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Abstract We shav thatthe so-calledPetri netsaremonoids’approachnitiated
by MeseyuerandMontanaricanbe extendedrom ordinaryplace/transitiorPetri
netsto contextual netsby consideringsuitablenon-freemonoidsof places.The
algebraiccharacterizationsf netconcurrentomputationsve provide cover both
thecollectiveandtheindividual token philosophy uniformlyalongthetwo inter-
pretationsandcoincidewith theclassicaproposaldor place/transitiorPetrinets
in theabsencef read-arcs.

Intr oduction

The basicfeaturescommonto ary ‘flavour’ of Petrinet[28] essentiallyarethatstates
are(multi)setsof distributed,abstracresourcesandthatactionsonly involve thecoor
dinationof local partsof the state asthey canconsumesomeof theresourcesvailable
andreleasdreshresourcesAccordingly, acomputationcanbe describedabstractlyas
apartialorderof eventsin which ary two eventsareeithercausallydependent when
onecould not have beenexecutedwithout a resourceprovided by the other— or con-
current—whenthey couldhave happenedh arny order, becausehey affectindependent
subsystemsThesefeaturesmake netmodelssuitablefor representingn a satisactory
way concurentanddistributedsystemsn mary interdisciplinaryapplications.
Meseauer and Montanariin [22,23] (and successiely in [12,13,31,32,6,14] se/-
eral authors)have recastedhesefactsin algebraictermsto unveil propertiesof net
computationsand, especially of the intrinsic concurreng of the net model. The un-
derlying idea of the so-called‘Petri nets are monoids’ approachis to lift the alge-
braic structureof statesto the level of computationsso that the distribution of the
resourcess reflectedon the performedactions,analogouslyto whathappensn rewrit-
ing logic [20,2]], in structued transitionsystemg11] andin tile logic [17,4]. In the
caseof ordinary place/transitiorPetri nets(PT nets),statesare multisetsof places,or
equialently, element®of thefreecommutatve monoidoverthesetof placesMoreover,
a computationcanbe obviously composedvith any computationthat originatesfrom
the samestatein which thefirst ends yielding a computatiorthatis the concatenation
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of the two. Hence,computationgossesdy naturean intrinsic (partial) operationof
‘sequential’compositiorthatgivesriseto a category— arrovs arecomputationsidenti-
tiesrepresentinginusedokens.Lifting the monoidalstructureof statego thecateyory
of computationsesultsin amonoidalcategory of computationswherethefunctoriality
law of themonoidaltensormproductexpresses basicfactaboutthetrue concurencyof
themodel.Namely thatin any computatiortherelative orderin whichtwo concurrent
actionsareexecuteds alwaysimmaterial.In fact,if a; anda, arecomputationsuch
thata;, for i = 1,2, originatesn u; andleadsto v; (written a;: u; — v;), then

(a1 @idy,); (idy, ®02) = 01 @ a2 = (idy, ® 02); (01 B idy,),

whered is thetensomproduct(modelingconcurrentompositiorof computationsprig-
inatedfrom multisetunionon states, ; _ is theoperationof sequentiatompositionand
theidy,, idy, areidle component®f computationswith e.g.,idy,; 01 = 01 = ag;idy,.

Theextensive useof PT netshasgivenriseto differentschoolsof thoughtconcern-
ing their semanticnterpretationIn particular the main distinctionis drawn between
collectiveand individual token philosophieg(seee.g.[33]). Accordingto the collec-
tive token philosophy(CTph), oneis not interestedn distinguishingamongdifferent
tokensin the sameplace(i.e.,amonginstance®f the sameresource)becausall such
tokensare operationallyequivalent. However, tokensmay have differentorigins and
histories,carrying different causalityinformation and henceconsumingone instance
ratherthananothey canmalke the differencefrom being causallydependenbr not on
somepreviousevent. Thepoint of view of theindividualtokenphilosophy(ITph) is that
thesecausaldependenciemay well form an essentiainformationthat shouldnot be
discardedvhen,e.g.,flow analysisis concernedOf course causaldependenciemay
influencethe degreeof concurreng in abstracicomputationsandthereforeCTph and
ITph leadto quite differentconcurrensemantics.

