withk�a`�c!e»� Û C)E Û u � and ��a`�c!e»�F� u E 3ºu E�@ u E Û u � .

Thediagonalapplicationin thesecondpremiseof rule7
servesonly asa meanto shortenthenotation.In particular,
thematchingbetweentheeastsideof �ÓC (i.e., A u ) andthe
westsideof � u

canbeexpressedin anaturalway, whereas



theabstractionw.r.t. � would resultin a morecomplicated
condition.Thisis alsoin thestyleof thetranslationweneed
for the � -calculusexample.

The following rules are in somesenseauxiliary, since
they dealwith rearrangementsof interfacesbut do not sub-
stantiallychangethemeaningof judgmentsin thepremises.
The symbol ± signalsthat alsothe converserule mustbe
considered.

i
B�ST�²,�.

B�E5� [/� ST�m,2. ;

ii
B C E-� [4( E#Z [4? E5B u Sw�²,E.
BÇC E1Z [Y? E5� [4( E5B u Sw�²,E. ;

iii

q ¡�¬ ý£³ r´t , v ýyx }C~ � ��� ~ �
�
�

� ýy�Æÿ��
q ¡�¬\ý�³ r´t ,¶µ·¬�¡ v{¸ ý£³2��x }R~ � ��� 6 ~ �·¹ 
 � ��� � � ýn�Æÿ��

º

where @ ?NpÁ�¥m��¥E1ZJo [ \ÃK ( F`@{Z , with Zwa`�c!e»�X@¾� and�ú`»c!e¿�X@¾� (but noticethat �Oa`�c!e»�X@ ? � ). Thereis also
theanalogousrule for avoiding that �Ó`�c!e»� Û � , but it
is verysimilarandthusomitted.

The third rule can be appliedonly onceto a given �
(becauseafter its applicationthe premise�t`Pc!e¿�X@¾� is no
longervalid). Moreover, if � `�c!e¿� Û �E¼�c!e»�F@¾� , theappli-
cationof rule iii andthenof the analogousoneyields the
sameresultastheapplicationof thetwo rulesin thereverse
order.

In practice,theseveral restrictionson namesfor theap-
plicationof the typeruleslistedabove do not limit theex-
pressivenessof the formalism. In fact, if a rule cannot
be applied, we can always find equivalent contour types
for which the applicationof the rule is possible. This is
achieved by applying rule iii, which makes explicit the
propagationof globalvariablesvia

3
and A to @ and

Û
.

Also notice that different type judgmentsare possible
with thesameB and � ; indeedthey all represent“isomor-
phic” situations.Thisshouldnot besurprisingsincealsoin
theone-dimensionalcasea term � canbetypedwith dif-
ferentassignmentsB , andin a contourtype the north and
westsideshave in part therôle of typeassignmentsfor the
eastandsouthsides.

4.2. Categoricalsemantics

As alreadysaid,thedouble� -notationhasbeendesigned
having in mind the category whereits modelsshouldlive,
i.e., thecategory of CCDC andstructurepreservingdouble
functors.Therefore,theinitial modelassociatedto a signa-
tureis thecartesiancloseddoublecategorywhere

(a) theobjectsaretheelementsof thehigher-ordermonoid
freelygeneratedby thetypeconstantsin  ;

½ ½ ¾«¿ ¿
ÀÁÂÂÂÂÂÂ

ÂÂÂÂÂ
��

�	
ÃÄ

½ ½ ¾«¿ ¿

ÅÆ
�	

� 6 �� ½ ½ Ç 6 : ¿ ¿�	È�ÈÉÉ ÉÉÈ�È�&6

�	

È�ÈÉÉ ÉÉÈ�È��6

�	
½ ½ ¾«¿ ¿

ÊËÌÌÌÌÌ
�� ½ ½ ¾«¿ ¿

½ ½ ³ 6 8 ¿ ¿ �� � 6 �� ½ ½ = ¿ ¿

Figure 7. The contour of the cell � � BÍSÎ�Ï,4.�� � .
(b) thehorizontal(respectively, vertical)arrows arethose

of thecartesianclosedcategoryfreelygeneratedby the
signature3

� î (respectively,
� ó );

(c) thetile termconstants+ aremappedto thecorrespond-
ing cells � � +¿� � ;

(d) andthecellsarefreely generatedvia theavailableop-
erations.

Let BÁpÜ� C [2� C EGF#F"F#E-� H [-� H and let BÐSÑ�²,�. be a
generictypejudgmentwith

.�p 3 [4(Ò5�6 8 ��9 6 :�;s=
Û [/? < �

Then,the categorical semantics� � B�Sb�²,�.�� � yields a cell

with border
¢ �;=<� k , where

¢ p � � B��lm��XC)EGF#F"F#E-�UHXE 3 o [�� C KlM*MGMJK � H^K ( � �£ p � � B��lm�� C EGF#F"F#E-� H E�AÏo [�� C KlM*MGM=K � H K ? � �
¤ p � � BÆE1Z [/( �lm�� C EGF#F"F#E-� H E�@{ZJo [�� C K]MGM*MYK � H K � � �
k p � � BÆE#k [4? �ym�� C EGF#F"F#E-� H E Û kIo [�� C K]MGM*MJK � H K � � �

As thereadercannotice,wehavechosentopropagateall
thevariablesin B aroundthecontourof thetile. In thisway,
thenamesin B canbeusedalsoin

Û
and @ without being

explicitly propagatedvia
3

and A . This is veryconvenient
for representingcalculi basedon names,becauseonecan
typethetermswithin a globalenvironment.

This interpretationis graphicallyillustratedin Figure7,
whereaninformalwireandboxnotationis usedto represent
thecontourof thecell, with¢ ?Up � � B�� 3 [E( � � , kI?Up � � B�E�k [4? � Û k [�� � � ,£P?Xp � � B���A [E? � � , ¤U?Up � � B�E#Z [4( �]@{Z [�� � � .

3In particular, thismeansthatfor eachhorizontaltermconstantû\ýy�sÓÔ
thereis abasicarrow Õ Õ û<Ö ÖPýy×ÇÿÏÕ Õ �4Ö Ö in thecategory.
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Figure 8. A cell with c!e¿� Û En@¾��p f .
Type constants,horizontal term constantsand vertical

term constantsare interpretedin the usualway (seeAp-
pendixA.3). Similarly, eachtile term constant+-,/. is in-
terpretedasatile of theappropriatetype(i.e.,asin Figure7
with � � B�� �XpÁ� � f � �XpÙØ , which is theunit object).

