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Abstract

We introducethe notion of cartesiarcloseddoublecat-
egoryto provide mobilecalculi for communicatingystems
with specificsemantianodels:Onedimensioris dedicated
to composesystemsand the other to composeheir com-
putationsand their observations. Also, inspired by the
connectiorbetweersimplytypedA-calculusand cartesian
closedcatgyories,we definea new typedframavork, called
double A-notation which is able to expressthe abstac-
tion/applicationandpairing/projectionopeationsin all di-
mensionsln this developmentyetake the categorical pre-
sentationasa guidancein the interpretationof the formal-
ism. A casestudyof the 7-calculus,whele the double -
notation straightforwadly handlesnamepassingand cre-
ation, concludeghepresentation.

1. Intr oduction

The (untyped)A-calculuswasintroducedby Churchas
a corvenientformalismfor developingthe theoryof com-
putablefunctions. Sincethen,the A-calculusin its various
versionshasplayeda centralrble in both logic and com-
puterscience.

However, the A-calculusis not very well-suitedfor deal-
ing with communicatingsystemswhereobsenableinter
actionsbetweencomponentsaassumea key rdle. Instead,
processcalculi are designedhaving this interactve ervi-
ronmentin mind. They are a widely usedformalism for
the descriptionof concurrentand distributed systems. In
particular mobile processcalculi are thoseequippedwith
constructdor passinghamesgi.e., channelsandfor creat-
ing them. The w-calculus[15] is one of the moststudied
calculi for mobility, thanksto its ability of modellingsys-
temswith dynamiccommunicatiortopologieqe.g.,mobile
telephones)Mobility canalsobeusedfor encodinghigher

ordercapabilities We take the-calculusasa casestudyto
illustrateour approach.

Proces<galculi comeusuallyequippedeitherwith are-
ductionsemantic®r with anLTS semanticsthelattergiven
in termsof labelledtransitionsystemswherethe label of
eachtransitionis a suitableencodingof the action per
formedin theassociatedtep.

In the caseof reductionsemanticspne of the mostrel-
evant paradigmsis probablyMilner’s action calculi [14],
wheresomebasiccomponentgnamesabstractionandcon-
trols, thelatterconstruciofferingageneralvay of encapsu-
lating agentskufice to describethe staticsof moststudied
calculi (alsoin the presenceof higherorderfeatures)and
wherethe dynamicscan be describedin termsof a suit-
able pre-orderover the states,similarly to what happens
in the chemicalabstiact madine proposedby Berry and
Boudol [1]. This approachpresentssomeanalogiesalso
with Meseuer’s rewriting logic [12], wherean algebraof
proofs,usuallyobtainedy lifting thestatestructureo com-
putationsreplaceghe pre-orderof actioncalculi. We refer
to [8] for a comparisorbetweerrewriting logic andaction
calculi.

In the caseof LTS semanticsthe bidimensionainature
of procesgalculi— the staticdescriptionof systemstates
andtheobservablgartof theirdynamics— is directly rep-
resentedn a recently developedcompositionalmodel of
computationgcalledtile logic. It collectsmary ideasin the
field, rangingfrom the classicalsos rulesby Plotkin [17],
to the alreadymentionedrewriting logic, including struc-
tured transitionsystemg¢6] andcontet systemg11]. The
basicreferencdor tilesis [9], but severaltile formatshave
beeninvestigatedthatcandealwith differentaspectsf dis-
tributedandinteractve systemg7, 4]. Paper[8] extendsits
comparisoralsoto thetile approach.

Tile logic consistsof a sequentcalculusover a rule-
basedmodel (i.e., the tile mode), whoserules definethe
behaiour of certainopen(e.qg.,partially specified)configu-
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Figure 1. A tile.

rations which mayinteractthroughtheirinterfaces Then,
the behaviour of a systemasa whole consistsof a coordi-
natedevolution of its sub-systemsThe name'tile” is due
tothegraphicakepresentationf suchrules,whichhavethe

formin Figurel but canalsobewritten assequents% !
statingthattheinitial configuation s of the systemevolves
to the final configumtion s’ producingthe effect b, which
canbeobsenedby therestof the system.However, sucha
stepis allowedonly if thesubcomponentsf s (whichisin
generabhnopenconfigurationevolveto thesubcomponents
of s, producingthetrigger a.

Triggersand effects are called observations The ver-
ticesof eachtile are calledinterfaces Tiles canbe com-
posedhorizontally(synchronizingan effect with a trigger),
vertically (computationaévolutionsof afixedcomponent),
andin parallel(concurrentsteps)to generatdarger steps.
Thanksto thesecompositionpropertiesthereexists a pre-
cisecorrespondencketweertiles andthe cells of suitable
doublecategories

While the interpretationof tiles as doublecells is al-
ready describedin [9], in previous joint work with Jo®
Meseguer[3, 5] andin the PhD thesisof one of the au-
thors[2] aprecisecatgyoricalformulationis givenfor those
tile systemavhoseconfigurationsandobsenationsrely on
the samealgebraicstructure(e.g., symmetricmonoidalor
cartesian). The categyorical modelsfor suchsystemshave
beendefinedin terms of the novel notionsof symmetric
monoidalandcartesiandoublecategories However, in the
previouswork, only first-orderstructure$ave beenconsid-
ered.

In this paper following the analogousne-dimensional
construction,we thus define the closedversionof carte-
sian double cateyories (ccbc). However we deal with
an abstractionrmechanisnover objectsonly. Inspiredby
the well-known connectiondbetweencartesiarclosedcat-
egoriesand A-calculus,we theninvestigatethe possibility
of adoptingthis new paradigmfor the analysisof mobile
communicatingsystems. To this purpose,we developea
syntacticalnotationfor representinghe cellsof ccbc’sin

acorvenientway, wheretypedvariablesandtheusualfunc-
tional applicationof A-calculusaresuitablyincluded.How-
ever, sinceobjectabstractioronly is allowed (asopposed
to configuratiorabstractioror obsenationabstraction)ye
mustexplicitly introducein thenotationthesequentiatom-
positionsof doublecellsto recover the full expressieness
of the categyoricalframawork.

ThedoubleX-notationis built overasetof typeconstants
andthreesetsof term constantgfor configurationspbser
vationsandtiles). Thetype systemwe proposeassigngo a
termasits typethe“contour” of thetile it representsType
judgmentdor termsaredefinedundera sequencé of type
assignmentto the free variablesinvolved, asit is the case
for simply typed A-calculus.Althoughthis notationcanbe
manipulatecandusedin the naturalway, dependingn the
applicationswe areinterestedn, a morelinear but equiv-
alentnotationcanbe employed. We adoptthe alternative
notationfor encodinghe earlysemantic®f w-calculus.

This presentatiorcan be considered still preliminary
investigatioronthesubjectbecausa lot of openquestions
remainto beansweredIn particular the equalityon terms
is definedin the paperby looking at their corresponding
cellsin theinitial categorical model. Sinceccbc are ax-
iomatized,we canlift the axiomatizationto terms,but re-
ductionto normalform is not considered/et, andwe leave
thistopicfor furtherresearch.

Structur e of the paper. In Section2, we fix the categyori-
cal notationthatis usedin therestof the paper Thisranges
from cartesiarandcartesiarclosedcateyoriesto doublecat-
egoriesandcartesiardoublecatgories.

In Section3, we introduceand discusshe definition of
cartesiarcloseddoublecategyories, makingexplicit their ax-
iomatization.Section4 presentghe double\-notationand
its categorical interpretationin termsof ccpc’s. In Sec-
tion 5, therecastingof the early semantic®f 7-calculusin
thedouble\-notationconcludeghemainpartof the paper

To make this presentatiomImostself-containediwo ap-
pendicedhave alsobeenincluded. In AppendixA boththe
syntaxandthe cateyoricalinterpretatiorof simply typedA-
calculusarebriefly discussed Hopefully, this shouldhelp
to seetheanalogywith thebidimensionaktructuregshatwe
consider In AppendixB, we recallfrom [5] the axiomati-
zationof (canonical)cartesiardoublecateyories.

2. Background

We review somebasicson cartesianclosedcategories
thatcanbe usefulto seethe analogywith their correspond-
ing bidimensionalversionsin the theory of double cate-
gories. Sincedouble catggoriesmight be unfamiliar to a
large part of the communityof computerscientistswe de-
votedSection2.2to theirintroduction.



2.1 Cartesian closedcategories

A cartesiancateyory is a catgyory suchthat for each
(possibly empty) tuple of objectsay, ..., a,, there exists
a product object that preciselyrepresentsuchtuple. It
is usually denotedby a; x --- x a,, but notice that the
productis unique only up to isomorphism,and that it
is completely determinedby specifying its projections
Mg >>an - TI8t% e Xan with

[P s gy X -+ X ap, = aj,

fori € {1,...,n}. For examplethis meansthat for ary
two arrons f : ¢ — a andg : ¢ — b, thenthereexists
auniquearrow from ¢ to a x b, usuallydenotedby (f, g),
suchthat f = (f,g);II; andg = (f,g);II,. Giventwo
arrovs f : a — candg : b — d, thenthearron

(Iy; £, 155 9) :axb—cxd

is usuallydenoteddy f x g (seeRemarkl).

If C hasbinary productsanda terminalobject(i.e., the
nullary product),thenit hasall finite products. It is often
cornvenientto choosea specificproductdiagramfor eachtu-
ple of objects,asexplainedin AppendixA.2. For instance,
this simplifies the classicalinterpretationof simply typed
A-terms(seeTable8).

By exploiting the universalpropertyof products carte-
sianity canbedefinedin termsof suitableadjunctions

Proposition 1 (Cartesian Category) LetC bea category:
(1) C hasaterminalobjectiff theuniquefunctor!c : C — 1
hasa right adjoint; (2) C hasbinary productsiff the diag-
onal functor A¢ : ¢ — C x C sendingead arrow f of
C to (f, f), hasa right adjoint; (3) C is cartesianiff both
le :C = 1andA¢ : C — C x C haveright adjoints.

Remark 1 Theright adjointto ! correspondso thechoice
of afinal elementn C thatis theuniqueobjectin theimage
of 1. Theright adjointto A¢ correspondgo a suitable
productchoice_ x _.