For ordinary PT netsthe algebraicapproachhasbeenpursuedunderboth philoso-
phies,characterizinglifferentkinds of netprocessesrangingfrom BestandDevillers
commutatve processe$§3] (that supportthe CTph) to concatenabl@rocesse$l3,31]
and strongly concatenabl@rocesse$32] (that supportthe ITph). Note that the ITph
relieson a tensorproductwhich can be commutatve only up to a monoidalnatural
isomorphism.Therefore the algebraicapproachrequiressomespecialmechanisrmin
orderto accommodaté¢helifting of the (commutatve) monoidalstructureof statesit
is worth mentioningthatthe algebraicapproactunderthe ITph is completelystraight-
forwardfor the recentproposalof pre-netg6] whosestatesarebasedon stringsrather
thanmultisets.Fromthis point of view, the approachnitiated by MeseyuerandMon-
tanariis completelygenerabndcanbeappliedto moregenerahetmodelswhere.e.qg.,
tokensaresomekind of morecomplex data[25,15|.

Several extensionsof the basicPT net paradigmhave beenconsideredn the lit-
eraturethat eitherincreasethe expressve power or give a betterrepresentationf ex-
isting phenomenaThis paperfocuseson extendingthe ‘Petri netsare monoids’ ap-
proachto contextual nets alsoknown asnetswith read-arcs, or condition-arcs or test-
arcs[10,27,1935. Themotivatingideabehind‘read-arcs'is thatof readingresources
without consumingthem, thus providing a way of modelingmultiple concurrentac-
cessego the sameresource Using ordinary PT netssuchreadingsmustbe rendered
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asself-loops andthis imposesan unwantedsequentializatiorof concurrentreadings.
On the contrary with contextual nets,besidespre and post-setstransitionsalso have
‘contets, thatis resourceghat are necessaryor the enablingbut are not affected
by the firing. Contectual netshave found applicationse.g., to transactionserializabil-
ity in databasef30], concurrentconstrainprogramming26], andasynchronousys-
tems[34].

Independentlyof CTph andITph, for contextual netsseveral differentapproaches
have beenproposedhatdiffer for theway in which contexts areread.For example let
us considerthe netsNz, No andNgz in Figure 1, takenfrom [35]. (As usual,placesare
representedy circles,tokensby blackbullets,transitionsby boxes,pre-andpost-sets
by directedweightedarcs,andcontextsby undirectedveightedarcs with unaryweights
always omitted.) According to the semanticinterpretationof [27], the transitionstg
andt; canfire concurrentlyin Nz, but neitherin Nz norin N3, sincethebasicassumption
is that a token cannotbe readand consumedn the samestep.In [19], instead,the
concurrentstepis allowed for all threenets,the basicassumptiorbeingthatty andt;
canboth starttogether readthe contect tokens,and needthem not while the actions
take place.Besidests possiblemerits,we find this interpretatiomot fully corvincing
as,for instancejn N3 we would endup in a statethatcannotbe reachedy ary firing
sequenceThe basicassumptiorof [35] thatfirings have durationleadsto considerST
traces,whereexplicit transition-startsand transition-endssventsare fired. HenceNy
canstarttp andthent; beforety completesallowing the concurrentstep{to,t1} (with
the hypothesighatty startsfirst). Onthe contraryin N3 if eithertg or t; startsthenthe
contet for the othertransitionis consumedandthe concurrentstepis forbidden.We
follow theinterpretatiorof [27] thatfits betterour understandingf contexts.

Contextual nets and collective token philosophy. The algebraictheoryfor PT nets
developedunderthe CTph is well consolidatedandthe relationshipdetweerits com-
putational algebraic andlogical interpretationsreby now very clear[5]. Startingwith
the classical'token-game’'semanticsmary computationaimodelsfor Petrinetshave
beenproposedhatfollow the CTph. In particular the commutativeprocesse®f Best
andDevillers [3] reconcilethe ‘diamond’ equivalence(cf. § 1.1) on firing andstepse-
quencesand expressvery nicely the concurreng of the model. They alsoadmit an
exactalgebraicrepresentatiolny meansof the universalconstruction7 (_) thatyields



strictly symmetricstrict monoidalcategoriesfrom the category of PT nets.More pre-
cisely, givenaPT netN, theobjectsof 7' (N) aremarkingsandits arrons correspondo
thecommutatve processesf N [23,13).