Theuseof B asa globalenvironmentfacilitatestheuse
of the double � -notation,but complicatesat someextent
the presentationof the categorical semantics. For exam-
ple, if one swapsthe position of two variablesin B , this
changesalsothecontourof thetile, becauseB is propagated
everywhere.As anotherexample,thecell for thediagonal
pairing m E o Î canbe definedin termsof the cells associ-
atedto thecomponents,but thensomeadditionalcomposi-
tion with doubledischargers,doubleduplicatorsanddou-
ble symmetrieshasto bedoneto get rid of the two copies
of the variablesin B that appearin the imagesof the two
components.Thereforewe make useof the last rule of the
typesystem(andits specularversion)by consideringonly
judgmentswith explicit variablepropagation,i.e.,suchthatc!e»� Û E�@��jp f

(seeFigure8, where ¤X?Xpö� � Z [�( ��@�Z [D� � �
and kD?õpx� � k [E? � Û k [u� � � , i.e., @ and

Û
canbe typed

without B ). For suchcasesit is alwayspossibleto discharge
theglobalvariablespropagatedalongthecontour, andthus
wecanassumethat

� � B�ST�U,E.�� �ßp Ú ½ ½ ¾«¿ ¿ Ð¾�/d ½ ½ ¾«¿ ¿�Û b�� B�ST�U,E.�� f �
or, viceversa,that

b�� B�ST�m,2.�� f p �-� � BÜST�U,E.�� �D«\�1Ý ½ ½ ¾«¿ ¿�Û d � 6 �-�gM
�-�XÞ ½ ½ ¾«¿ ¿ «Dß ½ ½ ¾«¿ ¿ � Û d � 6 �

whereÚ , Ý , Þ and ß aretheauxiliarycellsof cartesiandou-
ble categoriesasdefinedin AppendixB.2 (they arebold-
facedto avoid confusionwith thegreeklettersrangingover
types).Thiscorrespondenceis veryconvenient,becausethe
simplermapping b�� B�S��²,�.�� f illustratedin Figure9 (and
therefore � � � � via the transformationabove) can be induc-
tively definedasfollows. Noticethat for mappingtermsof

½ ½ ¾«¿ ¿ ��
�	

� 6 �� ½ ½ Ç 6 : ¿ ¿�	ÈdÈÉÉ ÉÉÈdÈ�&6

�	

È�ÈÉÉ ÉÉÈ�È��6

�	½ ½ ³ 6 8 ¿ ¿ �� � 6 �� ½ ½ = ¿ ¿

Figure 9. The contour of the cell b�� B�Sw�Ï,4.�� f .
theone-dimensionalhorizontal(vertical) � -notation,paren-
theses� � � � areusedwith themeaningof Table8. To keepthe
presentationshorter, we avoid to detail thecontourtypes . ,./? , .5C , . u , ... thatarethoseof theassociatedtypingrules,pos-
sibly transformedvia theapplicationof rule iii whenneces-
saryto obtain c!e»� Û E�@¾��p f .

1. b�� f ST+g,�.�� f\pÄ� � f ST+à,E.�� �»pÄ� � +»� ��s
2. b�� B�S 3 î ,�.�� f pÀd ½ ½ ¾Yá«â 6F: ¿ ¿ s
3. b�� B�StmL� C E�� u o�îE,�.�� f\pã ½ ½ ¾Yá 5�6F8 ¿ ¿ «\��b�� B�ST� C ,E. C � f Û b�� B»Sw� u ,2. u � f���s
4. b�� B�S�G�H#IKJ î C �m,�.�� fvpb�� B�Sw�²,E.5C&� fj«\�/d ½ ½ Ç R 6 : R á 9 R 6F= R ¿ ¿ Û Ý ½ ½ Ç ¶ 6 : ¶ á 9 ¶ 6F= ¶ ¿ ¿ �&s
5. b�� B�S � î � [ \PFM�²,E.�� f\p� î ½ ½ ¾Yá 5{6K8 ¿ ¿ b�� B�E-� [ \{Sw�²,�./?�� fPs
6. b�� B�Sw� u N î �²CW,E.�� f\p��Ú ½ ½ ¾«¿ ¿ Ð¾��b�� B�ST� u ,E. u � f Û b�� B�S��ÓC�,�.5C�� f �-�5«ë �G� � � ½ ½ : R ¿ ¿ � ½ ½ Ç

¶
6 :
¶ á 9 ¶ Ç ¶ 6F= ¶ ¿ ¿

7. b�� B�Sw� C «D� u ,�.�� f\p��Ú ½ ½ ¾«¿ ¿ Ð¾�FÞ�ä ä å�æ æ Û b�� B�ST� C ,E. C � f��5�5«�5��b�� BÜSw� u ,E. u � f Û d ½ ½ : R ¿ ¿ ��Mì �G���)� ½ ½ : R ¿ ¿ � ½ ½ Ç
¶
6 :
¶ á 9 ¶ Ç ¶ 6X= ¶ ¿ ¿ ��«� ë �G���)� ½ ½ : R ¿ ¿ � ½ ½ ³

¶
6 8
¶ á«ç ¶ ³ ¶ 6F= ¶ ¿ ¿ M í �G���)� ½ ½ : R ¿ ¿ � ½ ½ =

¶ ¿ ¿ �
i b�� BÆE-� [�� ST�U,E.�� f\pÄb�� B»Sw�²,�.�� f Û ß ½ ½ = ¿ ¿ s
ii b�� BgC�E5� u [ \ u E5�XC [ \)C E5B u S��m,2.�� fvp�-d ½ ½ ¾ R ¿ ¿�Ûwè{½ ½ ^

¶ ¿ ¿ � ½ ½ ^ R ¿ ¿éÛ d ½ ½ ¾ ¶ ¿ ¿ �-Ðb�� B C E-� C [ \ C E5� u [ \ u E�B u ST�²,�.�� fÕs
iii � � B�E-� [ \���� [ .�� ��p� ã ½ ½ ¾ � ê 6 ^ ¿ ¿ «vd ½ ½ ¾ � ê 6 ^ ¿ ¿ìë7½ ½ ¾ � ê 6 ^ á«â 6F: ¿ ¿ «�-d ½ ½ ¾4¿ ¿�ÛwíD½ ½ ^ ¿ ¿�Û d ½ ½ : ¿ ¿ �5�gM4� � B�E-� [ \���� [ ./?�� ��s
Notice that the categorical semanticsis definedby in-

ductionon the proof of eachtype judgmentandtherefore
its argumentshouldbemorepreciselya derivationandnot



justa typejudgment.However, it is possibleto seethatthe
translationis independentfrom thechosenproof.

We considerasequivalentthosetermsthat aremapped
to thesamecell. In this way, it is possibleto show that the
usualpropertiesof � -calculus,ase.g.,the 0 -axiom, the î -
axiom, the congruencerules ï and ð , and the axiomsfor
unit, productandprojectionsstill hold in eachdimension
(horizontal,verticalanddiagonal).

Moreover, all the cells of the initial model are in the
codomainof themapping,i.e.,eachcell canbesuitablyex-
pressedin thedouble� -notation.

5. Typing the ñ -calculus

5.1. � -calculus

The � -calculus[15] is probablythemostdevelopedex-
ample of mobile processcalculi. It is an extensionof
CCS [13] in whichchannelnamescanbepassedin thecom-
munications.Thereforenew channelscanbe dynamically
createdandthe interconnectionstructureof processescan
bedynamicallyreconfigured.Thesefeaturesallow for the
encodingof higher-ordercommunications[18] thatcanbe
usedfor modellingcodemigration.

Syntax. Although many versionsof � -calculushave ap-
pearedin theliterature,weconsiderthecoreof themonadic
calculusundertheearlysemanticsonly, whichsufficesto il-
lustratetheexpressivenessof our framework. Thedetailed
treatmentof otherversionsof the � -calculusis left for the
full paper, aswell asthemodellingof othersemanticsstud-
ied in theliterature(e.g.,the lateor theopensemantics).

Let ò bethesetof names, rangedover by �¿E#ZXEGF#F"F , then
the � -calculusagents, rangedover by óïE�ôÃEGF#F"F , aredefined
by thesyntax:

ó ["[ p²e�_Kõ�ø��LðéZD�1ó ø ( F ó øõ�¥��ZJ�&F ó ø´ö��ZXF ó ø'óòø ó
where ( is the silent action. The freenamesof ó arede-
fined in the obviousway anddenotedby c!÷¿��ó�� . The free
occurrencesof Z in ó areboundin �¥��ZD��F ó and �Fð�ZJ�%ó . As
usual, � -agentsaretakenup to alpha-conversionof bound
namesandthenotation ó�� Z[ø��Y� denotesthereplacementof
all thefreeoccurrencesof � in ó with Z (possiblyafterthe
renamingof boundnamesto avoid capture).