A cartesiancatagyory is called closedif for eachpair
of objectsa andb, thereexists an exponentobjectb® that
canrepresenthe homsetC[a, b] (seeDefinition 9). As for
cartesiarcateyories,alsocartesiarclosedcateyoriesadmit
acharacterizatiothatexploits the notionof adjunction.

Definition 1 (CCC asAdjunction) A cartesian category
C is cartesiarclosedif for eat objecta thefunctor_ x a :
C — C hasaright adjoint_* : C — C.

Iwe will omit the superscriptsvhenobviousfrom the context.
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Figure 2. Graphical representation of a cell.

The componentat b of the counit of the adjunctionis
denotedy eval, p : b° x a — b. Werecallthateval gener
alizesthe set-theoreti@valuationeval (f,z) = f(x). The
universalpropertyof the exponentis explainedin detailin
AppendixA.2 (seeFigurell).

If we denoteby A%® theisomorphism(atc andb) from
Clc x a,b] to C[c, b°?] thatarisesfrom the adjunction,then
thefunctor_* : C — C canbeexplicitly definedas:

()9 =

forarny arrov g : b — din C (thus,g® : b® — d%).

We will extendthis characterizationf cartesiarclosed-
nessto obtainits correspondingersionin the doublecate-
gory setting.

To shorterthe notationwe will avoid thesuperscript®?
that specifiesthe objectsa andb to which the map A, is
associatedasa andb areoftenclearlydeterminedrom the
contt. An axiomaticpresentatiomf cartesiarclosedcat-
egoriesis shavn in AppendixA.2.

Aggb(evala,b;g)

2.2 Double categories

Definition 2 (Double Category) A double cateyory D
consistsof a collectiona, b, ¢, ... of objects a collection
h,g,f, ... of horizontalarrows, a collectionv, s, w, ... of
vertical arrons and a collection 4, B, C, ... of cells (also
calleddoublecells).

1. Objectsand horizontalarrowsform the horizontal1-
catgyory H, with identity id® for eac objecta, and
composition * _.

2. Objectsand vertical arrows form also a category,
called the vertical 1-catgory V, with identity id,, for
ead objecta, and composition_ - _ (usually we will
referto bothid® andid, eitherwith the objectnamea
or with id,).

3. Cellsare assignechorizontalsourceandtarget(which
are vertical arrows) and vertical sourceand target
(which are horizontal arrows); furthermoe given a
cell A, with vertical source h, vertical target g, hor-
izontal source v, and horizontal target u, then the
souicesandtargetsof h, g, v, andu mustbe compat-
ible, in the sensethat they mustcomposea squae as



Figure 3. Horizontal and vertical composition.

illustratedin Figure 2. We write A : h%)g for suda
cell, andwereferto its sidesasnorth, south westand
east with the obviousmeaning

4. Cells can be composedoth horizontally (_ x _) and
vertically (_ - _) as follows: given A4 : h%)g, B :

f—k,andC : g— 1/, thenA* B : (hx f)—(g%k),
andA-C : h%h’ are cells(seeFigure 3). Moreover,

s
givenafourthcell D : k=7 f', horizontalandvertical
compositionwerify the following exchangdaw:

(A-C)x(B-D)=(A*B)-(Cx*D)

Under theserules, cells form both a horizontal cat-
egory D* and a vertical category D, with respec-

a
tive identities1, : a%)c and 1" : A=, 7h. Given

1h . h%)h, and19 : g—i>g, theequation1” % 19 =

17*9 musthold (and similarly for vertical composi-
tion of horizontal identities). Furthermoe, horizon-
tal and vertical identities of identities coincide i.e.,

1,4, = 1*", andare denotedoy 1,, or simplya.

As a matterof notation,sometimesve will use_;_to
denotethe compositionon both the horizontalandvertical
1-cateories.

Example 1 (Quartet Category) Given a category C, we
denoteby OC the category of quartetsof C: its objectsare
the objectsof C, its horizontaland vertical arrowsare the
arrows of C, and its cells are the commutingsquae dia-
gramsof arrowsin C

whee f,v,u,g € C and f;u = v; g in C. NoticethatC is
boththehorizontalandthevertical 1-cateyory of OC.

Definition 3 (Double functor) Given two double cate-
goriesD and &, a doublefunctor F' : D — £ is a 4-tuple
of functionsmappingobjectsto objects horizontalandver-
tical arrowsto horizontaland vertical arrows,and cellsto
cells,preservingdentitiesand composition®f all kinds.

Double functorscan be composedn the obvious way
andary doublecategory hasassociateén identity functor
mappingeachelementinto itself. This yields a cateyory
DCat whoseobjectsare doublecategyoriesandwhosear-
rows aredoublefunctors.

Example2 Thediscretecategory 1 (with just one object)
can be viewed as a doublecategory, which is also a final
objectin DCat.

Diagonalcategories.Sometimesdueto theparticularkind
of cellsinvolvedin a complex compositionijt is possibleto
adoptamoreconciseandcorvenientnotation.In particular
for ary doublecatagory, it is alwayspossiblego characterize
two suitablediagonal sub-catgories.

In fact, thosecells having identitiesboth as southand
eastsidesarethe arrows of a diagonal category D whose
composition_ < _ is uniquelydefinedasdepictedbelow:

a——b——c
h 9
a—b b—=c L A j 19
vjAlbdulB c = b—b—sc
b—b c—c {u J B J
b c . R |
c——c——c¢

e, AaB = (A%19) (1, + B).

Remark 2 Thecompositiorschemaassociatedo « is well-
definedalso whenthe horizontaland vertical targets of B
are notidentities.Abusingthe notation,wewill write A< B
alsofor sud cases.

In a similar way, we candefinea diagonalcomposition
- _for thosecellshaving identitiesbothasnorthandwest
sides(yielding thedoublecategory D):

a—Fa ——a

a—=a LA J Al 1, [
aJ A ‘v > bJ B Ju = a'ﬁ‘b—;b
U:T‘b b g,cr i thBl
> c

b—b

e, ApB=(Ax1,)- (1" + B).

Cartesiandouble categories.To fully exploit thebidimen-
sionalstructureof doublecategories,in joint work with Jo
Meseguer[5] we proposed notionof doubleproductshat
requiresthe productsto exist accordingto thefour possible
compositionghatwe have seen:horizontal(_ x _), vertical



(.-0), anddiagonalg_<_and_>_). Thefactthatalsothediag-

onal sub-catgorieshave a cartesiarstructureassertsome
sortof consisteng betweenthe horizontalandthe vertical

cartesianity For examplethis meansthat one hasseveral

waysfor pairing two cells, but they are all strictly corre-
lated,sothatit is possibleto stepfrom oneto another This

is discussedh detailin AppendixB.2. In thissectioncarte-
siandoublecateyoriesareinsteaddefinedin termsof suit-

ableadjunctiondetweerdoublefunctors.Suchadjunctions
actin all thedimensionsinderconsideration.

Definition 4 (Double Adjoint) Given two double cate-
goriesD and £ and a doublefunctor ' : D — &, we
saythat £ hasa doubleright adjoint (or equivalentlythat
F'is a doubleleft adjoini if there existsa doublefunctor
G : £ — D thatis aright adjointof F' in D*, D", D9, and
D". A doubleadjointis strict if the objectcomponent®f
the counits(respectivelynits) for D* and D are thenon-
trivial horizontaland vertical arrowsin the corresponding
counits(respectivelynits)for D andD".

Thefactthe G is the right adjointof F' alongthe four
possiblecompositionsis clearly different from requiring
the existenceof four right adjoints,one for eachcompo-
sition. Indeed this expresseshe consisteng of theadjunc-
tion alongthe possiblecompositions.

In the following definition,let A : D — D x D bethe
doublefunctorthatmakesa copy of theargumentj.e.,such
thatfor eachA € D, A(A) = (4, A).

Definition 5 (Cartesian Double Category) A double cat-
egory D is cartesianff boththedoublefunctor!p : D — 1
andAp : D — D x D havestrict doubleright adjoints.

As saidabove, the factthatthe right adjointis the same
functorin all the dimensiongyuaranteethe consisteng of
productsandterminalobjectsin thetwo dimensions.

For example,this meanghatgiventwo cells A4 : h?b

andB : g—, b with the samehorizontalsourcev : a — b
andwith identitiesastargets,thenthey canbe pairednot
only horizontally but also diagonally (w.r.t., composition
- <), justexploiting thecommonsourcea.

3. Cartesiancloseddouble categories

The definition of the analogousof cartesiarclosedness
in the theory of double cateyoriesis problematic,andthe
approachwe proposecan appeara bit controversial. The
problemis that the objectsof the horizontal category are
arrows of the vertical 1-catgory, andvice versa:ln princi-

ple onemight requirethatfor eachcell A : h%)g boththe
cells A7 and A¥ would exists, for any horizontalarrov f

evalagp
b* x g ——

UGXGJ Hevala,» Jv

h®xa
b*Xxa——0b%xa

7 !
evala’bJ Vevala,n [evala’b,
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b x a L p b xa——0% xa
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b

b—— b* xa——b
b evalg b

Figure 4. The doub le evaluation maps.

andverticalarrov w. Suchrequesimpliesthe existenceof
higherorderarravs hf, v* thathasno counterparin carte-
sian closedcateyories,and this contradictour intuition of
having two (coherentartesiarclosedcateyoriesasunder
lying horizontalandverticalstructures.

The solutionwe adoptis to allow the abstractiononly
w.r.t. objects.Indeedthey aretheonly elementshatthever-
tical andthe horizontall-catgorieshave in common,and
moreover we think thatthis featuresufficesfor modelling
awide classof applications.In particular givenary cell A
andary objecta, it makessenseo definetheexponentiation
A%, andsuchconstructioractsasa doublefunctor.

Definition 6 (CCDC) A double category D is cartesian
closed(ccpc) iff it is cartesianand for ead objecta the
doublefunctor_ x a hasa strict doubleright adjoint.