Surprisingly CTph semanticdor contextual nets have receved poor attentionin
theliterature,not only for whatconcernghe algebraidreatmentWhetherbecausehe
problemhasbeenunderestimatedyr simply becauséhe ITph is morefascinatingwe
cannottell. In ary casewe think thatit is usefulto addresghis discrepang with the
semanticof ordinary PT nets.Moreover, althoughone caneasilyextendthe diamond
equialencdo firing sequencesncontetualnets theformalizationof agoodalgebraic
modelis notatall straightforvard.Inspiredby a suggestiomadeby Meseayuerin [21],
we give herea satishctory treatmentof this issue.The ideais to considermonoidal
catggorieswith a commutatve tensorproducttaken — differently from the caseof PT
nets— over a non-freemonoid of places.In particular we regard eachtoken a asan
atom(for lack of abetteranalogy)thatcanemit‘negative’ particlesa™ (electong while
keepingrackof theirnumberi.e.,asin [21], weassumehatfor all ke N, a=ak@k-a”,
whereaK representanatomthathasreleasedxactly k particlesto the ervironment.

Replacingcontext arcson a with self-looparcson a’, we areableto give an ax-
iomatic constructiorof a monoidalcategory whosearrons betweerstandardnarkings
(i.e.,containingno negative particles)are(isomorphicto) the concurrentomputations
of thenetaccordingo theCTph. A key ingredientfor thisresultto hold is theso-called
maximunsharinghypothesisanaxiomexpressinghatconcurrenteadingsanalways
be seenassharingthe sametoken,a fundamentaldeain CTph.

Contextual netsand individual token philosophy. Building onthenotionof process
introducedby Goltz and Reisigin [18], several authorshave shovn that the seman-
tics of netsin the ITph canstill be understoodn termsof symmetricmonoidalcate-
gories wherethe tensorproduct,this time denotedby - ® _, is commutatve only up

to amonoidalnaturalisomorphismy calledsymmetry(for strictly symmetricmonoidal
catgyoriesthe transformatiory is just the identity). In particular a simplevariationof

Goltz-Reisigprocessesalled concatenableprocessess introducedin [13] (seealso
[31]), which admitssequentiatompositionandyields a symmetricmonoidalcateyory

P(N) for eachnetN. Notethat® is commutatve ontheobjectsof P(N). A refinedver

sionof concatenablgrocessess givenby stronglyconcatenablerocessef32] where
originsanddestinationsaretotally ordered(asopposedo the orderingsof originsand
destinationsof concatenablgrocesseshat are indexed by the places).Also several

unfolding semantic{seee.g.[36,24]) have beenproposedhatgive a denotationaln-

terpretatiorof theinterplaybetweerconcurreng, causalityandnondeterminism.

For contextual netsboththe processandthe unfolding approachebave beenstud-
ied [27,8,9,21], giving a satishctory understandingf the computationaimodel via
theintroductionof asymmetrieventstructules The algebraicapproachhowever, has
beenpursuedonly in a recentpaperby Gadducciand Montanari[16] using matc-
shae categyories.Theirbasicideais that,togethemwith symmetriestwo additionalaux-
iliary constructoranustbe present:onefor duplicatingtokensand one for matcing
them.Formally, for eachplacea the auxiliary arrons Oy:a — a® a andAza® a —
a are addedto the computationalmodel (and suitably axiomatized,by letting e.g.,
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Oa; Aa = idy and Oa; Yaa = Oa With id, the identity arrov on a andya s the symme-
try that swapstwo tokensin a). Read-arcxan then be replacedby self-loops(i.e.,
if the transitiont consumesu, readsv and producesw, thenone considersa derived
transitionty: Uu® v — w® V), and readingwithout consumingmodeledby duplicating
the context, firing the transitionconcurrentlywith anidle copy of the context, andthen
matchingtheidle copy with the correspondingroducedokens(i.e., by consideringhe
arrov t, = (idy ® Oy); (ty ®idy); (idw ® Ay) illustratedin Figure2(a)). Multiple concur
rentaccesss achiezed by producingvia duplication— andthenabsorbingvia match-
ing — enoughcopiesof the contet. In [16], a suitableaxiomatizationof duplicators
andmatcherds introducedandprovedto representaithfully the basicfactaboutcon-
currentaccessstepssharingthe samecontext, but otherwisedisjointly enabled,can
executeconcurrentlyor in ary interleaved order with no noticeabledifference(e.g.,
using the notationabove, the term (idy ®1,); (Y w ® idy); (idw ® t?,); (Yo w ®idy), il-
lustratedin Figure 2(b), for t' that consumes/, readsv and producesw, is equiva-
lentto (yy y ®idy); (idy ® t?,); (Yow ®idy); (idy ® 1) in Figure2(c), andboth admita
normalform wherethe subtermg, andt/ are executedconcurrently asillustratedin
Figure2(d)).