Early operational semantics.Theactionsthatagentscan
performaredefinedby thesyntax:

ù ["[ p ( øõ��Z ø´ö��Z ø´ö�g�!ZJ�
denotingrespectively synchronization, input, free output
andboundoutput. The name � is the subjectand Z is the
object(i.e., thetransmittedvalue)of theactions.Thename

[TAU ] ( F ó :;U< ó ,

[ IN] �Ç�!ZJ�&F ó ê3³;U< ó�� k�ø«ZP�
[OUT] ö�[ZXF óVúê Ç;U< ó
[PAR]

ó û;U< ó¾?
óòø ô û;U< ó¾?nø ô if ü[÷¿� ù �R¼àc!÷¿�Fô��Æp f

[COMM ]
óVúê Ç;=< ó¾?sô ê Ç;U< ô¾?
óòø ô :;U< ó¾?�ø ô¾?

[RES]
ó û;U< ó ?

�Lð�ZJ�%ó û;U< �Fð�ZJ�%ó¾? if Z�a`�÷¥� ù �

[OPEN]
óVúê Ç;U< ó ?

�Lð�ZJ�1ó úê/ý Çyþ;U< ó¾? if Z»ap·�

[CLOSE]
ó úê4ý#³ þ;U< ó¾?>ô ê3³;U< ô¾?
óòø ô :;U< �LðékI���Ló¾?�ø ô¾?�� if k�a`�c!÷¥�Lô��

Table 2. Early operational semantics.

Z is boundin ö�¥��ZJ� , but it is freein both �[Z and ö�[Z , whereas� is alwaysfree. As usual,we denoteby ÷¿� ù � , ü*÷¥� ù � andc!÷¿� ù � respectively thenames, theboundnamesandthefree
namesof ù , with ÷¥� ù ��p�ü*÷¿� ù �Cÿgc!÷Ç� ù � .

Thetransitionsystemrepresentingtheearlyoperational
semanticsof thecalculusunderconsiderationis definedby
the axiomsandinferencerulesof Table2 (the rulessym-
metricto [PAR], [COMM ], and[CLOSE], areomitted).

Drivenby theoperationalintuition, we briefly comment
on thesyntaxof � -calculus.Theoutputprefix ö�[ZXF ó states
that the value Z is transmittedalongthe channel� . In the
input prefix �¥��ZJ�&F ó thename� still representsthechannel
wherethecommunicationtakesplace,but Z is insteadafor-
malvariable,thatcanbeusedin ó andthatmustbeinstan-
tiatedby the actualvaluewheneither the input transition
is performed(seerule [ IN]) or input andoutputtransition
aresynchronized(seerules[COMM ] and[CLOSE]). Notice
thatsincewe areconsideringtheearlysemantics,although
the input prefix hasthe form �Ç�!ZJ�&F , the associatedtransi-
tion is labelledwith ��k . Indeed Z is a formal parameter,
and k is the actualvalue. Also nameextrusion is allowed
(seerule [OPEN]) andthereforea correspondinglabel ö�Ç�LkP�
for the boundoutputmustbe used,so that previously re-
strictednamescanbecommunicatedto theenvironmentand
receivedby otheragents(rule [CLOSE]).

Sincein theinput transitionit is not possibleto know in
advancewhich namewill be received, it follows that even
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Figure 10. A “re versed” tile .

simpleagentscanperformaninfinite numberof transitions
(i.e., thetransitionsystemis notfinitely branching).

In the next sectionwe show that the double � -notation
discussedin Section4.1 can provide a framework where
severalaspectsof namehandlingaremanaged.

5.2. The type system

To representthe � -calculusin thedouble � -notationwe
find it moreconvenientto reversethe directionof vertical
arrows. Henceforth,accordingto this choice,tiles mustbe
interpretedas in Figure 10. Indeedthis allows us to use
thedischarger | (seeAppendixA.2) for dealingwith name
creation(sincethecomputationgrowsupwardsinsteadthan
downwards).

The ideais thento definea signaturefor the � calculus
suchthat eachproof of the transition ó û;U< ô is repre-

sentedasa tile term BTSO�², � � ô\� � Z
� �;U<½ ½ û ¿ ¿ � � ó\� � (for suitableen-

condingsof agentsandactions).

Interfaces.Thetypeconstantsonwhichthetypesystemfor
the � -calculusis definedin thedouble� -notationare 	U��
Ã�
and �QH#I�
 (associatedto namesandprocessesrespectively).
To shortenthenotationwewill oftenwrite 	 and � in place
of 	U��
�� and ��H�I�
 respectively.

Configurations. Thehorizontaltermconstantsyieldingthe
syntacticstructureof � -agentsarethefollowing

÷���� [ �QH#I�
ÕE
�·÷ [ 	X��
�� < ��	U��
Ã� < ��H�I�
3� < �QH#I�
4E����� [ m�	U��
��PE�	X��
���o < ��H�I�
 < ��H#I�
ÕE����� [ �QH#I�
 < ��H�I�
4E

� ��� [ m���H#I�
ÕE ��H�I�
3o < �QH#I�
4E
ð [ ��	U��
�� < ��H#I�
�� < ��H�I�
4Ei [ 	X��
��PF

Here i is anameconstantwhich turnsout to beusefulin
thetile constantfor the[CLOSE] rule. Thetranslationof � -

� � e�_Xõ�� � p ÷����� � �¥��ZJ�&F ó\� � p �¥÷Ï���*Z [ 	ÇF#� � ó\� �
� ��ö��ZXF ó\� � p ����� m��¿E#ZDo÷� � ó\� �
� � ( F ó\� � p ����� � � ó\� �

� � ó C ø ó u � � p � �!� m5� � ó C � ��E*� � ó u � ��o� �#�LðD�U�%ó\� � p ð��J� [ 	¥F�� � ó\� �
Table 3. Interpretation of � -agents.

agentsinto horizontalterms(all of type �QH#I�
 ) is inductively
definedin Table3.

Observations. Theverticaltermconstantsyielding theob-
servationsof � -agentsarethe following (with the obvious
correspondencewith thelabelsù of thetransitionsystem):

"$# [ m�	U��
��PE�	X��
���o < ��H�I�
 < ��H#I�
)E%'& Í [ m�	U��
��PE�	X��
���o < ��H�I�
 < ��H#I�
)E()%'& Í [ m�	U��
��PE�	X��
���o < ��H�I�
 < ��H#I�
)E* Ì & [ �QH#I�
 < ��H�I�
4F
Tiles. The tile term constantsare listed in Table 4 (first
block) usinga slightly different,morelinear, notationthan
theonedescribedin Section4.1, thathasbeendesignedto
be more natural for interactive calculi. Hence,a generic
contourtype

3 [/( 5W6 8 ��+ Ç 6 :�, 9 6 6 :<;>= �[k [4? F Û ? [4? < �
becomeswrittenas

Û ?�� A�ø«k4�.- @ ?n� 3 ø<ZP�0/ � wheretheoc-
currencesof

3
and A after substitutionarewritten inside

squarebracketsto separatetermsthatlive in orthogonaldi-
mensions.Thisis consistentwith thechoiceof reversingthe
directionof verticalarrowsasexplainedat thebeginningof
thissection.SeealsoFigure10 for theinterpretationof the
symbol - .