The extensie definition of ccbc implies that the hori-
zontal (respectiely vertical) 1-catgory of D is ccc with
exponenth?®, evaluationmap eval andnaturalisomorphism
A (respectiely, ccc with exponentb®, evaluation map
eval’ and naturalisomorphismA’) and alsothe existence
of thefollowing cells(seealsoFigure4):

o for ary verticalarrowv v : b — b’ andfor arny objecta,
thereexiststhecell

v? Xa
Heval,  : evalyp —7 evaly pr;

o for any horizontalarrow h : b — b’ andfor ary object
a, thereexiststhecell

!
EVQA a,b

. a
Vevalg p, : h* x -

o for any objectsa andb, thereexiststhecell

evall, 4

Devalyp : evalap —,



o for ary objectsa andb, thereexiststhecell

b xa

Deval, , : b* x a evalyp.

!
eval, ,

Moreover, we have the following isomorphismsbetween
thecellsof D:

e for any objecta andverticalarronvs v andv, thereis
abijectior? A% : {4 : h"3g} — {B : Ak 2 Ag},
whereAE (A) is thehorizontalabstractionof A, with

(AL(A) x a) x Heval,, = A 1)
AL((B x a) * Heval, ,,) B; (2)

e for any objecta andhorizontalarrovs g andh, thereis
» Ay
abijectionAY : {4 : g x a—2h} > {B: g h%},
whereAj (A) is thevertical abstractionof A, with

(Aj(A) x a) - Veval,n, = A (3)
A} ((B x a) - Vevala,n) B; 4)

o for ary objectsa, b andc, thereis abijection A from

the setof cells {4 : h_:’b | hyv : ¢ xa — b} to

thesetof cells {B : h'57be | I, v : ¢ — be}, with
Ay

A%(A), : Ah7."b® suchthat

(AS(A) x a) <9 Deval,py = A (5)
AZ((B x a) < Deval, p) B; (6)

o for ary objectsa, b ande, thereis abijection A” from

theset{A : ¢ x ac—za*h | h,v : ¢ x a = b} tothe
set{B c e 7h | WL e = b0}, with AY(A),

cA, 7 Ah suchthat

(A7(A) x a)> Deval,, = A 7)
A%((B x a) > Devaly, ) B. 8)

Givenacell A : h%)g, from thedefinitionof doublead-
junctionit turnsoutthatthepossiblehorizontalandvertical
definitionsof A% coincide(seeFigureb).

A® = Al.(Hevaly, * A)
= AJ.(Veval,, - A)

2We justrecallthatevery arrav b’ : ¢ — b% isin theimagethroughA
ofanarrav h : ¢ x a — b, andthereforeA isindeedabijectionbetween

u
{A: K39} and{B : ' 2 ¢'}.

ba—a>da

v“l A® Ju“

U
- d"

bV ——d b

Figure 5. A cell A and its exponentiation A?.

s e
| oo

Hewval [

Figure 6. Commuting compositions of cells.

Noticethatif A : h%)d orA: b%h, thenalsothe two
following diagonal definitionsarefeasible,andthey coin-
cidewith the previousone:

if A:h—d then A = AfL(Devaly)<A)
it A:b——h then A° = A.(Devall, > A)

Thecell Deval, andDevala » canalsobeusedto char
acterizeHewval and Veval (wewedasfunctorsfrom thever-
tical/horizontal 1-catgory to the vertical/horizontalcate-
gory of cells)in termsof doubletransformationgseeAp-
pendixB.1). Indeed,the following naturality axiomsare
satisfiedfor all a, b, h andv):

Heval,,, - Deval,py = Devalgy -1,
Deval, p * 1"

Devaly, ;, - Heval,,

Vevalg p, * Devalgy =

!
lyaxa - Deval, =

*x Deval, pr = eval, p * Vevaly p
1""*% x Deval,,, Deval, , x Veval,,
! _ evalgp
Deval, , x Devalyp, = 1
!
Deval, , - Devalyp = leml;’b

Forinstanceall thepastingof cellsin Figure6 coincide.



Theorem1 The complete axiomatizationof ccpcC's is
given by axioms(1)—(8) together with axioms(A)—(E) in
AppendixB.2.

4. Double \-notation

We aim at developinga generalype formalismfor pro-
cesscalculi, which hasa naturalinterpretationin termsof
cartesiancloseddouble categories. Our formalism takes
into accountboth the syntacticstructureof the calculi and
its obsenabledynamics.Sinceit actsin two dimensionsve
call it doubleA-notation

Theideais to extendthetile formalism(seee.qg.,[9, 2])
with more expressve configurationsand obsenations. In
particular we assumehatthey arebothdescribedy simply
typed A\-termsover two distinct signatureqover the same
sorts). Therefore,this format allows us to introduceab-
stractionshoth on configurationsandon obsenations. For
instancethisis veryimportantwhendesigningherulesfor
the input context in mobile calculi, wherechannelnames
are both syntacticelementsand also entitiesthat can be
communicatedthus appearingin the behaioural dimen-
sion.

As discussedh AppendixA.1, theusualway of present-
ing syntacticjudgmentsfor simply typed A-calculusis de-
finedby theformatI’ - M : o, wherel is anernvironment
ando is thetype of theterm M (definedover a certainsig-
nature(B, C)). Our type systemmusttake into account
the fact thattermsare doublecells andtheir typesare es-
sentiallytheir borders,i.e., the typedtermsthat definethe
north,south eastandwestsides.

4.1 Doubletyping

A doublesignatuefor thedoubleA-notationis a4-tuple
¥ =(BHV,C)

whereB is the setof type constantsH is the setof hor-
izontal term constantsh : o,g : T,... typedover B (see
AppendixA.1 for thedefinitionof o, 7, ...), V is the setof
verticaltermconstants : o,u : 7, ... typedover B, andC
is the setof tile term constantsxot, Bot’, ..., with ¢, ¢/, ...
closedcontourtypes(seebelaw).

The pair (B, H) definesthe horizontal A-notation Xy,
andthepair (B, V) definesghevertical A-notationXy. Con-
tour typesessentiallydescribethe borderof tile terms,and
thustheir definitioninvolvesa “mixture” of horizontaland
verticalterms.

The ideais that just by looking at the contourtype of
a tile term, it mustbe possibleto understandhe waysin
whichit canbecomposedvith othertile terms,i.e., its fea-
sible interactionswith the ervironment. This canbe done

by consideringhetermsthatform the borderof thetile. A
genericcontourtype hastheform:

V:
H:T £ sG:ip—>o

U:t—o

where H representshe north side, U representdhe east
side,V representthewestside,andG representthe south
side. Here H and G are horizontalterms, whilst U and
V areverticalterms. A contourtype is well-typed under
the type assignment’ if H, G, V andU are well-typed
whenemploying T' (with typesaswritten in the formula).
A contourtype t is closedif it canbe typedby anempty
ervironment,i.e.,if H, G, V andU areclosedterms.
Startingfrom the constantsn the signaturemorecom-
plex termscan be constructedusing the following syntax
(noticethedifferencebetweerthe symbolx for theunit and
thesymbolx for horizontalcomposition):
M 2= a|h|v|z|*]
MxM|M-M|MaM | M>M |
(M, M)* | ProjiM | (M,M)" | ProjiM |
(M, M) | ProjiM | (M, M)” | Proj;M |
Nz:o.M | Me®M | Nz:0.M | Ma'M |
Xz:o.M | Ma*M | Wz:0o.M | Ma®"M

wherea € C, h € H, v € V, z is agenericvariableand
pairings,projections abstractionsndapplicationgthelat-

terdenotedyy thesymbole) arepossiblealongall thecom-
positionaldimension®f tiles (horizontal verticalanddiag-
onal,thelatterin two distinctways). Moreover, horizontal,
verticalanddiagonalkcomposition§M « M, M - M, M <M

andM > M) arealsogiven. We will seethatsinceabstrac-
tion is restrictedto objects,thesecompositionscannotbe
expressedy functionalapplication.

We arenow readyto presenthe inferencerules of the
type systemfor the doubleA-notation. In the next section,
wewill givethetranslationof well-typedtile termsinto the
correspondingells of the categorical models,which are
cartesiarcloseddoublecatagories.In particular the equiv-
alencedetweertile termsareexactly thosethatcanbe de-
rivedin theinitial model.We leave to futurework the study
of a more direct equationalsystemfor tile termsandthe
definitionof possiblenormalform reductionstratejies.

A generictype sentencédastheform

TMoH:ir-2=Gip-o.

Thetype systemis definedby the axiomsandinference
ruleslisted belon. They arenumberedo enhancehe cor-
respondencwiith the cateyoricalinterpretatiorrulesgiven
in Section4.2. Due to spacelimitations, for eachkind of



R = h
o= %
= 2
(HG)F = (HE G
(Proj;H)® = ProjiH"
Az :0.H)Y = MNz:o.H"
(HG)"! = H"%'GH

Table 1. Definition of the meta-notation H&E.

construct(identities,pairing, projection,abstractionappli-
cation, and composition)the correspondingule is shavn
only in the horizontal“dimension” The otherscanbe ob-
tainedanalogously

To keepthe notationshorterwe usethe following ab-
breviations: for all type o letid, = Ay : o.y (with type
o — o) andfor all typeg andverticaltermI' F U : 7 —» o
thenletU? = Ay : (0 = 7).Mz : o.U(yzx) (with type
(0 = 1) = (0 — 0)), wherey,z ¢ fv(U) (with fv(U)
denotingthe freevariablesof U), andsimilarly for the hor-
izontaltermI' - G : p — 0.