The maindrawbackof this approachs thattheinitial modelcontainstoo manyar-
rows and,thereforejn orderto obtaina bijectionwith contextual processesnehasto
care asuitablesubcatgory. Althoughthearrows of this subcatgory canbecharacter
izedby inspectingtheir structure the lack of a global correspondenceomehav weak-
ensthe framavork. We aim atimproving the approaclof [16] startingfrom the obser
vationthatthe unwantedarrovs aredueto redundaninformationin themodel.In fact,
oncea context tokenis readby a transitionwe know the ‘real’ tokenit is connectedo:
the oneduplicationwasappliedto. Hence the matchoperation heededor expressing



concurrenteadingsdoesnotaddary furtherinformationandmayintroduceinconsis-
tentbehaiors. For example giventwo tokensin theplacea, onecanfirst duplicateboth
andthenmatcheachcopy of thefirst tokenwith a copy of the secondoken:it should
be evidentthatthe resultingarron (written (0a ® Oa); (ida ® Yaa ® ida); (Aa ® Aa)) is
meaninglesgrom the computationaliewpoint, unlessthe two tokensrepresenthe
samecontet. We overcomethis problemby extendingto the ITph the approachpro-
posedfor theCTph in thefirst partof the paper

Thekey of our proposals to regulatethe useof symmetrieson the markingssoto
forbid theswappingof aak andanadjacens’. This preventsthe migrationof electrons
from atomto atom,asit might happenn the CTph andin [16]. Theabsenc®f electron
migrationrepresentsin the ITph, a sort of dual to the maximumsharinghypothesis,
thatwe call exact sharinghypothesisMost notably the restrictionis imposedsimply
by omitting the correspondingsymmetriesfrom the model. And reintroducingthem
would in factresultin aredundanframework perfectlyanalogougo the oneprovided
by match-shareateyories.Obsene that this yields a monoidalcateyory that, formally
speakingjs not symmetricanymore:we allow only selecteccommutationsy explic-
itly including selectedsymmetriesThesewill include, of course all the symmetries
betweerstandardnarkings(i.e., thosein which tokenshave releasedo particles).and
will excludeall thosethatmayleadto confusethe causahistoriesof tokens.Our main
resultis that,again thearrovs betweerstandardnarkingsarein bijectionwith aslight
refinementof contextual processes;alled concatenablecontectual processesln this,
it is crucialthatthe modelbe ableto treatparticlesin differentwaysdependingon the
context. On the one hand,accordingto the ITph, we needto distinguishbetweena”
releasedy differentatoms,but on the otherhand,similarly to the CTph, we wantto
identify thoseparticlesgeneratedby the samea. Thisis the precisecontentof our exact
sharinghypothesisasformalizedby a new axiomthatwe call (A).

Origin andstructue of thepaper Thispaperuildsonthework reportedn [7]. Besides
extendingloc. cit. by detailedexamplesandproofsof the mainresults,we improve its
treatmentof the ITph in mary respectsin particular in [7] we relied on a distinction
betweerforwardandbackwardcontexts, realizedthrougha secondind of electron a-,
in additionto a”. Moreover, differentlyfrom here,ourrepresentatioresultwasphrased
in termsof strongly concatenableontextual processesAxiom (4) is instrumentalin
theseimprovementsandis firstintroducedhere.