Since ( and ? canbe the productof smallertypes,the
pairsof squarebracketswhereeachargumentof the tuple
is insertedare labelledby the position in the tuple of the
argumentitself. For example, hg�-� .���C E*� .�� u E*� .���C*� representsa
context with two argumentsthatis appliedto two instances
of thesameterm . [�( , andwherethefirst instanceis used
twice. This is clearlydifferentfrom hg�5� .���C�E3� .�� u E3� .�� u � , where
the secondinstanceis usedtwice. They areboth different
from hg�-� .�� C E*� .�� C E*� .�� C � . In fact, in thefirst two casesthein-
terfaceis typed ( K ( , whilst in the third caseis typed ( .
Furthermore,in thefirst casethe third argumentof h is an
instanceof thefirst elementof theinterfacepair, while in the
secondcaseit is aninstanceof thesecondelement.There-
forethenotationhg�5� .���E*� .���E*� .���� mightbeambiguous(because
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Table 4. Tile term constants for the � -calculus.

theinterfaceis not recoverable)andis allowedonly if there
is a uniqueargumentasin k��-� .���� , avoiding thesubscript C .
Discardedargumentsof the interface(i.e., not usedin the
context) aremadeexplicit by extendingthe tuple with the
term |�� .�� Z (if . is the _ -th argumentof the interfaceandit is
discarded).We remarkthatthis notationabstractsfrom the
formal variablesZ and k . Moreover, variablesin theglobal
environment B canbe referredto without specifyingtheir
positionin theinterface,thusavoiding thesquarebrackets.

Finally noticethat in Table4 we typethe tile termcon-
stantsundernon-emptyenvironments.This is just a short-
handthat avoids unnecessaryredundancy in the notation.
For example,theconstantfor thesilentactionprefixshould
begivenas:

f S����!�Í,Æ��� [ �ÇF ���!� �-� ��� ? [ �gF � ? ���)� -
��� [ �gF * Ì & �-� ��� ? [ �gF � ? ���)��/�� < �

This expressionis hardto read(andtheotherconstants
arestill morecomplicated),but fortunately, thediagonalap-
plicationallowssimplifying thepresentationasin Table4.

We briefly commenton tile termconstants.Thefirst and
thethird constants,���!� and ����� , areverysimple,sincethey
generateeffects(

* Ì &
and

%'& Í m��¥E1ZJo respectively) thatare
specularto theoperatorsthatprefix theconfigurations.The
constant��������� is moreinteresting,sincein theinitial con-
figurationthe prefix is abstractedw.r.t. the nameto be re-
ceived(indeed� hastype 	U��
�� < ��H�I�
 ), whilst theeffect
is instantiatedwith a name k taken from the environment,
accordingto theearlysemanticsof � -calculus.

Thetiles ����� and����� justpropagateoutputobservations
through � ��� and ð . Analogoustiles areneededfor propa-
gatinginput,boundoutputandsilentobservations.

Theconstants������� and������� areverysimilar: Bothsyn-
chronizetwo complementaryobservations,but ������� deals
with boundoutput and, togetherwith ��������� , modelsthe
receptionof extrudednames.

The moreinterestingtile is probablytheconstant�����!�
that modelsnameextrusion. To betterunderstandhow it
works, a simple exampleis fully illustratedat the endof
thissection.

As for theoperationalsemanticsrules,we have omitted
thetile termconstantssymmetricto ����� , ������� and �����!� .

Transitions as double terms. We are now readyto de-
fine the correspondencebetweenthe (proofs of the) tran-
sitionsandthe well-typedtile termsover the signaturefor
the � -calculus.Theprecisemappingis givenin thesecond
blockof Figure4. Dueto spacelimitations,it is represented
asa schemaparametrizedw.r.t. the termsassociatedto the
premisesof eachinferencerule in Table2. For example,
sincethe applicationof rule [COMM ] requirestwo proofs� C and

�õu
for thetransitionsóVúê Ç;=< ó¾? and ô ê Ç;U< ô¾? , then

the associatedschema� � COMM � � hasbeenmadeparametric



w.r.t. the terms �ÓC and � u
associatedto suchtransition

proofs.
Theexecutionof anactionprefixis obtainedby horizon-

tally composingasuitableidentity for theidle agentó (ab-
stractedw.r.t. thenameZ in thecaseof input) with thetile
constantassociatedto the prefix kind ( ���!� for ( F , ���������
for inputprefixand ����������� for outputprefix).

Similarly, rules [PAR], [COMM ] and [RES] requirejust
thehorizontalcompositionof the “premises”with thecor-
respondingconstant����� , ������� and ����� respectively. In the
table,we providedthemappingfor [PAR] and[RES] only
in the caseof an

%'& Í
action. The mappingfor an

"$#
ac-

tion is analogous.For propagatingboundoutputs,we must
ensurein additionthat k»a`]c!e¿�Fô�� , asin [PAR]. This canbe
doneby requiringthat B��l� � ô\� � [ � and

B�E�k [ 	�Sw�², � � ó\� �'- ()%'& Í m��¿E�kPo÷�#� � ó ? � �#��/ �ÇF
As an exampleof the extrusionmechanism,we derive

now the tile term correspondingto the � -calculustransi-

tion �Lð�ZJ�«ö��ZXF e�_Xõ úê4ý Çyþ;U< e�_Kõ . The proof of this transitionis
givenby instantiating(with e�_Kõ ) the [OUT] axiom,obtain-

ing ö��ZXF e�_Kõ úê4ý Ç©þ;U< e�_Kõ , andby applyingthe[OPEN] rule. In the
tile approach,we startfrom the ����������� tile termconstant,
which we rewrite herein the ordinary form to emphasize
thecontourtype.

�¿E#Z [ 	ÇE¡� [ �]S¢�����������/N Î m��¥E1ZJo%N Î ��, (9)

� £ ��+ £ 6 , ¤)¥�¦¨§ ê � Ç�© £ 6
��� ?nF ����� m��¿E#ZDo�� ?

The translation � � OUT � � of the instantiatedaxiom canbe
foundin thesecondblockof Table4.

�¿E#Z [ 	]S�÷����I«\�ª�����������/N Î m��¿E#ZJo-�n, (10)

÷��«� h ��+ £ , ¤¬¥�¦$§ ê � Ç�© £ �Y_ [�l F ����� m��¥E1ZJoK÷��«�

Notice that this tile term canbe obtainedby horizontal
composition(seerule 7 of bothSection4.1 and4.2)of the

tile term �¿E1Z [ 	�SÏ÷��«�X, ÷���� h ��+ £ , £ �J_ [/l F ÷��«� andof the

tile term(9). Thetermconstant�����!� canbewrittenas

�¿E�k [ 	ÇE�­ [ 	 < ��	�K®���2S¢�����!��N Î m��¿E#kIo%N Î ­�, (11)

­«k + Ç
, ¤¬¥�¦�§ ê � ¯�°ª±�² R ý«³

Çyþ´© ¯�°ª±�² ¶ ý«³ Çyþ ��+
§ ¯ � £ © , µ�¤¬¥�¦¨§ ê � ¯ ©

£
ð

To understandwhy a variable ­ with anunusualtypeas
	 < �¶	aK·��� is needed,we shouldtry to applyhorizontal
abstraction(seerule5 of bothSection4.1and4.2)to thetile
term(10). This is necessary, sincethe restrictionoperatorð requiresanargumentof type 	 < � . A straightforward
applicationof horizontalabstractionwould be possibleif