1. tile termconstants:
aot € C

O aot

2. horizontalidentities:
'+FH : 1

THFH o H:7—"—Xz:eH:e>1

idr:T—T
wherez ¢ fv(H) andthesuperscript!? is justa meta-
notationto representhetile termassociatetb thehor-

izontalterm H andcanbe easilydefinedby induction
onthestructureof H asin Tablel,

3. horizontalpairing:

Vip
— % . Giipoo
U1:T1—>0'1 1 p L

Vip
———~ G : — 0
Us:To—09 2 p 2

T'Mio H i1

FI_M2D HQZTQ

V:

T (M, My)eo (Hy,Hy) i1y X 7o —= G : pf

U'ir
whereU’ = Ay1,y2) : 71 X T2.(Ury1, Uzy2)
with typer' = (11 X 12) = (01 X 02)
andG’ = Az : p.(G12,G22)

with typep’ = p — (01 X 02)

for Y1,Y2 ¢ fV(Ul,UQ) and z ¢ fV(Gl,GQ) (for
(L, ), {, ) and(_, ), in thefirst casethe require-
mentis that H; = H, but the V’s canbedifferent,in

thesecondcasgustI” mustbethesameandin thelast
caseboth H; = H, andV; = V> musthold);

4. horizontalprojection:

V:
I'MO H:711 X T d G:p— o1 X0

[ SN
U:(m1 X19)— (01 X02)

Vip

T+ ProjiM o ProjH : 1 LG ip— o

/\yl:'rl.U1:‘rl—>o:1
wherelU = Myi,ys) : 71 X 72.(Uy, Us)
andG' = Az : p.Proj,(Gz)

providedthat z ¢ fv(G), y1 ¢ fv(U2) andy, ¢
fv(U1), andsimilarly for Proj;

5. horizontalabstaction:

Iz:oF Mo H;TVL‘}G:/}—)U

U:t—o

V:
T'EMz: oMo Am:g.H:Q—)T%G’:J’

whereU? hastype(¢ — 7) — (0 — 0)
andG' = Az : p. Az : .Gz
hastypeo’ = p — (¢ — o),
providedthatz ¢ fv(V,U) andz ¢ fv(G) (for vertical
abstractionr ¢ fv(H,G) musthold, whereas\z :
0-M requiresz ¢ fv(U,G) and >z : o.M requires
x ¢ tv(H,V));

6. horizontalapplication;

Viip1
I'MyO Hy:7mq - Gr:ipr— T,

E——
idry iT1 T

Va:pa
PEM0 Hy:mp =72 — = Gaipy = (11— 02)
U
2

(Va,V1):paXp
'+ My@"MiO HyHp:mo %b : (p2 X p1) — 02

whereU;* hastype(r; — 72) = (11 — 02)
andG = /\<22,21> : p.GQZQ(Glzl),
with 21,22 ¢ fV(Gl, G2);

7. horizontalcomposition:

Viip1 ‘
I'MyO Hi:m > G1:p1 = p2,
Va:iT1—p2
q Vaz:po
Iyz:m F Mx@%z 0O Hox: 7o Ga i p2 = 02
Ug:Tg— 09

Vi:
T M« Mo H:ry — 202

Ug:iTog—02

whereH = H.H; andG = Az : p1.G2(G1z), with
z ¢ tv(G1,G2) andx & fv(My, Hy, Us, G2).

» G:p1 — 02

Thediagonalapplicationin the secondpremiseof rule 7
senesonly asa meanto shorternthe notation.In particular
the matchingbetweenrthe eastsideof M (i.e.,V2) andthe
westsideof M> canbeexpressedn a naturalway, whereas



the abstractiorw.r.t.  would resultin a morecomplicated
condition.Thisis alsoin thestyle of thetranslationve need
for ther-calculusexample.

The following rules are in somesenseauxiliary, since
they dealwith rearrangementsf interfacesbut do not sub-
stantiallychangehe meaningof judgmentsn thepremises.
The symbol~ signalsthat alsothe corverserule mustbe
considered.

' Mot
F,JI:O"‘MDt’
Fl,x:T,y:p,Fgl—MDt_

T'i,y:p,xz:71,T2 Mot

V:
T'x:oF MO H;Té G:p—>o
||| U:it—o

1R

T,z:oF MO (z,H): 0X T G:p—o
U':(ex7)—=0o

whereU’ = Xz,y) : o x .Uy, withy & tv(U) and

x € fv(U) (but noticethatz ¢ fv(U')). Thereis also

theanalogousule for avoiding thatz € fv(G), butit

is very similar andthusomitted.

The third rule canbe appliedonly onceto a given M
(becauseafterits applicationthe premisex € fv(U) is no
longervalid). Moreover, if z € fv(G) N fv(U), the appli-
cationof rule iii andthenof the analogousneyieldsthe
sameresultastheapplicationof thetwo rulesin thereverse
order

In practice the severalrestrictionson namedor the ap-
plication of the type ruleslisted above do not limit the ex-
pressienessof the formalism. In fact, if a rule cannot
be applied, we can always find equivalent contourtypes
for which the applicationof the rule is possible. This is
achieved by applying rule iii, which males explicit the
propagatiorof globalvariablesvia H andV to U andG.

Also notice that different type judgmentsare possible
with thesamel™ and M ; indeedthey all representisomor-
phic” situations.This shouldnot be surprisingsincealsoin
the one-dimensionatasea term M canbe typedwith dif-
ferentassignment§’, andin a contourtype the northand
westsideshave in parttherble of type assignmentsor the
eastandsouthsides.

4.2 Categorical semantics

As alreadysaid,thedoubleA-notationhasbeendesigned
having in mind the catggory whereits modelsshouldlive,
i.e., the catgyory of ccbc andstructurepreservingdouble
functors.Thereforetheinitial modelassociatedtio a signa-
tureis the cartesiarcloseddoublecategyory where

(a) theobjectsaretheelement®f thehigherordermonoid
freely generatedby thetype constantsn IB;

Ir] gy
» Lysr] -
T%T r“g’ﬁ.
\_UEJ

Ir] ]

[[:p]] /; ; [[j;]]

Figure 7. The contour of the cell [T+ Mot].

(b) thehorizontal(respectiely, vertical) arrowvs arethose
of thecartesiarclosedcateyoryfreely generatedby the
signaturé Xy (respectiely, %y);

(c) thetile termconstantsr aremappedo thecorrespond-
ing cells[«];

(d) andthecellsarefreely generatedia the availableop-

erations.
LetI’ = 21 : 01,...,7n : 0, @andletT - Mot bea
generictypejudgmentwith
J— . V:p \ .
t= H:mg5—— G:p—o

Then, the catgyorical semantic§I" - M ot] yieldsa cell
with borderh%g, where

= [Tk A{z1,..c,zn,H) :
[TFA(x1,y T, V)t 01 X -+ X 0 X p]
[T,y:7HA{z1,...zn, Uy) :
= [D,z:pk{(x1,...,zpn,G2) :

01 X - X 0p XT]

01 X +++ X Op X 0]

Q@ & < =
Il

o1 X <o+ X 0y X 0]

Asthereadeicannotice, we have choserto propagatell
thevariablesn I" aroundthecontourof thetile. In thisway,
thenamesn I" canbeusedalsoin G andU withoutbeing
explicitly propagatedia H andV. Thisis very corvenient
for representingalculi basedon names becausene can
typethetermswithin aglobal ernvironment.

This interpretationis graphicallyillustratedin Figure7,
whereaninformalwire andboxnotationis usedo represent
the contourof the cell, with

M= [THFH:7], ¢
o= [TFV:p], o

[T,z:pF Gz : o],
[T,y:7F Uy : o].

3In particular thismeanghatfor eachhorizontaltermconstant, : o €
H thereis abasicarrowv [h] : e — [o] in thecateyory.



[r] - [T
> [y:r]
rvﬁ rﬁ
\_vEJ UfJ
[r] —

[[zvp]] } > [[;]]
Figure 8. A cell with fv(G,U) = .

Type constantshorizontalterm constantsand vertical
term constantsare interpretedin the usualway (seeAp-
pendixA.3). Similarly, eachtile term constantaot is in-
terpretedasatile of theappropriataype(i.e.,asin Figure7
with [T] = [@] = e, whichis theunit object).

Theuseof I' asa global ervironmentfacilitatesthe use
of the double A-notation, but complicatesat someextent
the presentatiorof the cateyorical semantics. For exam-
ple, if one swapsthe position of two variablesin T, this
changeslsothecontourof thetile, becausé&’ is propagated
everywhere.As anotherexample,the cell for the diagonal
pairing (_, )¢ canbe definedin termsof the cells associ-
atedto the componentshut thensomeadditionalcomposi-
tion with doubledischagers,doubleduplicatorsand dou-
ble symmetrieshasto be doneto getrid of the two copies
of the variablesin T" that appearin the imagesof the two
componentsThereforewe make useof thelastrule of the
type system(andits speculawersion)by consideringonly
judgmentswith explicit variablepropagationi.e., suchthat
tv(G,U) = 0 (seeFigure8,whereu' =y : 7+ Uy : o]
andg’ = [z : p+F Gz : o], i.e.,U andG canbetyped
withoutT"). For suchcasest is alwayspossibleto dischage
theglobalvariablespropagateclongthe contour andthus
we canassumehat

[F"Mﬂt]] = 7!'[[1-*]]<](1[[F]]®{[F|_Mﬂt]})

or, vice versathat

{TFMot} = ([CFMot]* (@ 1u)) -

((tpry * @prp) ® 1g1)

wherer, !, T and¢ aretheauxiliary cellsof cartesiardou-
ble cateyoriesas definedin AppendixB.2 (they are bold-
facedto avoid confusionwith the greeklettersrangingover
types).Thiscorrespondends very corvenientbecauséhe
simplermapping{I" - M ot]} illustratedin Figure9 (and
therefore[_] via the transformationabove) can be induc-
tively definedasfollows. Noticethatfor mappingtermsof

Ir] { W = vl

ol [ o

Figure 9. The contour of the cell {T' -+ Mot]}.

theone-dimensiondiorizontal(vertical) \-notation paren-
theseq_] areusedwith themeaningof Table8. To keepthe
presentatiorshorter we avoid to detailthe contourtypest,
t',t1, to, ... thatarethoseof theassociatetlypingrules,pos-
sibly transformed/ia theapplicationof ruleiii whenneces-
saryto obtainfv(G,U) = 0.