In Sectionl werecallsomebasicsaboutcontextual netsandthealgebraicsemantics
of PT nets.In Section? and3 we definealgebraicsemanticgor contectual netsunder
boththe CTph andthelTph, providing original characterizatiomesultsfor commutatve
andconcatenableontextual processediVe remarkthatin the absencef read-arcspur
semanticoincidewith theclassicabnes.

1 Preliminaries

1.1 Contextual nets

Contextual netswereintroducedor extendingPT netswith the ‘readwithoutconsume’
operation10,27,19,35]. Thestatef contextual netsarecalledmarkingsandrepresent



distributionsof resourcegtokens in typedrepositoriegplaceg. Giventhe setof places
S, markingscanbeseerasmultisetsu: S— N, whereu(a) denoteshenumberof tokens
thatplacea carriesin u. Thesetof finite multiseton Sis the free commutatve monoid
on S. We denoteit by S®, andindicatemultisetinclusion, differenceandunion by C,
@ ande, respectiely, with uc v definedonly for v C u. For k a naturalnumberandu
amultiset,k- u is the multisetsuchthat (k- u)(a) = k- u(a) for all a. We denoteby |u|
theunderlyingsetof u, thatcanbe seenasthemultisetsuchthat |u| (a) = 1if u(a) > 0
and|u|(a) = 0 otherwise.

Definition 1. AcontextualnetN isatuple(S,T,do,01,¢), where Sisthesetof places,T
isthesetoftransitions dg,d1: T — S® arethepre andpost-sefunctionsandg T — SP
is the context function. Besidesthe usual assumptiorthat ¢(t) and do(t) @ 941(t) are
disjointfor each transitiont, weassumehat¢(t) is a set.

Informally, do(t) @ ¢(t) is the minimum amountof resourceshatt requiresto be
enabled Of theseresourcesthosein do(t) areretrievedandconsumedwhile thosein
¢(t) arejust readandleft on their repositoriesWhent hasaccomplishedts task, it
returnso; (t) freshtokensandreleaseshe context. Only at this point othertransitions
will be ableto consumethe tokensin ¢(t), whereasthey can usethe samecontext
concurrentlywith t.

Definition 2. Letu andv be markings,and X a finite multisetof transitionsof a con-
textual netN = (S, T,00,01,G). We saythat u evolvesto v underthe stepX, in sym-
bolsu [X) v, if the transitionsin X are concurently enabledat u, i.e., [Pyt G(1)] &
Bt X(t) - 90(t) Cu,and

V=uo (@X(t)-ao(t)) O EPX(t)-01(t).

teT teT
A stepsequencéromup to up is a sequencelp [X1) Uz ...Un—1 [Xn) Un.

Thusthe executionof the stepX requireshatthe markingu containsat leastall the
tokensin the preconditionsdy(t) of transitionst € X plus at leastonetoken for each
placethatis usedas context by sometransitionin X. This matcheghe intuition that
a token canbe usedas context by mary transitionsat the sametime. From the point
of view of concurreng, thefactthattransitionsin X areexecutedin a stepmeanghat
they canbe equivalently executedin ary order Thus,likewise ordinary PT nets,step
sequencefor contextual netscanbe consideredip to the equivalenceinducedby the
diamondtransformationrelation _ < _ definedby u [X®Y) v o u[X) uq [Y) v for ary
stepu [X @ Y) v (andsuitableu;). Thediamondequivalences thereflexive,symmetric,
transitve andsequencesoncatenatioglosureof therelation_o _.

Definition 3. Givena contextual net N, the strictly symmetricstrict monoidal cate-
gory (cf. § 1.2) of contextual commutatve processeg 7 (N) hasthe markingsof N
asobjects,its stepsequencedaken modulothe diamondequivalenceas arrows,and
compositioris givenby sequenceoncatenation.
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In the ITph, computationsare commonly describedin termsof structuresrepre-
sentingthe causalrelationshipshetweenevent occurrencesin the caseof nets,thisis
fruitfully formalizedthroughthefollowing notionof processWe remarkthattheseno-
tions are consenative extensionof the correspondingiotionsfor ordinary PT nets,to
which they reducein the absenceof read-arcsThe relation_ ~ _ — usedby Baldan,
Corradiniand Montanari[2,1] for nondeterministicontetual processes- referredto
in the definition below is the leastpreorderin whicht preceded’, writtent #t’, if
eitherdy(t) N (do(t") UC(t")) # @, seeFigures3(a) and3(b), or ¢(t) Ndo(t') # &, see
Figure3(c).