(asit is the casefor [RES]) the objectof the actionwould
not includethe variablewe want to abstractfrom. In fact,
theapplicabilityconditionof horizontalabstractionrequiresZ�a` c!e»�FA�En@¾� . We have no problemwith A (it is B ), but to
eliminate Z from @ p ���IF %'& Í m��¿E#ZDo�� we mustapply the
auxiliary rule iii, thusobtaining

�¿E1Z [ 	�ST÷��«�I«\�G�����������YN Î m��¿E1ZJo5�n,
m�ZXE1÷�����o h ��+

§
Ç 6 � £ © , ¤¬¥�¦¨§ ê � Ç 6 © £

�Y_ [/l F �!��� m��¿E#ZJoK÷����

We cannow abstractw.r.t. thenameZ
� [ 	�S � î ZXF ÷����I«\�ª�����������YN Î m��¥E1ZJo-�y, (12)

�*ZXF�m!ZXE1÷��«��o h ��+ ³ 6 ¸Y; ý ¸ S�¹ þ , + Ç 6 , 9
�J_ [Yl F �[ZXF ����� m��¿E1ZJo%÷��«�

with @qp %º& Í m��¿EnG�H#IKJ C �|­<ZD?��5o#G�H�IKJ u �´­�ZD?�� . As suggestedin
the secondblock of Table4, the final tile term for our ex-
ampleis obtainedby horizontallycomposingtile terms(12)
and(11). Noticehoweverthatwefirst haveto createa fresh
name.Thiscanbeaccomplishedby theauxiliary rule i.

�¿E#k [ 	�S � î ZXF ÷����I«\�ª�����������YN Î m��¥E1ZJo-�y,
�*ZXF�m!ZXE1÷��«��o h ��+ ³ 6 ¸Y; ý ¸ S�¹ þ , + Ç 6 , 9

�J_ [Yl F �[ZXF ����� m��¿E1ZJo%÷��«�

Thehorizontalcompositionyields

�¿E�k [ 	]St��� î ZXF ÷��«�D«\�G�����������YN Î m��¿E1ZJo5�-�¿«»�����!��N Î m��¥E#kIon,
���[ZXF#m�ZUE#÷�����o5�%k h ��+

§
Ç 6 � £ © , µ�¤¬¥�¦¨§ ê � Ç 6 © £

�J_ [/l F ðY�*ZXF �!��� m��¿E#ZJoK÷����

which, by 0 -conversionandby applyingtheauxiliary rule
iii backwards,becomes

�¿E�k [ 	]S ��� î ZXF ÷��«�D«\�G�����������/N Î m��¿E1ZJo5�-�¿«»�����!��N Î m��¥E#kIon,
÷���� h ��+ £ , µ�¤¬¥�¦�§ ê � ³ © £ �J_ [Yl F ðY�*ZXF �!��� m��¿E#ZJoK÷����

whosecontourtype,written in thelinearnotationis

���Y_ [/l FMðJ�*ZXF �!��� m��¥E1ZJoK÷�������� BÕ�¼- �����IF ()%'& Í m��¿E�kPo��)��� ÷��«�#�½ ðJ�*ZXF �!��� m��¥E1ZJoK÷����¼- (¬%º& Í m��¿E�kPoG� ÷��«�#�½ � �#�Lð�ZJ�<ö��ZXF e�_Kõ�� �¾- (¬%º& Í m��¿E�kPoG�"� � e�_Kõ�� �"�
Thisconcludestheexample.

6. Conclusion

Pursuingthe analogywith simply typed � -calculusand
CCC’s, we have introducedthe new notion of cartesian
closeddoublecategories (CCDC) and a corresponding� -
notation. We hope that this approachprovides a natural



framework for the study of communicatingsystemswith
namepassingandcreation.

It is worth remarkingthat only objectabstractionis al-
lowedaccordingto our definitionof CCDC, becauseother-
wiseour approachbasedon a doubleadjunctionwould not
work. Nevertheless,sinceobjectsnaturallymodelnametu-
ples,andmobile calculi alsoabstractfrom names,we are
confidentthatour framework is expressive enoughto serve
asa basisfor mostof theproposedcalculi. Thecasestudy
of (synchronous)� -calculusillustratessomebasicmecha-
nismsof thenew framework.
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A. Cartesian closed categories and the ¿ -
calculus

A.1. À -calculus

To fix thenotation,we recall theclassicalsimply typed
À -calculus. In particular, we considertyped À -terms in
À�ÁÃÂ�Ä�Â Å , i.e., with producttypesandunit. We refer to [16]
for anextensivepresentationof thesubject.

A À -signature Æ is a pair Ç´È®É�Ê Ë , where È is thesetof
typeconstants(i.e., the basictypesallowed),and Ê is the
setof (typed) term constants. The typesarebuilt over the
typeconstantsÌÎÍÏÈ usingthefollowing grammar:

ÐÒÑ�ÑUÓ ÌÕÔ×ÖÕÔ ÐÙØÏÐ Ô ÐÛÚÜÐ
Sinceterm constantsmust be typed, the set Ê is usually
representedasa collection Ý�Þ�ß Ñ�Ð ß�É�à«à�à«É�Þ$á Ñ�Ð áâÉ�à�à«à«ã , whereÐ�ä is thetypeof thetermconstantÞ ä , for å Óçæ É�à�à«à�É�è¬É�à«à�à .

A term (also À -term) é over Æ with variablesêçÍìë
canthenbeconstructedaccordinglyto thesyntax

é Ñ�ÑUÓ ÞíÔ�BîÔïêðÔ×À�ê Ñ!Ð àUé Ô×éñé Ô
ÇzéòÉ�éñËóÔ×ôöõ�÷ ø�ù Â ùß é ÔÎôöõ¡÷¶ø�ù Â ùú é

However, weareonly interestedin well-typedterms.Since
terms can containvariables,the type judgmentsmust be
parametrizedwith respectto suitableassignmentsof types
to the(free)variables.A genericassignmentû hastheform



üþý¨ÿ������� ü ý�ÿ ����� ý
	 �Îý$ÿ � �Òý�ÿ
� ��
 ý�ÿ�
� � ý�� ��
 ý�ÿ

����� � ý�� ��� ý�� ����� ��
 ý�ÿ� � ��� ý�� � � ý�� ��� � ��
 ý�ÿ
� ��
 ý�ÿ � ��� ý��� � �!
 � ��" ý�ÿ$#��

� ��
 ý�ÿ #��� ��%'&�(�)+*-, .� 
 ý�ÿ
� ��
 ý�ÿ #��� ��%/&�(�)0*-, .� 
 ý��

��� � ý�� ��
 ý�ÿ� ��1 � ý��-2 
 ý��43ñÿ
� ��
 ý��43çÿ � ��� ý��� ��
5� ý�ÿ

Table 5. Well-typed terms.

Ý�êâß Ñ�Ð ß�É�à�à«à�É�ê76 Ñ�Ð 6�ã . Sincefor simplicity wewill consider
cartesianclosedcategorieswith chosenproductsassuitable
models,weassumethateachassignmentis a list, insteadof
a set,andthateachvariablecanappearat mostoncein the
list. We usethenotation û)É�ê Ñ�Ð to denotetheassignment
obtainedby appendingê ÑïÐ at the endof û . Similarly,
we will write also û ß É¡û ú to statethattheassignmentis the
concatenationof û ß followedby û ú .