1. {ract}=[0F act] =[af;
2. {[F [ HHDt]} — 1|IF|_HZT]];

3. {TF (M, Mo) ot} =
Virev:pp x ({TH My ot} @ T = My oto]});

4. {TF ProjiMot]} =
T+ Mot,]}« (]_[[1/1:71|—U1:¢71]] & Nysirak-Us : 02]);

5. {THXNz:pMot}} =
AEF,_Vzp]]{[I’,m o Mot

6. {F Mpa®M;ot]} =
(e < ({TF Maoto} @ {T F My ot ]})«
Heval[[Tl]]vﬂyZTﬂ—Uzyz co2]

7. HFI_Ml*MZDt]}Z
(mprp < (tprg @ T+ My oty ]}))*
(({[F |_ M2 Dt2]} ® 1|I7'1]])
Veval[Tl]]’llythz"Uzyz : 02]])*
(Heval[[Tllla[[Zzin"Gzzz 1oa] ” Deva’l[[ﬁ]],[tfz]])

i {Tyz:0F Mot} ={I'F Mot} ® ¢,

ii {[Fl,.'L'g:QQ,.CCl:Ql,FQ'_MDt]}:

(1rs1 ® O feol,ea] © 1prap)<
{T1,z1 : 01,22 : 02,2 = M o]}

i [TC,z:oFM :t] =
(V[F,z:g]] * 1|IF,.TIQ]]®|IF,Z:Q"H:T]]*

A @ T @ 1) - [T,z 0F M = t'];

Notice that the categorical semanticds definedby in-
ductionon the proof of eachtype judgmentandtherefore
its agumentshouldbe morepreciselya derivationandnot



justatypejudgment.However, it is possibleto seethatthe
translations independentrom the choserproof.

We consideras equivalentthosetermsthat are mapped
to thesamecell. In thisway, it is possibleto shawv thatthe
usualpropertiesof A-calculus,ase.g.,the g-axiom, the n-
axiom, the congruenceules¢ andv, andthe axiomsfor
unit, productand projectionsstill hold in eachdimension
(horizontal verticalanddiagonal).

Moreover, all the cells of the initial model are in the
codomainof themapping,.e.,eachcell canbesuitablyex-
pressedn thedoubleA-notation.

5. Typing the w-calculus
5.1 w-calculus

The w-calculus[15] is probablythe mostdevelopedex-
ample of mobile processcalculi. It is an extension of
ccs[13] in whichchannehamesanbepassedn thecom-
munications. Thereforenew channelscanbe dynamically
createdandthe interconnectiorstructureof processesan
be dynamicallyreconfigured.Thesefeaturesallow for the
encodingof higherordercommunication$18] thatcanbe
usedfor modellingcodemigration.

Syntax. Although mary versionsof 7-calculushave ap-
pearedn theliterature we consideithecoreof themonadic
calculusundertheearly semantic®nly, whichsufficestoil-
lustratethe expressvenesof our framework. The detailed
treatmenibf otherversionsof the r-calculusis left for the
full paperaswell asthemodellingof othersemanticstud-
iedin theliterature(e.qg.,thelate or theopensemantics).

Let V' bethesetof namesrangedoverby z,y, ..., then
the w-calculusagents rangedover by P, @, ..., aredefined
by the syntax:

P:=nil | (vy)P | .P | z(y).P | Zy.P | P|P

wherer is the silentaction. The freenamesof P arede-
finedin the obviousway anddenotedby fn(P). Thefree
occurrencesf y in P areboundin z(y).P and(vy)P. As
usual,r-agentsaretaken up to alpha-comersionof bound
namesandthe notationP[y/x] denoteghe replacemenof
all thefreeoccurrencesf z in P with y (possiblyafterthe
renamingof boundnamedo avoid capture).

Early operational semantics. The actionsthatagentscan
performaredefinedby the syntax:

pe=T1 | 2y | Ty | T(y)

denotingrespectrely syndironization input, free output
andboundoutput The namez is the subjectandy is the
object(i.e., thetransmittedvalue)of theactions.Thename

[Tau] 7.P I P,
[IN] 2(y).P — P[2/y]

[ouT] zy.P 2% P

[PAR] i if bn(p) Nf(Q) =0
P|Q = P'|Q
[comMm] PO
PlQ — P'|Q

P p _
[RES] P 5 )P if y & n(u)

P p
[OPEN] m ify#£2a
[cLOSE] PP sl if 2 ¢ f(Q)

PlQ — (v2)(P'|Q")

Table 2. Early operational semantics.

y isboundin Z(y), butit is freein bothzy andzy, whereas
x is alwaysfree. As usual,we denoteby n(y), bn(u) and
fn(u) respectiely thenamestheboundnamesandthefree
namesof p, with n(p) = bn(u) U in(u).

Thetransitionsystenmrepresentinghe early operational
semantic®of the calculusunderconsiderations definedby
the axiomsand inferencerules of Table 2 (the rules sym-
metricto [PAR], [cCOMM], and[CLOSE], areomitted).

Drivenby the operationalntuition, we briefly comment
on the syntaxof w-calculus. The outputprefix zy. P states
thatthe valuey is transmittedalongthe channelz. In the
input prefix z(y).P the namez still representshe channel
wherethecommunicationtakesplace buty is insteadafor-
malvariable thatcanbeusedin P andthatmustbeinstan-
tiated by the actualvalue when eitherthe input transition
is performed(seerule [IN]) or input and outputtransition
aresynchronizedseerules[comM] and[CLOSE]). Notice
thatsincewe areconsideringhe early semanticsalthough
the input prefix hasthe form z(y)._, the associatedransi-
tion is labelledwith zz. Indeedy is a formal parameter
andz is the actualvalue. Also nameextrusionis allowed
(seerule [oPEN]) andthereforea correspondindabel Z(z)
for the boundoutput mustbe used,so that previously re-
strictednamesanbecommunicatedb theervironmentand
recevedby otheragentgrule [ CLOSE]).

Sincein theinputtransitionit is not possibleto know in
adwancewhich namewill bereceved, it follows thateven



final final final

input configuration output
interface T s'=H interface
trigger an A blU effect

initial s=G initial

input initial output
interface configuration interface

Figure 10. A “re versed” tile.

simpleagentscanperformaninfinite numberof transitions
(i.e.,thetransitionsystemis notfinitely branching).

In the next sectionwe shawv that the double A-notation
discussedn Section4.1 can provide a framavork where
severalaspect®f namehandlingaremanaged.

5.2 The type system

To representhe r-calculusin the doubleA-notationwe
find it more corvenientto reversethe direction of vertical
arrons. Henceforthaccordingto this choice,tiles mustbe
interpretedasin Figure 10. Indeedthis allows usto use
thedischager! (seeAppendixA.2) for dealingwith name
creation(sincethecomputatiorgrows upwardsinsteadhan
downwards).

Theideais thento definea signaturefor the wcalculus
suchthat eachproof of the transitonP -5 Q is repre-

ide,
sentedasatile termI’ - M o [[Q]]m’[[P]] (for suitableen-
condingsof agentsandactions).

Interfaces. Thetypeconstant®nwhichthetypesystenfor
thesr-calculusis definedin thedoubleA-notationarename
andproc (associatedo namesandprocessesespectiely).
To shorterthenotationwe will oftenwrite n andp in place
of name andproc respectiely.

Configurations. Thehorizontaltermconstantyieldingthe
syntacticstructureof r-agentsarethefollowing

nil : proc,

in : name — (name — proc) — proc,
out : (name,name) — proc — proc,
tau : proc — proc,
par : (proc,proc) — proc,

v : (name — proc) — proc,

¢ : name.

Herec is anameconstantvhichturnsoutto beusefulin
thetile constanfor the[cLOSE] rule. Thetranslationof «-

[nil] = nil
[z(y).P] = inz Ay : n.[P]
[Zy.P] = out(z,y)[P]
[*.P] = tau[P]
[PP] = par([PA],[P2])
[(vz)P] = vAz:n[P]

Table 3. Interpretation of w-agents.

agentdnto horizontalterms(all of type proc) is inductively
definedin Table3.

Observations. Theverticalterm constantyielding the ob-
senationsof r-agentsarethe following (with the obvious
correspondenceith thelabelsy of thetransitionsystem):

In : (name,name) — proc — proc,
Out : (name,name) — proc — proc,
bOut (name, name) — proc — proc,

Tau : proc — proc.

Tiles. The tile term constantsare listed in Table 4 (first
block) usinga slightly different,morelinear, notationthan
theonedescribedn Section4.1,thathasbeendesignedo
be more naturalfor interactize calculi. Hence,a generic
contourtype

Vi . I
HTmJ/\ZpG p—O0o
becomeswrittenasG'[V/z] = U'[H/y] : ¢ wheretheoc-
currencef H andV after substitutionare written inside
squarebracletsto separateéermsthatlive in orthogonaHdi-
mensionsThisis consistentvith thechoiceof reversingthe
directionof verticalarrovs asexplainedat the beginning of
this section.SeealsoFigure10 for theinterpretatiorof the

symbol=-.

Sincer andp canbe the productof smallertypes,the
pairsof squarebracletswhereeachargumentof the tuple
is insertedare labelledby the positionin the tuple of the
argumentitself. For example, f([t]1, [t]2, [t]1) represents
context with two argumentghatis appliedto two instances
of thesametermt : 7, andwherethefirst instances used
twice. Thisis clearlydifferentfrom f([t]1, [t]2, [t]2), where
the secondnstances usedtwice. They areboth different
from f([t]1, [t]1, [t]1)- In fact,in thefirst two caseghein-
terfaceis typedr x 7, whilst in the third caseis typedr.
Furthermoreijn the first casethe third argumentof f is an
instanceof thefirst elemenbf theinterfacepair, while in the
secondcaseit is aninstanceof the secondelement.There-
forethenotationf ([¢], [t], [t]) mightbeambiguougbecause
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v [Ay : n.Out (z, Proj, (ry)) Proj,(ry)] = bOut (x, Proj,[rz]) Proj,[rz]:p

O
O
O
O
O
O
O
[m]

Ay : n.[P])" * Inputa¥(x, z) o [z(y).P] = In(z,2)[[Plz/y]] : p

P]® % Outputa®(z,y) o [#y.P] = Out(z,y)[[P]]: p
M, [QI")* * Para®(z,y) o [P|Q] = Out (z,y) [[P'|Q]] : p

P]® « Tauo [r.P] = Tau[[P]]:p
if I M o[P] = Out(z,»)[[P']]: p and T+ M,a[Q] = In(z,y)[[Q']] : p

[
(
[
(

[Az : n.Tau(gz)]c = Tau[vq]:p

Closeaq

n—>p F

q
if ' = M o[P] = Out(z,y)[[P']] : p then

then
[+ (My, M) x Comma*(x,y) o [P|Q] = Tau[[P'|Q']]: p

|ICO|V| M]] My M

if T,y : n b Mo[P] = Out(z,z)[[P']] : pthen [RES] M
if O,y : n = M o[P] = Out(z,y)[[P']] : p therfoPEN] M

[,z:nk (Ay:n.M) % 0pena*(z, 2) o [(vy)P] = bOut(z, 2)[[P'[z/y]]] : p

L'+ (Aly : n.M) % Resa¥(z,z) o [(vy)P] = Out (z,2)[[(vy)P']] : p
ifC,z:nkF Myo[P] = bOut(z,2)[[P']]:p and T',z:nk Myo[Q] = In(z,2)[[Q']]: » and T+[Q] : p then

[+ (AEz:n.(Mq, M2)E x CPara¥(x, 2)) * Close o [P|Q] = Tau[[(vz)P'|Q']]:p

[CLOSE] My My =

Table 4. Tile term constants for the w-calculus.

theinterfaceis notrecoverable)andis allowedonly if there
is auniqueargumentasin g([t]), avoiding the subscript; .
Discardedargumentsof the interface(i.e., not usedin the
context) aremadeexplicit by extendingthe tuple with the
term![t]; (if ¢ is thes-th agumentof the interfaceandit is
discarded) We remarkthatthis notationabstractgrom the
formal variablesy andz. Moreover, variablesin theglobal
ervironmentI’ canbe referredto without specifyingtheir
positionin theinterface thusavoiding the squarebraclets.

