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Dynamic Nets

Names for
@ Places: P ={a,b,...}.
@ Variables: X = {x,y,...}. Moreover X NP = ().
@ Basic Colours: C = P U X ranged over by ¢y, Co, .....
@ Colours: C* ={(cy,...,cp) | Vist.0<i<n:c € C}
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@ Places: P ={a,b,...}.
@ Variables: X = {x,y,...}. Moreover X NP = ().
@ Basic Colours: C = P U X ranged over by ¢y, Co, .....
@ Colours: C* ={(cy,...,cp) | Vist.0<i<n:c € C}

Definition (Coloured Multiset over S and C)
@ Coloured Multiset: m: S — C — N.
@ Set of all finite (coloured) multisets over S and C*: Mg c.
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Dynamic Nets

Names for
@ Places: P ={a,b,...}.
@ Variables: X = {x,y,...}. Moreover X NP = ().
@ Basic Colours: C =P U X ranged over by ¢y, Co, .....
@ Colours: C* ={(cy,...,cp) | Vist.0<i<n:c € C}

Definition (Coloured Multiset over S and C)
@ Coloured Multiset: m: S — C — N.
@ Set of all finite (coloured) multisets over S and C*: Mg c.

Definition (DN)
DN is the least set satisfying:
N = {(SNa TN750Na61N7 mON) |
SNCP A doN: TNHMSN,C ANSN: Ty —=N A mONGch}
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Elements of DN

A C-P/T net
a b
N=({a,b,c}, {c}.oom i a() o(v) X 0
with
® dr(c) = a(x) ® b(x), an .
° 5/\/1( ) (®7®’®7®5C( ))
(Written also t = a(x) @ b(x)[)c(x))
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A Dynamic Net
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Elements of DN

A Dynamic Net

b a C d w
@ o) @ O @
N\ W v NV w / u
ty |
o o

@ Names v and w are free in Ny!!!
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Elements of DN

A Dynamic Net

b a C d w
@ o) @ O @
N\ W v NV w / u
ty |
o ¢

N. N;.
@ Names v and w are free in Ny!!!
@ But they are bound in N to the variables in the preset of t: rn(t )

v
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Elements of DN

A Dynamic Net

b a C d w
@ o) @ O @
N\ W v NV w / u
ty |
w u
O O
N. N;.

@ Names v and w are free in Ny!!!
@ But they are bound in N to the variables in the preset of t: rn(t )

v

Definition (Dynamic Net)
N € DN is a dynamic netif fn(N) = (.

v
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Firing: Example

oc={v=b,w=a}
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Firing: Example

N e Nyo Ny d w
O @
u
d b a c Vu
R R S B
Lt | [ t1 | | |

to
1
(v,w) w d
N{LU ‘6 . @

oc={v=b,w=a}

v
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Firing
Operational semantics

(DYN-FIRING)
t=mphNeT m'eMsc rn(t) € dom(c) and

(S, T,moem") — (S, T,m")e Njo range(o) € S
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(DYN-FIRING)
t=mphNeT m'eMsc rn(t) € dom(c) and

(S, T,moam')— (S, T,m"aNo  a9€e)

(DYN-STEP)

(87 T7 m1) - (87 T? mf]) © N1 (87 T? m2) - (S7 T7 ml2) © N2

(5, T,my@&mg) — (S, T,m & ny)e (Ny © N2)
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Firing
Operational semantics

(DYN-FIRING)
t=mphNeT m'eMsc rn(t) € dom(c) and

(S, T,moem") — (S, T,m")e Njo range(o) € S

(DYN-STEP)

(87 T7 m1) - (87 T? mf]) © N1 (87 T? m2) - (S7 T7 ml2) © N2

(5, T,my@&mg) — (S, T,m & ny)e (Ny © N2)

(DYN-SEQ)

Ny — N{ N{ — Nj

N1 —>N.1
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Unfolding a Dynamic Nets

Dynamic Part:

w v
Markings:
v
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Unfolding a Dynamic Nets

Dynamic Part:

Markings:

s=0n@)) () ==

v
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Unfolding a Dynamic Nets

Dynamic Part:

Markings:

s1 = (0,b(a), 1)

s1 = (0,a(b), 1)

[ = L) o/, a/wh o) |

v
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Unfolding a Dynamic Nets

Dynamic Part:

L e | [ |
(v,w) v ! w
e
w v
Markings:
&1 = (0.5(2), 1) 51 = (0,a(0), 1) O s=0.c@.0
[ = ({s1, 520, {b/v, a/w}, t1) |

v
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Unfolding a Dynamic Nets

Dynamic Part:

dyx b a c

L | Zi | o |
(v,w) vyw

w v
Markings:
&1 = (0.5(2), 1) 51 = (0,a(0), 1) O s=0.c@.0
[ = ({s1, 520, {6/, a/w}, 1) |
v
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Unfolding a Dynamic Nets

Dynamic Part:

dyx b< 2 a cg )

\ ?/ \ Wt R £ w |
Jom vy

w v
Markings:
&1 = (0.5(2), 1) 51 = (0,a(0), 1) O s=0.c@.0
[ = ({s1, 520, {6/, a/w}, 1) |
v
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Unfolding a Dynamic Nets

Dynamic Part:

dyx b< 2 a cg )

\ ?/ \ Wt R £ w |
Jom vy

by b
Markings:
s1 = (0,5(a), 1) s2 = (8, a(b), 1) O s3 = (0,c(a), 1)
[ x1 = ({s1,52}, {o/v,a/w}, t1) |
s = ({x1},a(dx;), 1)
4
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Unfolding a Dynamic Nets

Dynamic Part:

dyx b< 2 a cg )

\ ?/ \ Wt R £ w |
Jom vy

by b
Markings:
s1 = (0,5(a), 1) s2 = (8, a(b), 1) O s3 = (0,c(a), 1)
[ x1 = ({s1,52}, {o/v,a/w}, t1) |
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Unfolding a Dynamic Nets

Dynamic Part:

dyx b a c

P AR AR S

o)’ Lo Lo
\U] I

(v,w) vyw
e

Markings:

s1=(0,p(2),1) s2 = (0,a(p), 1)

[ = o), /v, a/wh o0 |

s3 =(0,c(a), 1)

(52 = (s, o), /v, 2/}, 22) |

sa = ({x1},a(dx,), 1)

x3 = ({53,543}, {d; /v, a/w}, t2) |

ss = ({x2},p(a), 1)

se = ({x3},dx,(a), 1)

x5 = ({s6}, {a/u}, tx;) |

s7=({x4},p(a), 1)
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Dynamic Net Unfolding

UIN] = (S, T, 60,61,S, 7,80, &1):
@ (S, T,d0,01) is an occurrence net
® (8,7,&,&1,0) is a dynamic net,

v
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Dynamic Net Unfolding

U[N] = (S, T, d0,61,5,7,&0,&1):
@ (S, T,d0,01) is an occurrence net
® (8,7,&,&1,0) is a dynamic net,

(INI-PL)  (INI-TR)
ac SN t e TN

aceS teT, &lt)=7don(t), &(t)=dn(t)

v
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Dynamic Net Unfolding

U[N] = (S, T, d0,61,5,7,&0,&1):
@ (S, T,d0,01) is an occurrence net
® (8,7,&,&1,0) is a dynamic net,

(INI-PL)  (INI-TR) (INI1-MK)
a € Sy te Ty mN(a)(c) =n

a€sS teT, &(t)=7don(t), &(t)=dn(t) {(0ale)}x[nNcs
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Dynamic Net Unfolding

UIN] = (S, T, 60,61,S, 7,80, &1):
@ (S, T,d0,01) is an occurrence net
® (8,7,&,&1,0) is a dynamic net,

(INI-PL)  (INI-TR) (INI1-MK)
a € Sy te Ty mN(a)(c) =n

a€sS teT, &(t)=7don(t), &(t)=dn(t) {(0ale)}x[nNcs

(PRE)
B=A{(¢,b;,)li€ J} €S, Co(B), t €T, &(t)o = Bjeyb;

(B,o,t)e T, 6y(B,o,t)=B
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Dynamic Net Unfolding

UIN] = (S, T, 60,61,S, 7,80, &1):
@ (S, T,d0,01) is an occurrence net
® (8,7,&,&1,0) is a dynamic net,

(INI-PL)  (INI-TR) (INI1-MK)
a € Sy te Ty mN(a)(c) =n

a€sS teT, &(t)=7don(t), &(t)=dn(t) {(0ale)}x[nNcs

(PRE)
B=A{(¢,b;,)li€ J} €S, Co(B), t €T, &(t)o = Bjeyb;