A typejudgmenthastheform

û98·é Ñ)Ð É
whichmeansthattheterm é is well-typedwith type Ð un-
der the assumptionof û . The correcttype judgmentsfor
termsover thesignatureÇzÈºÉ�Ê Ë arethosegeneratedby ap-
plying therulesin Table5.

We omit the axiomatizationthat identifies equivalent
termsandthe correspondingrulesfor reductionto normal
form. Notice however that suchidentificationsareexactly
thosethatholdin theinitial modelcategoryillustratedin Ta-
ble 8. Theideais thatsuchcategory hasstringsof typesas
objects(with monoidalcomposition: andunit ; ), andeach
typejudgmentê ß Ñ!Ð ß�É�à«à�à«É¡ê�á Ñ�Ð á<8·é Ñ)Ð is mappedinto
asuitablearrow from Ð ß�:>=+=0=?: Ð á to Ð .

A.2. Enriched monoidality

Thecategory @ haschosenproductsif a specificproduct
diagramis givenfor eachfinite list of objects.This is often
useful to reasonaboutcomplex productexpressionsfrom
a moreintuitive perspective. For example,in ACBED onecan
imaginethat the productof two sets F and È is just their
cartesianproduct F Ø È with theobviousprojectionsalso
if, in general,any otherisomorphicsetis asgoodas F Ø È .

A classicalresultshows that “chosen”cartesianitycan
beexpressedin termsof monoidalcategoriesenrichedwith

G�H�ICJ Â � Ó K åML H : G�J Â ��N�O K G�H Â � : åML J NG H Â J O G J Â H Ó åML H�IPJQ H+ICJ Ó K Q H : Q J N�O K åML H : G H Â J : åML J NR H+ICJ Ó R H : R JQ H O K�æ H : Q H N Ó Q H O K Q H : æ H NQ H O G�H Â H Ó Q HQ H O K¶æ H : R H N Ó åML HQ<S Ó åML S Ó R S

Table 6. Coherence axioms.

suitablenaturaltransformations.In particular, wewill con-
siderthecasein which themonoidalcategory is strict (i.e.,
thetensorproductis associativeandwith unit element).Ob-
viously, onecouldalsoadopta moregeneralview (e.g.,by
requiringtensorproductto beassociativeonly upto iso)but
this introducesunnecessaryandcomplicateddetails.More-
over, eachnon-strictmonoidalcategory hasa monoidal-
equivalent strict monoidalcategory [10], which is surely
moreconvenientfor theanalysisof computationalmodels.

Definition 7 (SMC) A strict monoidalcategory (SMC) is a
category @ togetherwith a functor : Ñ @ Ø @ Ú @ and a
constantfunctor ; Ñ @ Ú @ such that : is associativeand
hastheobject ; ÍT@ asunit.

Definition 8 (ChosenCartesianity) A cartesiancategory
with chosenproductsis a tuple K @¬É�: ÉU;�É G É Q É R N , where

V K @¬É�: ÉU; N is a strict monoidalcategory;

VWG is a natural transformationfrom : to ë O : , where
ë Ñ @ Ø @ Ú @ Ø @ is the functor that swapsits
arguments,i.e., such that ë K�X ÉZY N Ó[K Y�É X N ;

V Q is a natural transformationfromtheidentityon @ to\ O : , where
\ Ñ @ Ú @ Ø @ is thediagonalfunctorthat

duplicatestheargument,i.e., such that
\ K�X N Ó]K�X É X N ;

V R is a natural transformationfrom the identity to the
constantfunctor ; ;

V finally, the natural transformationsG ,
Q

and
R

must
satisfythecoherenceaxiomsin Table6.

For example,giventwo objectŝ and Ì andtwo arrowsXçÑ Þ Ú ^ and Y Ñ Þ Ú Ì , we have that ^ Ø Ì Ó ^_: Ì ,` H Ä Jß Ó ^a: R J , and Ç X ÉbY�Ë Ó Q � O K�X :WY N .
Similarly, the exponent has an axiomatic definition,

whichis moresuitablefor readersnotacquaintedwith cate-
gory theory. Thisshouldhopefullyemphasizetheuniversal
propertyof theexponent.



Þcedf
Ì H

Þ Ø ^c Ä H df

g hi
Ì

Ì H Ø ^
jlk�mbnpo�q r
sutvvvvvvvvv

Figure 11. The univer sal proper ty of expo-
nent.

Definition 9 (Exponent) Let @ be a cartesian category.
Giventwo objectŝ and Ì of @ , theexponentof ^ and Ì is
anobject Ì H togetherwith a morphismw+x-y{z H Â J Ñ Ì H Ø ^ Ú Ì
(calledevaluationmap) andfor everyobject Þ anoperation| � Ñ @�} Þ Ø ^�É�Ì�~ Ú @�} Þ�É�Ì H ~ such that for all morphismsXÒÑ Þ Ø ^ Ú Ì , � Ñ Þ Ú Ì H , thefollowingequationshold:

K | � KlX N Ø ^ N�O w�x�y�z H Â J Ó X (13)| � KbK � Ø ^ N�O w+x�y�z H Â J N Ó � (14)

Observe that
| � definesa bijection. Indeed,by (13)

and(14),
|�� ß� is theoperationwhichtakesevery � Ñ Þ Ú Ì H

to
|�� ß� K � N Ó]K � Ø ^ N�O w+x�y�z H Â J .
Noticealsothatif

| � Ñ @�} Þ Ø ^�É�Ì�~ Ú @�} Þ�É�Ì H ~ isabijection
and(13)holds,then(14)is necessarilytrue.4 Thefollowing
is thusanequivalentdefinitionof exponent.

Proposition2 (ExponentRevisited) Let @ be a cartesian
category. Giventwo objects ^ and Ì of @ , the exponentof^ and Ì is an object Ì H togetherwith a morphismw+x-y{z H Â J Ñ
Ì H Ø ^ Ú Ì , where for all morphismsX Ñ Þ Ø ^ Ú Ì , there
existsa uniquearrow � Ñ Þ Ú Ì H such that thediagramin
Figure11commutes.

Then,Definition 1 canbereformulatedby sayingthata
cartesiancategory @ is cartesianclosedif for every pair of
objectŝ and Ì , thereis anexponent.

Thecollection
| Ó Ý | � ã �U�{� of isomorphismsdefinesa

naturalisomorphismfrom the(contravariant)functor

@�} Ø ^�É�Ì�~ Ñ @ Ú ACB�D
to the (contravariant)functor @�} É�Ì H ~ Ñ @ Ú A/BED . Indeed,
for any Y Ñ Þ�� Ú Þ and X Í�@�} Þ Ø ^�É�Ì�~ wehavethat

| ��� K Y Ø ^ O X N Ó | ��� K Y Ø ^ O | � KlX N Ø ^ O w�x�y�z H Â J NÓ | ��� KbK Y O | � K�X NUN Ø ^ O w�x�y�z H Â J NÓ Y O | � K�X N
4To verify this simply take � �$�
� üe#$� �l�l� suchthat ���9�7�����{� and

substitute� by �7���!��� in (14).

Þ

Þ+�
�Z�u�

@�} Þ�É�Ì H ~
�+� df

�7 E¡¢ hi @�} Þ Ø ^�É�Ì�~
� Ä H �df@�} Þ��zÉ�Ì H ~ �  E¡¢ �

hi @�} Þ�� Ø ^�É�Ì�~

Figure 12. Naturality of
| � ß .

£�� 
¥¤
� ��¦� � 
¥¤

� ��� � 
§¤
�©¨ � � 
§¤

� �l� � 
§¤��ª � 
§¤

Table 7. Free higher -order monoid.