Finally noticethatin Table4 we typethetile termcon-
stantsundernon-emptyervironments.This is just a short-
handthat avoids unnecessaryedundang in the notation.
For example the constanfor thesilentactionprefix should
begivenas:

0 Tauo Aq : p.tau ([Aq" : p.¢']q) =
Ag:p.Tau ((\¢ :pq'le) :p—p

This expressionis hardto read(andthe otherconstants
arestill morecomplicated)but fortunately thediagonalap-
plicationallows simplifying the presentatiomsin Table4.

We briefly commenbntile termconstantsThefirstand
thethird constantsTau andOut, arevery simple,sincethey
generateeffects(Tau andOut (x, y) respectiely) thatare
speculato the operatorghatprefix the configurationsThe
constantinput is moreinterestingsincein theinitial con-
figurationthe prefix is abstractedv.r.t. the nameto be re-
ceved (indeedq hastype name — proc), whilst the effect
is instantiatedwvith a namez taken from the ervironment,
accordingo the earlysemantic®f 7-calculus.

ThetilesPar andRes justpropagat@utputobsenations
throughpar andv. Analogoustiles areneededor propa-
gatinginput, boundoutputandsilentobsenations.

Theconstant€omm andCpar areverysimilar: Bothsyn-
chronizetwo complementarpbsenations,but Cpar deals
with boundoutputand, togetherwith Close, modelsthe
receptionof extrudednames.

The moreinterestingtile is probablythe constantipen
that modelsnameextrusion. To betterunderstanchow it
works, a simple exampleis fully illustratedat the end of
this section.

As for the operationakemanticsules,we have omitted
thetile termconstantsymmetricto Par, Comm andCpar.

Transitions as double terms. We are now readyto de-
fine the correspondencbetweenthe (proofs of the) tran-
sitionsandthe well-typedtile termsover the signaturefor
the w-calculus.The precisemappingis givenin thesecond
blockof Figure4. Dueto spacdimitations,it is represented
asa schemgparametrizedv.r.t. thetermsassociatedo the
premisesof eachinferencerule in Table2. For example,
sincethe applicationof rule [coMM] requirestwo proofs

P; andP; for thetransitions? =% P’ andQ =% @', then
the associatedchemgcomm] hasbeenmadeparametric



w.r.t. the terms M; and M, associatedo suchtransition
proofs.

Theexecutionof anactionprefixis obtainedoy horizon-
tally composinga suitableidentity for theidle agentP (ab-
stractedw.r.t. the namey in the caseof input) with thetile
constantassociatedo the prefix kind (Tau for 7._, Input
for input prefixandOutput for outputprefix).

Similarly, rules[PAR], [cOMM] and[RES] requirejust
the horizontalcompositionof the “premises”with the cor-
respondingonstanPar, Comm andRes respectrely. In the
table,we provided the mappingfor [PAR] and[RES] only
in the caseof an Out action. The mappingfor anIn ac-
tion is analogousFor propagatingpoundoutputs,we must
ensurdn additionthatz ¢ fv(Q), asin [PAR]. Thiscanbe
doneby requiringthatI’ F [Q] : p and

I,z:nt Mo[P] = bOut (z,2) [[P']] : »p.

As an exampleof the extrusion mechanismwe derive
now the tile term correspondingo the w-calculustransi-

tion (vy)zy.nil W il The proof of this transitionis
given by instantiating(with nsl) the [ouT] axiom, obtain-

ing Zy.nil M nil, andby applyingthe[ OPEN] rule. In the

tile approachwe startfrom the Output tile termconstant,
which we rewrite herein the ordinary form to emphasize
thecontourtype.

T,y :m,q: p+ ODutpute(zr, y)elqo 9)

q
\ )\ I_ 1 !
Aq'.Out({z,y)q’ 7-ou <$7 y)q

The translation[ouT] of the instantiatedaxiom canbe
foundin the secondblock of Table4.

Z,y : n F nil x (Qutpute¥(z,y))o (10)

*

m i : e.out(m,y)nll

nil
Notice thatthis tile term canbe obtainedby horizontal
composition(seerule 7 of both Section4.1and4.2) of the

tile termz,y : n b nilo nﬂ#)\i : e.nil andof the

tile term(9). ThetermconstanOpen canbewrittenas

z,z:m,7:n — (nx p)F Opena¥(z, z)a%ro  (11)
Ay.Out(z, Proj(ry)) Proj,(ry)

Aw,q).bOut(z,w)q

To understanavhy a variabler with anunusualtype as
n — (n X p) is neededwe shouldtry to apply horizontal
abstractior{seerule 5 of bothSectiord.1and4.2)to thetile
term (10). Thisis necessarysincethe restrictionoperator
v requiresan amgumentof typen — p. A straightforvard
applicationof horizontalabstractiorwould be possibleif

(asit is the casefor [RES]) the objectof the actionwould
not includethe variablewe want to abstracfrom. In fact,
theapplicabilityconditionof horizontalabstractiomequires
y & tv(V,U). We have no problemwith V' (it is *), but to
eliminatey from U = \g.Out(z, y)q we mustapply the
auxiliary ruleiii, thusobtaining

z,y : n F nil x (Outpute(z,y))o

(y, nil) -

——— M\ : e.out{x, y)nil
Ay',q).Out(z,y")q (@)

We cannow abstraciv.r.t. thenamey

z : n bk A'y.nil x (Outpute™(z,y))o (12)

*

Ay.{y,nil) i @ e dy.out(z, y)nil

.
Arin—(nxp).Ay".U

with U = Out(z, Proj,(ry')) Proj,(ry'). As suggesteth
the secondblock of Table4, the final tile term for our ex-
ampleis obtainedby horizontallycomposingile terms(12)
and(11). Notice howeverthatwe first have to createa fresh
name.This canbeaccomplishedby theauxiliary rulei.

z,7: n F Afynil % (Outpute(z,y))o

*

Ay.{y,nil) i @ e dy.out(z, y)nil

_
Arin—(nxp).Ay".U
Thehorizontalcompositioryields

z,2:n F (A\"y.nil x (Outpute“(z,y))) * Opena*(z, 2)o

Oy, mil)) s ——=

————————— i : evy.out{z,y)nil
(¥',9)-bOut(z,y")q evhy.out(z,y)

which, by g-corversionandby applyingthe auxiliary rule
iii backwards,becomes

z,z:n  (Ay.nil x (Outpute“(z,y))) * Opena?(z, 2)o
*

Py — Al : e.vy.out(z, y)nil

nil
whosecontourtype,writtenin thelinearnotationis

(X : eviy.out{z,y)nil)[x] = (Ag.bOut(z,z)q)[nil]
= bOut(z, z)[nil]
bOut(z, z)[[nil]]

= vAy.out{z,y)nil
= [(vy)Zy.nil] =

This concludegheexample.

6. Conclusion

Pursuingthe analogywith simply typed A-calculusand
ccc’s, we have introducedthe new notion of cartesian
closeddouble categories (ccbc) and a correspondingh-
notation. We hope that this approachprovides a natural



framework for the study of communicatingsystemswith
namepassingandcreation.

It is worth remarkingthat only objectabstractions al-
lowed accordingto our definition of ccbc, becausether
wise our approactbasedn a doubleadjunctionwould not
work. Neverthelesssinceobjectsnaturallymodelnametu-
ples,and mobile calculi also abstractfrom nameswe are
confidentthatour framawork is expressve enoughto sene
asa basisfor mostof the proposedtalculi. The casestudy
of (synchronous)r-calculusillustratessomebasicmecha-
nismsof the new framework.
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A. Cartesian closed categories and the A-
calculus

A.1. \-calculus

To fix the notation,we recall the classicalsimply typed
A-calculus. In particular we considertyped A-termsin
A7 je., with producttypesandunit. We referto [16]
for anextensve presentatiomf the subject.

A A-signatue X is apair (B, C), whereB is the setof
typeconstantgi.e., the basictypesallowed),andC is the
setof (typed)term constants The typesarebuilt over the
typeconstant$ € B usingthefollowing grammar:

ocux=b|le|oxo|o—o0o

Sinceterm constantanust be typed, the set C' is usually
representedsa collection{c; : o1, ...,¢n : Op, ...}, Where
o; isthetypeof thetermconstant;, fori = 1,...,n, ....
A term (also A-term) M over ¥ with variablesz € X
canthenbeconstructedccordinglyto the syntax
M 2= c|*x|z|X:oM | MM |
(M,M) | Proj{"” M | Proj3°M

However, we areonly interestedn well-typedterms.Since
terms can contain variables,the type judgmentsmust be
parametrizedvith respecto suitableassignmentsf types
to the(free)variables A genericassignment hastheform



c:og€C
DrFc:o

D% :e€ T:obx:0

'HM:o
iz:7-M : 0o

I'yz:1y:p,T2FM : o

I',y:ppz:7,ToF-M : 0
I'eM
T'H(M,N) :

o 'EN 7

oXT

T'FM:0XxT T'FM:oxT

Tk Proj{""M : o Tk Proj3 ™M :

yx:7-M: 0o '-M:7—-¢TFN:7T

T'FAXe:7TM :7—>0 I'HMN : o

Table 5. Well-typed terms.