(B,o,t)e T, 6y(B,o,t)=B

(POST)
X = (B7U7t) e, é1(t) =N

Q= {({x},b(c),i) | 0 < i< mypxo(b)(€)} €S, 61(x)=Q, SnpxCS,
Tnypx €T, fort € Ty, : &o(tpx) = don, (£)px, &1(Epx) = d1n, (E)pxo
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Process of a Dynamic Net

Process of a dynamic net for N

A net morphism P : K ~~ N from a causal net K'to C = (S, T, dg, 01)
s.t. P(°K) =°C, where U[N] = (S, T, do,01,S,7,&0,&1).
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Process of a Dynamic Net

Process of a dynamic net for N

A net morphism P : K ~~ N from a causal net K'to C = (S, T, dg, 01)
s.t. P(°K) =°C, where U[N] = (S, T, do,01,S,7,&0,&1).

Theorem (Correspondence)
N —* N iff3P : K ~ N s.t.:
(1) pre(P) = moyn and post(P) = mon:;
(Il) (SN’; TN/, 6ON’7 51N’7 m) =Ng ®X:(B,U,t)6P(TK) t.(px, O'),'
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Unfolding pattern

The unfolding depends on the colours carried on by tokens.
Nevertheless, some colours are irrelevant.
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Unfolding pattern

The unfolding depends on the colours carried on by tokens.
Nevertheless, some colours are irrelevant.

\? N ¥

2|

5 5
X c y
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Unfolding pattern

The unfolding depends on the colours carried on by tokens.
Nevertheless, some colours are irrelevant.

S
o

(0, a(v, a)

a b ?

— (o), (5/maivh )
(x,y) X
N | o2 = ({x:},5(a

t2

[y X

é = ({s2},{a/x},t2)
x c

=({x2},c
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Unfolding pattern

The unfolding depends on the colours carried on by tokens.
Nevertheless, some colours are irrelevant.

S
o

a) s1 = (0, 2a(b, ), 1)

@, a(v,

: b ? C?
= ({s1},{p/x,a/y}, t1) x1 = ({s1}, {p/x,b/v}, t1)
[€87] x
L= ] || =@

t2 s2 = ({x1},0(0), 1)

[y X

é = ({s2},{a/x},t2) x2 = ({s2}, {b/x},t2)
x c

= ({x2}, ¢ s3 = ({x2}, c(b), 1)
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Unfolding pattern
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Unfolding pattern

Dynamic Part:

Markings:
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Unfolding pattern

Dynamic Part:

Markings:
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Unfolding pattern

N: Ny: Dynamic Part:
d . w@

<

Markings:

51 = (0,b(x), 0, 1) Q 5 = (m,a(y),w,l)O Q s1 = (0, c(z), 0, 1)
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Unfolding pattern

Dynamic Part:

Markings:

51 = (0,b(x), 0, 1) 52 = (0,a(y),0,1) Q o1 =

[x1 = ({s1, 82} {v/v, x/w}, £1,0)]
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Unfolding pattern

Dynamic Part:

\U/(V,W) v l w
v O

b a c dx
w v v w u
t t2 | txq
l u

O

Markings:

51 = (0,b(x), 0, 1) 52 = (0,a(y),0,1) Q s1 = (0, (), 0, 1)

[x1 = ({s1, 82} {v/v, x/w}, £1,0)]
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Unfolding pattern

Dynamic Part:

t1

Txy

to ‘
\U,(v,w) v l w
v O

[
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Unfolding pattern

Dynamic Part:

b a c dx dx

wov v o w u u

Markings:

s1=(0,p(x),0,1) s1=(0,c(2),0,1)

[x1 = ({s1, 82} {v/v, x/w}, £1,0)] [x2 = ({s2, 53}, {v/v,2/w}, t2,0)]

%} ss = ({x2},v(2),0,1)

sa = ({x1},x(dx, ), 0, 1)

[x3 = ({53, 54}, {dx; /v, z/w}, t2, {a/x}) | [xa = ({s1,s5}, {z/v, x/w}, t1, {a/v}) |
é—>}<5 = ({s6}, {z/u} tx {a/x}) é
se = ({x3}, dxy (2), {a/x}, 1) s7 = ({xa}, 2(dx, ), {a/v}, 1)

ss = ({xs}, v(2), {a/x}, 1)
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Dynamic Net Unfolding Pattern