Moreover, by defining
|�� ß Ó«K Ø ^ N�O w+x-y{z H Â J , then| O |�� ß Ó å�L by (13), and
|�� ß O | Ó åML by (14). There-

fore
|

is a naturalisomorphism.Also theconverseis true,
i.e., if for all objects ^ and Ì , thereis an object Ì H anda
naturalisomorphism

| Ñ @�} Ø ^�É�Ì�~ Ú @�} É�Ì H ~ (the natu-
rality of

| � ß is expressedby the commutative diagramin
Figure12), then,we candefine w�x�y�z H Â J Ó | � ßJ o K åML J o N and
provethat Ì H is anexponentwith w+x-y{z H Â J asevaluationmap.
Hencewehave thefollowing characterizationof CCC’s.

Proposition3 (CCC Revisited II) A cartesiancategory @
is cartesianclosedif for all objectŝ and Ì thereis anobject
Ì H anda natural isomorphism

| Ñ @�} Ø ^�É�Ì�~ Ú @�} É�Ì H ~ .
Noticethat,by thepropertiesof evaluationmaps,it fol-

lowsthatfor any Y Ñ Ì Ú Ì�� in @ :

K Y H Ø ^ N�O w+x-y{z H Â J � Ó K | J o K w+x�y�z H Â J O Y N Ø ^ N�O w+x-y{z H Â J �Ó w+x-y{z H Â J O Yâà

A.3. Categorical semantics for simply typed À -
calculus

Now that the subjectof cartesianclosedcategory has
beenextensivelydiscussed,wearereadytopresentthecate-
goricalsemanticsfor À -termsoveragivensignatureÇ´ÈºÉ�Ê Ë .
The idea is to considerthe cartesianclosedcategory with
chosenproductsfreelygeneratedfrom thetermconstantsin
Ê , andthento interpretthewell-typedtermsby structural
inductionon theassociatedtype-proofs:Theobjectsof the
categoryaretheelementsof thehigher-ordermonoidfreely
generatedfrom the type constantsin È (i.e., the monoid
éW¬ whoseelementsaregeneratedby the inferencerules
in Table7), andeachtermconstantÞ Ñ Ð is mappedinto a
basicarrow } } Þ�~ ~ Ñ ; Ú } } Ð ~ ~ (where } } Ð ~ ~ is definedasbelow).
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Table 8. The categorical semantics of terms.

We first maptypesinto objectsasfollows:

} } ÖU~ ~ Ó ;
} } Ì�~ ~ Ó Ì

} } ÐÙØâï ~ ~ Ó } } Ð ~ ~a:ð} } ï ~ ~
} } ï®Ú Ð ~ ~ Ó } } Ð ~ ~lñ ñ ò+ó ó

Then,wegeneralizesuchtranslationto assignments:

} } ô�~ ~ Ó ;
} } û É�ê Ñ�Ð ~ ~ Ó } } û'~ ~a:ð} } Ð ~ ~

Finally, the type judgmentsfor termsare mappedinto
arrows of thefree CCC asdefinedin Table8. It is possible
to seethatdifferentproofsfor thesametypejudgmentyield
thesameresult.

B. Axiomatization of cartesian double cate-
gories

In the one-dimensionalcase,we have seenthat carte-
sianitycanbeobtainedvia suitablenaturaltransformations.
An analogousresultholdsfor doublecartesianity, but since
doublecategorieshave two compositions,thenaturalityof
a transformationbetweendoublefunctorsis moreinvolved.
For example,following the internalconstructionapproach
(doublecategoriesareCat-objectsin Cat), aninternalnat-
ural transformationis an arrow in Cat which verifies the
naturality conditionsw.r.t. one compositionand which is
functorialw.r.t. theothercomposition.

B.1. Natural double transformations

We recall from [5] the following definition of natural
doubletransformation(originally calledgeneralizednatu-
ral transformation), referringto thatpaperandto [2] for an
extensiveexplanationof thesubject.

As a matter of notation, we call natural comp-
transformationa transformationwhichsatisfiesthenatural-
ity requirementw.r.t. the compositionoperatorcompand
which is functorial w.r.t. the other compositionoperator.
A naturaldoubletransformationis the key to expressre-
lationshipsbetweennatural õ -transformationsand natural= -transformations.

Definition 10 (DoubleTransformation) Let ö and ÷ be
doublecategories. Givena 4-tuple K�øCù�ù É ø ß ù É øPù ß É ø ß¡ß N of
doublefunctors from ö to ÷ , a naturaldoubletransforma-
tion is a 5-tuple K�úCù É ú ß ÉUû ù ÉUû ß Ébü N , which is picturedas
thecell

øPùUù
ý þ df

ÿ þ hi
�

øCù ßý ¡dfø ß ù ÿ ¡ hi ø ß�ß
where:

V for å Ó�� É æ , the symbol ú ä denotesa natural õ -
transformationfrom øþä ù to ø ä ß , i.e., úþä is alsoa func-
tor from the category � of vertical arrowsof ö (i.e.,
theobjectsof ö�� ) to thecategory ÷�� ;

V for å Ó�� É æ , the symbol û ä denotesa natural = -
transformationfrom ø ù ä to ø ß ä , i.e., û ä definesa func-
tor fromthecategory 	 of horizontalarrowsof ö (i.e.,
theobjectsof ö
� ) to thecategory ÷�� ; and

V the symbol ü definesboth a natural transformation
from úPù to ú ß (seenas functors from � to ÷�� ) and
alsofrom û ù to û ß (seenasfunctors from 	 to ÷
� ).

To shortenthenotation,we will denotethenaturaldou-
ble transformationjust by ü , usinga pictureto representits
othercomponents.The basicidea is that, for eachobject^ºÍ�� , theshapeof thecell ü H is

øPùUù ^ý þ q oCdf

ÿ þ q o hi
��o

øCù ß ^ý ¡ q odfø ß ù ^ ÿ ¡ q o hi ø ß�ß�^
andcoordinatesthecomponentsof thehorizontalandver-
tical transformationsthatcomposetheborderof ü H . As an
example,it follows directly from the definition that,given

a cell F Ñ � �� Ú� Y , all thepastingsof cellspicturedin Fig-
ure13yield identicalresults.

The commutingsquaresexpressingthe naturality of a
transformationfor one dimensionalcategories, are faith-
fully extendedin thecaseof doublecategoriesto commut-
ing hypercubessuchasthe onein Figure14 (to make the
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c hi
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Figure 13. Some proper ties of ü .
interpretationeasier, verticalarrowsaredrawn usingdotted
lines).

The hypercubecontains16 vertices,24 faces,and 8
cubes.Eachvertex is the imageof oneof the four corner
objectsof cell F throughone of the four functorsunder
consideration.Thereareeight emptyfaceswhoseborder
involveseitheronly verticalor only horizontalarrows. All
theother16 facesarecellsof thedoublecategory ÷ . Four
cells are the imageof F w.r.t. the four different functors
(seeFigure14). Four cellsarethe componentsat � and Y
of thenaturalõ -transformationsúPù and ú ß . Fourcellsare
thecomponentsat � and � of thenatural = -transformationsû ù and û ß . The remainingfour cellsarethecomponents
at theobjectsof thenaturaldoubletransformationü . Each
cubehastwo emptyfaces.Theotherfour facescommute,in
thesensethat they expressa naturalityequation.It follows
that the hypercubeyields eight equationsfor eachcell F .
However, thenaturalityequationsfor ü arebothreplicated
for the two componentsof eachtransformation,therefore,
thereare six distinct equations.The functoriality axioms
aregiven by composingthe hypercubes,eitheronebelow
theother, or onein front of theother.