{z1 : 01, ...,z : 0% }. Sincefor simplicity wewill consider
cartesiarclosedcateyorieswith chosemproductsassuitable
modelswe assumehateachassignmenis alist, insteadof
aset,andthateachvariablecanappeasat mostoncein the
list. We usethe notationI', z : ¢ to denotethe assignment
obtainedby appendingr : o atthe endof I'. Similarly,
we will write alsoI'y,T's to statethattheassignmenits the
concatenationf I'; followedby T's.
A typejudgmenthastheform

'M : o,

which meanghattheterm M is well-typedwith typeo un-
der the assumptiorof I'. The correcttype judgmentsfor
termsover the signature( B, C') arethosegeneratedby ap-
plying therulesin Table5.

We omit the axiomatizationthat identifies equivalent
termsandthe correspondingulesfor reductionto normal
form. Notice however that suchidentificationsare exactly
thosethatholdin theinitial modelcateyoryillustratedin Ta-
ble 8. Theideais thatsuchcateyory hasstringsof typesas
objects(with monoidalcomposition andunite), andeach
typejudgmentz; : o1, ..., %, : 0, b M : o is mappednto
asuitablearrov fromo; ® --- ® 0, to 0.

A.2. Enriched monoidality

Thecategory C haschosenproductsif a specificproduct
diagramis givenfor eachfinite list of objects.Thisis often
usefulto reasonaboutcomple productexpressionsgrom
a moreintuitive perspectie. For example,in Set onecan
imaginethatthe productof two setsA and B is just their
cartesiarproduct4 x B with the obvious projectionsalso
if, in generalary otherisomorphicsetis asgoodasA x B.

A classicalresultshavs that “chosen” cartesianitycan
be expressedn termsof monoidalcateyoriesenrichedwith

Yagbe = (ida ® Vo,c); (Va,c ® ids)
Yab; Vo = tdagp
Vage = (Va® Vy); (ida ® Ya,p @ idp)
lagp = 1a®l
Vi (1la®Ve) = Vi5(Va®1,)
VaiYa,e = Va
Vi (1a®le) = id,
Ve = id. =l

Table 6. Coherence axioms.

suitablenaturaltransformationsln particular we will con-
siderthe casein which the monoidalcateyory is strict (i.e.,
thetensomproductis associatie andwith unitelement) Ob-
viously, onecouldalsoadopta moregeneraliew (e.g.,by
requiringtensomroductto beassociatie only upto iso) but
thisintroducesunnecessargndcomplicateddetails.More-
over, eachnon-strictmonoidal category hasa monoidal-
equivalent strict monoidal cateyory [10], which is surely
morecorvenientfor theanalysisof computationaimodels.

Definition 7 (SMC) A strict monoidalcategory (SMC) is a
catgyory C togetherwith a functor® : C x C — C anda
constantfunctore : C — C sud that ® is associativeand
hastheobjecte € C asunit.

Definition 8 (ChosenCartesianity) A cartesiancateyory
with choserproductss a tuple(C, ®,e,v, V,!), whee

e (C,®,e) isastrict monoidalcategory;

~ is a natural transformationfrom ® to X; ®, whee
X : C xC — C x C is the functor that swapsits
argumentsi.e., sudhthat X (£, g) = (g, f);

V is a natural transformatiorfromtheidentityonC to
A;®,wheeA : C — CxC isthediagonalfunctorthat
duplicategheargumentj.e., sudthatA(f) = (f, f);

! is a natural transformationfrom the identity to the
constanfunctore;

finally, the natural transformationsy, V and! must
satisfythe coherencexiomsin Table6.

For example,giventwo objectsa andb andtwo arrovs
f:ec—aandg : ¢ —» b, wehavethata x b = a ® b,
" = awly, and(f,9) = Ve (f © g).

Similarly, the exponent has an axiomatic definition,
whichis moresuitablefor readersiotacquaintedvith cate-
gorytheory This shouldhopefullyemphasiz¢heuniversal
propertyof theexponent.
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h hxa
- evalap
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b* x a

Figure 11. The univer sal property of expo-
nent.

Definition 9 (Exponent) Let C be a cartesian category.
Giventwo objectsa and b of C, the exponentof a andb is
anobjectb? togetherwith a morphismeval, p : b* x a — b
(calledevaluationmap andfor everyobjectc an operation
Ac : Cle x a,b] — Clc,b*] sudh that for all morphisms
f:exa— b, h:c— b, thefollowing equationshold:

(Ac(f) x a); evalyy = f (13)
Ac((hx a);evalyp) = h (14)

Obsere that A. definesa bijection. Indeed,by (13)
and(14),A_ ! istheoperationwhichtakeseveryh : ¢ — b®
to A, L(h) = (h x a); evalyp.

Noticealsothatif A, : C[exa,b] = Clc, b*] isabijection
and(13)holds,then(14)is necessarilyrue.* Thefollowing
is thusanequialentdefinition of exponent.

Proposition2 (ExponentRevisited) LetC be a cartesian
categgory. Giventwo objectsa and b of C, the exponentof
a andb is an objectb® togetherwith a morphismeval, p :
b* x a — b, whee for all morphismsf : ¢ x a — b, there
existsa uniquearrow h : ¢ — b* sud thatthediagramin
Figure 11 commutes.

Then,Definition 1 canbe reformulatedoy sayingthata
cartesiarcategory C is cartesiarclosedif for every pair of
objectsa andb, thereis anexponent.

ThecollectionA = {A.}.cc of isomorphismslefinesa
naturalisomorphisnfrom the (contravariant)functor

Cl-x a,b]: C — Set

to the (contravariant)functorC[_, b*] : C — Set. Indeed,
forany g: ¢’ — candf € C[c x a,b] we havethat

Ac’ (g X aj; f) = Ac’ (g X aj; AC(f) X a; evala,b)
Ac’ ((ga AC(f)) X a; evala,b)

= 9 Ac(f)

4To verify this simplytake f € C[c x a,b] suchthath = A.(f) and
substituteh by Ac(f) in (14).

-1

c C[c,b“]L»C[cxa,b]

Q] 9;- [gxa;_

¢ Cle', b Cle' % a,b]

AY

c

Figure 12. Naturality of A~!,

beB a,b € Mp a,b € Mp

e€E Mp be Mp a®be Mp b* € Mp

Table 7. Free higher -order monoid.

Moreover, by defining A=! = (_ x a); eval,p, then
A; A1 = id by (13),andA~Y; A = id by (14). There-
fore A is a naturalisomorphism.Also the corverseis true,
i.e., if for all objectsa andb, thereis an objectd® anda
naturalisomorphismA : C[- x a,b] = C[-,b?] (the natu-
rality of A is expressedy the commutatve diagramin
Figure 12), then,we candefineeval, ; = Ab‘a1 (idpe) and
provethatb® is anexponentwith eval, ;, asevaluationmap.
Hencewe have thefollowing characterizationf ccc's.

Proposition3 (CCC Revisited Il) A cartesiancategory C
is cartesiarclosedf for all objectsa andb thereis anobject
b* anda natural isomorphism\ : C[- x a,b] — C[-, b*].

Notice that, by the propertiesof evaluationmaps,it fol-
lowsthatforany g : b — b inC:

(9% x a);evalyy = (Ape(evalgp; g) X a); evaly

= evalgp;g.

A.3. Categorical semantics for simply typed -
calculus

Now that the subjectof cartesianclosedcateyory has
beerextensiely discussedye arereadyto presenthecate-
goricalsemantic$or A-termsoveragivensignaturg B, C).
Theideais to considerthe cartesiarclosedcateyory with
choserproductdreely generatedrom thetermconstantsn
C, andthento interpretthe well-typedtermsby structural
inductionon the associatedlype-proofs:The objectsof the
categgory aretheelementf thehigherordermonoidfreely
generatedrom the type constantsn B (i.e., the monoid
Mp whoseelementsare generatedy the inferencerules
in Table7), andeachtermconstant: : ¢ is mappednto a
basicarrow [c] : e — [o] (where[o] is definedasbelow).



[0Fc: o] =]
[OF % : €] =ide
[z:0Fx: o] =idpy

[T,e:7FM:0o]=[TFM: o]®!
[Ti,y:pz:7, T2k M : o] =
(idry3 ® Vo1, 171 © ry1);
[i,2:7y:p, T2 M : o]
[CHF{M,N):ox7]=(T'FM:0o],[l+-N:7])
[Tk Proj7"M : o] =T+ M : o x 7]; (id[-1®'[-])
[TF Progs "M : 7] =[CFM : 0 x7]; (![-] ® id7)
[CFXe:7M : 7= 0] =A[lz:7F M : o]
[C-MN : o] =
(ICFM : 7—0],[LFN: 7]); evalf,[o]

Table 8. The categorical semantics of terms.

We first maptypesinto objectsasfollows:

[e] = e

[B] = b
[ox7] = [olelr]
[r—=0o] = [o]"]

Then,we generalizesuchtranslatiorto assignments:

M1 = e
[C,z:0] = [F@][o]
Finally, the type judgmentsfor termsare mappedinto
arrons of the free ccc asdefinedin Table8. It is possible

to seethatdifferentproofsfor the sametypejudgmentyield
thesameresult.

B. Axiomatization of cartesian double cate-
gories

In the one-dimensionatase,we have seenthat carte-

sianitycanbeobtainedvia suitablenaturaltransformations.

An analogousesultholdsfor doublecartesianitybut since
doublecatayorieshave two compositionsthe naturality of

atransformatiorbetweerdoublefunctorsis moreinvolved.

For example,following the internal constructiorapproach
(doublecateyoriesare Cat-objectsin Cat), aninternalnat-

ural transformationis an arrov in Cat which verifiesthe

naturality conditionsw.r.t. one compositionand which is

functorialw.r.t. the othercomposition.