The unfolding pattern of N

u[N] = (87 Ta 507 01 ) Sa Ta 50) §1 ):
@ (S, T,d0,01) is an (reconfigurable occurrence net)
° (Sv T’ gOa 51 ) @) € DN,

(INI-PL-PATT) (INI-TR-PATT) (INI-MK-PATT)

a € Sy teTy mN(a)(c) =n
a€s teT, &(t)=0don(t), &(t)=2dn(t) {(0,a(c),0)} x[n]CS

(PRE-PATT)

B={(¢;bj,n,ipli€cJy €8, Co(B), teT, &l(t)o=®jcybjur,
range(u:) C Sy, p=pcU U,- wj well — defined substitution

(B7U7t7/"')€ T7 60(B,a,t,,u):B

(POST-PATT)
x=(B,o,t,p) €T, &(t)=N

Q= {({x},6(c), 11.7) | 0 < i < my, pxo(0)(€)} € S, 61(x) = Q, Sy,px C S,
Tnypx €T, for t € Ty, = &o(tpx) = don, (t)px, &1(tpx) = d1n, (E)pxo
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Instance of a pattern

@ Given the unfolding pattern for p = b(x) ® a(y) ® c(2)

s1 = (0,b(x),0,1) s1=(0,¢c(2),0,1)

[x1 = ({s1, 82}, {y/v, x/w}, £1,0)] [x2 = ({s2, 53}, {y/v,z/w}, t2,0)]

sa = ({x1},x(dx;), 0,1) ss = ({x2},v(2),0,1)

(%5 = {53, 543, {any /v, 2/9F, 2, {a/xD) | (5= Qen,sah /v, /ot e {a/vD) |

5 = ({6}, {z/u}, tx . {a/x})
se = ({x3}, dx; (2), {a/x}, 1) s7 = ({xa},x(dx,), {a/v}, 1)
sg = ({xs5},v(2), {a/x},1)
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Instance of a pattern

@ Given the unfolding pattern for p = b(x) ® a(y) ® c(2)

@ How do we obtain the unfolding for my = b(a) @ a(b) & c(a) = pb,
with 0 = {a/x,b/y,a/z}.

s1=(0,b(x),0,1) s1=(0,¢c(2),0,1)

[x1 = ({s1, 82}, {y/v,x/w}, t1,0)] [x2 = ({s2, 83}, {y/v,z/w},t2,0

é) ss = ({x2},v(2),0,1)

sa = ({x1},x(dx; ), 0,1)

[ = {53,943, {9x, /v 2/9%, 2, {a/5)) | [ = Usw, 551, {2/v, 5/}, £1, a/v)) |
(5—»5 = (561, {2/9) ey (a/50) é
s = ({x3}, dx, (2), {a/x}, 1) = ({xa}, x(dx, ), {2/v}, 1)

sg = ({xs},v(2), {a/X} 1)
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Instance of a pattern

@ Given the unfolding pattern for p = b(x) ® a(y) ® c(2)

@ How do we obtain the unfolding for my = b(a) @ a(b) & c(a) = pb,
with 0 = {a/x,b/y,a/z}.

@ By removing the elements that are not consistent with ¢

s1=(0,b(x),0,1)

[x1 = ({s1, 82}, {y/v,x/w}, t1,0)] [x2 = ({s2, 83}, {y/v,z/w},t2,0

é) ss = ({x2},v(2),0,1)

sa = ({x1},%(0x;), 0, 1)

[ = {53,943, {9x, /v 2/9%, 2, {a/5)) | [ = Usw, 551, {2/v, 5/}, £1, a/v)) |
d)—*, = (561, {2/9) ey (a/50) é
s = ({x3}, dx, (2), {a/x}, 1) = ({xa}, x(dx, ), {2/v}, 1)

sg = ({xs},v(2), {a/X} 1)
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Instance of a pattern

@ Given the unfolding pattern for p = b(x) ® a(y) ® c(2)

@ How do we obtain the unfolding for my = b(a) @ a(b) & c(a) = pb,
with 0 = {a/x,b/y,a/z}.