B.2. Canonicaldoublecartesianity

By Definition5 weknow thata doublecategory ö hasa
doubleterminalobjectanddoublebinaryproductsif all the
categoriesö�� , ö
� , ö�� , and ö�� haveterminalobjectandbi-
naryproducts.Then,ö is calledcartesianif it hasall binary
doubleproductsanddoubleterminalobjects.However, we
characterizedalsoa muchtighter notion of product,simi-
lar to thechoiceof a “canonicalproduct.” In fact,themore
liberaldefinitiondoesnotestablishany correspondencebe-
tweenthesamenotionsondifferentdimensions,but simply
statestheir existence.Thus,we adoptthe conventionthat
notonly aretheproductschosenin all thefour dimensions,
but thatthey arealsoconsistentlychosen.

In theone-dimensionalcase,thenotionof categorywith
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Figure 14. The comm uting hypercube .

chosenproductshasan equivalentformulationin termsof
symmetricmonoidalcategoryenrichedby two naturaltrans-
formationscalled duplicator and discharger. We adapt
from [5] the presentationof the analogousconstruction
within thetheoryof doublecategories,wheredoublecarte-
sianityisdefinedin termsof symmetricstrictmonoidaldou-
blecategorieswith doubleduplicatorsanddoubledischarg-
ers.

A monoidal double category is an internal category
in .0/21�354aD (the category of monoidal categories and
monoidalfunctors),or equivalently, an internal monoidal
category in 354aD . For thestrict case,we have alsothe fol-
lowing detaileddefinition.

Definition 11 (SMDC) A strict monoidaldoublecategory
(SMDC) is a triple K ö®É�: ÉU; N , where ö is theunderlyingdou-
ble category, : Ñ ö Ø ö Ú ö is a doublefunctorcalled
the tensorproduct, and ; is an objectof ö called the unit
object, thetensorproductis associativeon objects,arrows
andcells,and ; is theunit for : .

Let ë Ñ ö Ø ö Ú ö Ø ö bethedoublefunctorwhich
swapsthe arguments,i.e., suchthat for each F É¡È Í ö ,
ë K F É¡È N Ó K ÈºÉ�F N . In the one-dimensionalcase,a sym-
metryis a naturalisomorphismbetweenthetensorproduct
andtheswappedtensorproductë O : , which verifiessome
additionalcoherenceaxioms(i.e., the first two axiomsin
Table6). To definedoublesymmetrieswe first introduce
thefollowing definitionof theinverseof acell.

Definition 12 (Double Inverse) Let F Ñ � �� Ú� Y bea cell in
a doublecategory ö . We saythat cell F hasa õ -inverseif
andonlyif thereexistsa cell F6� such that Fâõ'F7� Ó æ � , andF6��õ'F Ó æ � (i.e., F6� is theinverseof F w.r.t. thehorizontal
compositionõ , andthis impliestheexistenceof inversesof
the horizontalarrowson the border of F ). Similarly, the= -inverse F8� , if it exists,satisfiestheequationsF>=0F9� Óñæ c ,F9�'=ÀF Ó æ � (this implies the existenceof inversesof the
vertical arrowson theborder of F ). Then, F hasa double
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Figure 15. Doub le inverse for the cell F .
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Figure 16. Doub le symmetr y.

inverseif andonly if F hasbotha õ -inverseanda = -inverse,
andthereexistsa cell F � ß such that:

V F � ß =0F6� Óñæ �  E¡ ,
V F6�4=+F � ß Óñæ c  E¡ (i.e., F � ß is the = -inverseof F7� ),
V F � ß õ F9� Óçæ �  E¡ , and

V F9�{õ F � ß Óçæ �  E¡ (i.e., F � ß is the õ -inverseof F9� ).
For example,it follows that K F]=�F8� N õ K F6�¥=aF � ß N ÓK F½õ F7� N = K F9��õ F � ß N Óñæ H , andthat K F � ß N � ß Ó F .
A doublesymmetry(seeFigure16) is a naturaldouble

transformation,with adoubleinverse,andit verifiessimilar
axiomsto thefirst two in Table6, but w.r.t. thefour compo-
sitionsthatwe have illustrated(horizontal,verticalandthe
two diagonals).

A duplicator is a natural transformationbetweenthe
identity andthe tensorproductof two copiesof the argu-
mentandverifiessomeadditionalcoherenceaxiomsinvolv-
ing symmetriesanddischargers(seeTable6). A discharger
is anaturaltransformationbetweentheidentityandthecon-
stantfunctormappingeachelementinto theunit of theten-
sorproduct.Thus,doubleduplicatorsanddoubledischarg-
erscanbedefinedasnaturaldoubletransformationsverify-
ing similar coherenceaxioms.Let

\ Ñ ö Ú ö Ø ö bethe
diagonaldoublefunctor which makesa copy of the argu-
ment,i.e.,suchthatfor eachFçÍâö ,

\ K F N Ó]K F ÉUF N . Then
doubleduplicatorsand doubledischargersarepicturedin
Figure17.

ßCBD df
E hi
F
G � I

ßdfG � I ß
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Figure 17. Doub le duplicator s ( N and ï ) and
doub le disc hargers ( O and P ).

Q�H õSR H Ó T H U H õWV H Ó X HQéH =YR H Ó Z H U H =[V H Ó \ H
Table 9. Doub le coherence axioms.

The coherenceaxiomsthat doublesymmetries,double
duplicatorsanddoubledischargersmustsatisfyareessen-
tially the sameof the one-dimensionalcase(Table6), but
repeatedfor eachoneof thefour composition,thus

(A) ] , T and X satisfythecoherenceaxiomsw.r.t. õ ;

(B) ^ , Z , and \ satisfythecoherenceaxiomsw.r.t. = ;

(C) _ , R , and V satisfythecoherenceaxiomsw.r.t. ` ;

(D) _ � ß , Q , and U satisfythecoherenceaxiomsw.r.t. a ;

(E) moreover, the doublecoherenceaxiomsillustratedin
Table9 aresatisfied.

Then,wecaneasilydefinefour possiblewaysof pairing

andprojecting. For example,given two cells F Ñ � �� Ú� Y
and È Ñ �cb� Úd X , then their vertical pairing is Ç�F É¡È Ëfe ÓZ c = K F :¢È N , andthefirst verticalprojectionassociatedtoX�Ø Y Ó X : Y is definedas

` e ß Ó æ g : \ � . Analogously,

giventwo cells F Ñ � �� Ú� Y and Ê Ñhg �� Ú
b
X , thentheir hori-

zontalpairingis Ç�F É�Ê Ëfi ÓjT � õ K F :¢Ê N , andthesecond
horizontalprojectionassociatedto � ØlkðÓ ��: k is de-
finedas

` i ú ÓmX � : æ
b . Diagonalpairings Ç É Ën� and Ç É Ën�

aredefinedin theobviousway. Noticethat,by composing
auxiliary cells, we have an interestingway of pairing two
cells,whichis notcontainedin thepreviouslist: Theideais

to getany two cells F Ñ � �� Ú� Y and È Ñ2g b� Úd X suchthat �
and g havethesamesourcê , andcomposethemasbelow

K R H õ æ c Ipo N = K¶æ � I b õ K F½:óÈ NbN
this yields a sort of diagonalpairing that works with any
cells,andnotonly with thosein ö�� .