Definition 4. A (deterministic)contextual processetis a finite, acyclicw.r.t. ,/, con-
textual net® sud that

1. forall t € Te, do(t) and 01 (t) are sets(asopposedo multisets)and
2. for all pairstg #t1 € To, 0i(to) N0i(t1) = &, fori =0, 1.

Remarkl. Onecouldarguethatin the contextual procesetillustratedin Figure3(c)
the transitiont’ might alsofire beforet, inhibiting it. In fact, this cannotbe the case.
Sincethe netis a processi.e., the descriptionof a deterministicrun, botht andt’
mustfired, andthe only possibleinterpretationis thatt mustexecutebeforet’. There
is however no causaldependencdetweenthe two events,but only a temporalone.
Thereforet ,t’ meanghatt precede$’, eithercausallyor justtemporally

Two transitionst andt’ in a deterministicoccurrencenet are called concurent if
they arenot relatedby  (i.e., if they arenot causallyor temporallydependenbne
from the other).We remarkthatthe samedefinition doesnot apply to nondeterministic
processeswherethe concurreng relationmustbe definedon arbitrary setsof transi-
tionsandnotjuston pairs.

Definition 5. A contextual procesgtof a contextualnetN consistof a contextual pro-
cessnet© togetherwith a pair of functions(rtr, Tis), where 1r: To — Ty andTis: So —
N, thatrespecskource targetandcontext, i.e., sud thatdyj o Ter = Tise de;, for i = 0,1,
andgy o Ty = Tiso Ge. Contectual processesire consideedup to isomorphism.



If no confusioncanarise,we denotethe componentst andTis just by Tt

1.2 Petri netsare monoids

The paper[23] built on the monoidalstructureof markingsto provide an algebraic
characterizatiomf the concurrenttomputationof nets.The basicideawasto lift the
structureof statesto the level of transitions,providing an algebraicrepresentatiomf
concurrentfiring. In turn, these'algebraic’ stepscan be sequentiallyconcatenateth
orderto expressmore complex computationsWhile sequentiacompositionendavs
computationgvith a categorical structure— markingsare objects,computationsarear
rows, andidle tokensareidentities— the parallelcompositionyields a tensorproduct.
Theinterplayof parallelandsequentiatompositionyegulatedby functoriality of tensor
productsmodelsabasicfactaboutconcurreng, namelythatconcurrentransitionscan
occurin ary relative order Underthe CTph thetensomproductcansimply becommuta-
tive. Then,eachpPT netN freely generatea strictly symmetricstrict monoidalcateyory
T (N) whosearrovs arein bijectionwith thecommutativeprocessesf N [3].

Underthe ITph the situationis more complex. To be ableto modelcausaldepen-
denciesmultisetsof transitionsarenot enough Degano,MeseguerandMontanaripro-
posedo keepsimplemarkingsasobjects but to considematensormproductnoncommu-
tative onthearrows, togethemwith a collectionof arrovs thatmay be usedto explicitly
changethe orderin which transitionsfetchandproducetokens[13]. Sucharrows, col-
lectedtogetherasthe component®f a naturalisomorphismturn outto betheclassical
notionof symmetryn categorytheory thusleadingto theconstructiorof a(nonstrictly)
symmetricstrict monoidalcategory P(N) for eachnetN, whosearrowns definethe con-
catenableprocessesf N. A moreconcreteconstructionQ (N), wasintroducedn [32]
in orderto remove somedeficienciesof the previous approach.The main featureof
Q(N), which captureghe so-calledstrongly concatenablgrocessess thatits objects
arestringsratherthanmultisetsof tokens.