@ By removing the elements that are not consistent with ¢

s1=(0,b(x),0,1)

[x1 = ({s1, 52}, {y/v,x/w}, t1,0)] [x2 = ({s2, 83}, {y/v,2z/w}, t2,0

é) ss = ({x2},v(2),0,1)

sa = ({x1},%(0x;), 0, 1)

[ = U3, 943, {9x, /v 2/9), 02, o/ | [ = Usw, 551, {2/v, x/wh, 21, (a/9)) |
d)—*, = (51, {2/ ey (2/50) é
s6 = ({x3}, dx; (2), {2/}, 1) = ({xa}, x(dy, ), {2/v}, 1)

sg = ({xs},v(2), {a/x} 1)
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Instance of a pattern

@ Given the unfolding pattern for p = b(x) ® a(y) ® c(2)

@ How do we obtain the unfolding for my = b(a) @ a(b) & c(a) = pb,
with 0 = {a/x,b/y,a/z}.

@ By removing the elements that are not consistent with ¢

s1 = (0,b(x),0,1) s1=(0,¢(2),0,1)

[x1 = ({s1, 52}, {y/v, x/w}, t1,0)] [x2 = ({s2, 53}, {y/v, z/w}, t2,0)]

se = ({x1}, x(x,), 0, 1) ss = ({x2},v(2), 0, 1)

[ = (53, 941, {35, /v, 2/9), 2, (/1) |

5 = ({s6}, {z/u}, txy, {a/x})

se = ({x3}, dx; (2), {a/x}, 1)
sg = ({xs5}, v(z), {a/x}, 1)
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Instance of a pattern

Instances of &/P[N] (initial marking p)
@ Given a substitution 0, s.t. dom(#) C coly(p) and range(6) C Sy,
@ UP[N]O = (S0, TY, 800,061,860, T, E0y,£01) is , defined as:

(H,a(c),u,n) € S, (nU0) well — defined ax €S8, xeTo xeT0
(H,a(c),u,n) € SO ax € S0 50i(x) = 6;(x)

(B,o,t,u) € T, (nU80) well — defined tx €7, xeTo teTh
(B,o,t,u) € TO tx €70 £0i(t) = &i(t)
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Unfoldings are instances of patterns

Lemma (Correspondence)

LetU[N] and UP[N]6 s.t. mgn = pb. Then, there exists a bijective
f= (fs S — SPQ, fr:T—TpO,fs:S —Spb,fr : T — Tp@) S.L.:
@ Dynamic structures are isomorphic:

Ve e T : fs(*t))fs(t®) =a *fr () fr(t)e;
@ Causal nets are isomorphic:

Vx e T:1s(*x)[)fs(x*) = *fr(c)Dfr(c)*s
© Mapped events correspond to the same transition:

Vx = (B,o,t) e T: fr(x) = (B,d, fr(t), n);
©Q Mapped places correspond to the same token:

Vs = (H,a(c),i) € S: fs(s) = (H',b(c), u,j) and

a(c) = fs(b(c)b).
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Process Pattern

Process Pattern

A process pattern PP is a net morphism
@ PP: K — (S, T,dp,61), where UP[N] = (S, T, dp,01,S,7,&0,&1);
@ Yy, up € inst(PP(D(PP))) : uq U uo is a well-defined substitution.
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Process Pattern

Process Pattern

A process pattern PP is a net morphism
@ PP: K — (S, T,dp,61), where UP[N] = (S, T, dp,01,S,7,&0,&1);
@ Yy, up € inst(PP(D(PP))) : uq U uo is a well-defined substitution.

v

Process pattern instantiation

A substitution 6 is a compatible instantiation of PP iff is compatible with
the instantiations of final elements of PP: V. € inst(PP(D(PP))), U6
is a well-defined substitution

v
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Process instances

Lemma

Let PP be a process pattern of N for the unfolding pattern UP[N], and
0 a compatible instantiation. Then, PP is a process of UP[N]6.
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Process instances

Lemma

Let PP be a process pattern of N for the unfolding pattern UP[N], and
0 a compatible instantiation. Then, PP is a process of UP[N]6.

Theorem (Correspondence)

Let PP be a process pattern of N for the linear pattern p s.t. moy = p6.
Then, PP6 describes a process of U[N].

v
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Conclusions

@ We have extended the ordinary notion of unfolding and process to
the more expressive setting of dynamic nets.

@ We give a more general notion of unfolding patterns and

processes that account that capture the behaviour of several initial
markings.

@ Indirectly, we provide a process semantics for the Join calculus,
which is a name passing calculus.
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