B.1. Natural double transformations

We recall from [5] the following definition of natural
doubletransformation(originally calledgeneanlized natu-
ral transformatiof, referringto thatpaperandto [2] for an
extensie explanationof thesubject.

As a matter of notation, we call natural comp
transformatiora transformatiorwhich satisfieghe natural-
ity requirementw.r.t. the compositionoperatorcompand
which is functorial w.r.t. the other compositionoperator
A naturaldoubletransformationis the key to expressre-
lationshipsbetweennatural x-transformationsand natural
--transformations.

Definition 10 (Double Transformation) Let D and & be

doublecategories. Givena 4-tuple (Fyo, Fio, Fo1, F11) of

doublefunctois from D to £, a naturaldoubletransforma-
tionis a 5-tuple(ao_, @1_, B0, B.1,m), which is picturedas

thecell

@o_

Fyo + For
5_0J n lﬁ_1
Fip » Fiq

a1

whee:

e for 4+ = 0,1, the symbola;_ denotesa natural x-
transformatiorfrom Fy to Fjq, i.e., «;_is alsoa func-
tor from the category V of vertical arrowsof D (i.e.,
theobjectsof D*) to the category £;

e for i = 0,1, the symbol3_; denotesa natural --
transformatiorfrom Fy; to Fy;, i.e., B_; definesafunc-
tor fromthecategoryH of horizontalarrowsof D (i.e.,
theobjectsof D) to the category £*; and

o the symboln definesboth a natural transformation
from ag_ to a;_ (seenas functors fromV to £) and
alsofrom g o to 51 (seemasfunctoisfrom# to £*).

To shortenthe notation,we will denotethe naturaldou-
ble transformatiorjust by n, usinga pictureto represenits
othercomponents.The basicideais that, for eachobject
a € O, theshapeof thecell n, is

@o_,a

Fooa 7 F01a

ﬁ_o,aJ Na ‘B_l,a

Fma 7 Flla

a1_,a

andcoordinateghe component®f the horizontaland ver-
tical transformationshat composehe borderof n,. As an
example,it follows directly from the definitionthat, given

acell A : h%{q, all the pastingsof cells picturedin Fig-
ure13yield identicalresults.

The commutingsquaresexpressingthe naturality of a
transformationfor one dimensionalcatgories, are faith-
fully extendedin the caseof doublecateyoriesto commut-
ing hypercubesuchasthe onein Figure 14 (to make the



Jpoa| = |
JFafece]

Figure 13. Some properties of .

interpretatioreasieyverticalarrovs aredravn usingdotted
lines).

The hypercubecontains16 vertices, 24 faces,and 8
cubes. Eachvertex is theimageof oneof the four corner
objectsof cell A throughone of the four functorsunder
consideration. Thereare eight emptyfaceswhoseborder
involveseitheronly vertical or only horizontalarrovs. All
the other16 facesarecells of the doublecateyory £. Four
cells arethe imageof A w.r.t. the four differentfunctors
(seeFigure14). Four cellsarethe componentst h andg
of thenaturalx-transformationsyy_ anda;_. Fourcellsare
the componentst v andu of the natural--transformations
B0 andf_1. Theremainingfour cells arethe components
at the objectsof the naturaldoubletransformatiom. Each
cubehastwo emptyfaces.Theotherfour facecommutejn
the sensdhatthey expressa naturalityequation.lt follows
that the hypercubeyields eight equationdfor eachcell A.
However, the naturalityequationdor n arebothreplicated
for the two component®f eachtransformationtherefore,
thereare six distinct equations. The functoriality axioms
aregiven by composingthe hypercubeseitherone belov
theother, or onein front of the other

B.2. Canonicaldouble cartesianity

By Definition 5 we know thata doublecateyory D hasa
doubleterminalobjectanddoublebinary productsf all the
catgyoriesD*, D, D9, andD” haveterminalobjectandbi-
naryproducts.Then,D is calledcartesianf it hasall binary
doubleproductsanddoubleterminalobjects.However, we
characterize@lsoa muchtighter notion of product,simi-
lar to the choiceof a“canonicalproduct. In fact,themore
liberal definitiondoesnot establishany correspondendee-
tweenthe samenotionson differentdimensionsbut simply
statestheir existence. Thus, we adoptthe cornventionthat
notonly arethe productschosenin all thefour dimensions,
but thatthey arealsoconsistentlychosen

In theone-dimensionatasethe notionof cateyory with

Figure 14. The comm uting hypercube.

choserproductshasan equialentformulationin termsof

symmetrienonoidalcategory enrichecdby two naturakrans-
formations called duplicator and discharger. We adapt
from [5] the presentationof the analogousconstruction
within thetheoryof doublecategories,wheredoublecarte-
sianityis definedn termsof symmetricstrictmonoidaldou-

ble catgyorieswith doubleduplicatorsanddoubledischag-

ers.

A monoidal double catggory is an internal cateyory
in MonCat (the categgory of monoidal cateories and
monoidalfunctors), or equivalently, an internal monoidal
catgyory in Cat. For the strict case we have alsothe fol-
lowing detaileddefinition.

Definition 11 (SMDC) A strict monoidaldoublecateyory
(smDc)isatriple (D, ®,¢e), wheeD istheunderlyingdou-
ble catggory, ® : D x D — D is a doublefunctor called
the tensorproduct and e is an objectof D called the unit
object thetensorproductis associativeon objects,arrows
andcells,ande is theunitfor - ® _.

Let X : D x D — D x D bethedoublefunctorwhich
swapsthe arguments,i.e., suchthat for eachA, B € D,
X(A,B) = (B, A). Intheone-dimensionatase,a sym-
metryis a naturalisomorphisnmbetweerthe tensorproduct
andthe swappedtensorproductX ; ®, which verifiessome
additionalcoherenceaxioms(i.e., the first two axiomsin
Table 6). To definedoublesymmetrieswe first introduce
thefollowing definitionof theinverseof acell.

Definition 12 (Double Inverse) Let A : h%g beacellin
a doublecategory D. We saythat cell A hasa *-inverseif
andonlyif there existsa cell A* suhthatAx A* =1, and
A*x A =1, (i.e., A* istheinverseof A w.r.t. thehorizontal
compositionx, and this impliesthe existenceof inversesof
the horizontalarrows on the border of A). Similarly, the
-inverse A, if it exists,satisfietheequations4 - 4' = 1*,
A - A = 19 (this impliesthe existenceof inversesof the
vertical arrowson the border of A). Then,A hasa double
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Figure 16. Double symmetry.

inversef andonlyif A hasbotha x-inverseanda --inverse
andthere existsa cell A~ sudthat:

1

o Al . A* =19,
e A*-A71 =1"" (e, A~ isthe -inverseof A¥),
e A 'xA =1,1,and

o A x A7l =1,-1 (i.e.,, A~ isthex-inverseof A’).

For example, it follows that (A - A7) x (A* - A71) =
(A% A*)- (A x A~1) = 1,,andthat(471)~1 = A,

A doublesymmetry(seeFigure 16) is a naturaldouble
transformationwith adoubleinverse andit verifiessimilar
axiomsto thefirst two in Table6, but w.r.t. thefour compo-
sitionsthatwe have illustrated(horizontal,verticalandthe
two diagonals).

A duplicator is a natural transformationbetweenthe
identity and the tensorproductof two copiesof the argu-
mentandverifiessomeadditionalcoherencaxiomsinvolv-
ing symmetriesanddischagers(seeTable6). A discharger
is anaturaltransformatiorbetweertheidentityandthecon-
stantfunctormappingeachelemeninto theunit of theten-
sorproduct.Thus,doubleduplicators anddoubledischarg-
ers canbedefinedasnaturaldoubletransformationserify-
ing similar coherencaxioms.Let A : D — D x D bethe
diagonaldoublefunctor which makesa copy of the argu-
ment,i.e.,suchthatfor eachA € D, A(A) = (A4, A). Then
doubleduplicatorsand doubledischagersare picturedin
Figurel?.

1
1p — A;® 1p — 1p 1p —s e 1p — 1p
5J, - ‘71 1j T \‘75 ‘r[ ® ll 1J " lt
A;®T‘A;® 1p — A;® GTC 1‘D%’€

Figure 17. Double duplicator s (= and 7) and
doub le disc hargers (¢ and ).

Ta*Ta = Vg,
Ta " Ta = 0,

Yoxd, = la
Yo P, =

Q
—
Q

Table 9. Double coherence axioms.

The coherenceaxiomsthat double symmetries double
duplicatorsand doubledischagersmustsatisfy areessen-
tially the sameof the one-dimensionatase(Table 6), but
repeatedor eachoneof thefour compositionthus

(A) ~, V and! satisfythecoherenceaxiomsw.r.t. _x _;
(B) p, 8, andt satisfythecoherenc@xiomsw.r.t. _- _;
(C) o, m, andg satisfythecoherencexiomsw.r.t. _< _;
(D) o1, 7, andy satisfythecoherenc@xiomsw.r.t. > _;

(E) morecer, the doublecoherenceaxiomsillustratedin
Table9 aresatisfied.

Then,we caneasilydefinefour possiblewvaysof pairing
and projecting. For example,giventwo cells A : h%{q

andB : h%f, thentheir vertical pairing is (4, B)Y =
d1 - (A ® B), andthefirst vertical projectionassociatedo
[ x g = f®gisdefinedasIl] = 1/ ® t,. Analogously

giventwo cells 4 : h%g andC' : l%f, thentheir hori-
zontalpairingis (4, C)! = V,, * (A ® C), andthesecond
horizontalprojectionassociatedo v x w = u ® w is de-
finedasIl} = !, ® 1,,. Diagonalpairings(_, )¢ and(_, _)*
aredefinedin the obviousway. Noticethat,by composing
auxiliary cells, we have aninterestingway of pairing two
cells,whichis notcontainedn thepreviouslist: Theideais

to getany two cells A : h%g andB : l%f suchthath
andl havethe samesourcen, andcomposehemasbelow

(4 x 1" . (1ygw * (A ® B))

this yields a sort of diagonalpairing that works with ary
cells,andnotonly with thosein D<.