For thereaders corvenienceye briefly recallthedefinitionof monoidalcateyories
andrelatedconceptsAs usual,for C a catggory, we denotethe identity arrow on the
objectu by idy:u — u andthe compositionof two arrows f:u — v andg:v — w by
f;g:u—w(i.e.,theoperation;_compose# thediagrammatiorder).In whatfollows
welet O, andA, denoterespectiely the objectsandthe arrons of C andlet x denote
theordinarycartesiarproductof categories.

Definition 6. A strictmonoidalcateyoryis atriple {(C,®,€), whee C is theunderlying
category, thefunctor®: C x C — (C is called tensorproductand the objecte € O is
calledtheunit. Moreover, thetensorproductsatisfiegheassociativitjaw f ® (g®h) =
(f ®g)®hforall f,g,h e A- andhasthe constantfunctor associatedo e as neutal
elementj.e.,ide® f =f = f®ide, forall f € A..

For non-strictmonoidalcategories theassociatiity andunit laws aresatisfiedonly
up to suitablenaturalisomorphismsSincewe shall always considerstrict monoidal
catagyories,the adjectie ‘strict’ canbe omittedto simplify the terminology Whenthe
tensorproductis commutatve up to a suitablenaturalisomorphismthe monoidalcat-
egoryis called‘symmetric’.



Definition 7. A symmetricmonoidalcategory is a 4-tuple (C,®,e,Y), wher (C,®,€)
is a monoidalcategoryandy: .1 ® » = _» ® _1 is a natural isomorphisnsatisfyingthe
Kelly-MacLanecoheenceaxiomsexpressedy thefollowing equations:

Yuv; You = idy ®idy
Yovew = (Yuy ® idw); (idy ® Yuw)

for all objectsu,v,w € O.

Note thatthe equalityy, e = idy follows from the factthatu® e = u togethemwith
axiomsabove. Wheny is theidentity naturaltransformationthenthetensorproductis
commutatve andthecategoryis called'strictly symmetric’.Thearrowns of asymmetric
monoidalcateyory that canbe obtainedasthe sequentiabnd parallel compositionof
identitiesandsymmetriesarecalledpermutationsandrangedby o, ¢/, 01, andsoon.

Definition 8. Let{(C,®,¢e) and{(’,®’,€) bemonoidalcategories.AfunctorF: C — '
is called strict monoidalif F(e) = € andF(f ® g) = F(f) ® F(g) for all f,ge€ A..

Again, we shallomit theterm‘strict’, sinceall monoidalfunctorsthatwe consider
areso. The categgory of monoidalcateyoriesandmonoidalfunctorsis commonlyindi-
catedby MonCat. Moreover, we denoteby CMonCat the full subcatgory of strictly
symmetricmonoidalcategories,and useMonCat® and CMonCat® for the full sub-
catagyory of, respectrely, MonCat and CMonCat consistingof monoidal cateyories
whosesetsof objectsarefreely generatedommutatve monoids.In particulay we have
thatboth 7' (N) andC7 (N) belongto CMonCat®.

Definition 9. Let (C,®,e,y) and (C',®',€,Y) be symmetricmonoidal categories. A
monoidalfunctorF: (C,®,e) — (C',®',€) is said symmetricif F(yyy) = \/F(U) v

We denoteby SSMC the subcatgory of MonCat whoseobjectsare symmetric
monoidalcateyoriesandwhosearrons aresymmetricmonoidalfunctors.Let SSMC®
(resp.SSMC?) be the full subcatgory of SSMC consistingof monoidal cateyories
whosesetsof objectsarefreely generatednonoids(resp.commutatve monoids).We
have P(N) € SSMC® andQ(N) € SSMC®.

2 Collective contexts

In [21], Meseguersuggestedo representontexts in rewriting logic theoriesby con-
sideringtwo kinds of entitiesfor eachterm: ‘counters’and‘copies’. Givenaterm,one
canreleaseasmary copiesof it asneededwhile recordingthe numberof suchcopies
in thecorrespondingounter Copiescanonly beaccessedscontects. Onthecontrary
whenrewriting aterm, onehasto retrieve the counterandasmary copiesasindicated
by the counter Thatis, all the copiesever releasedFormally, in the caseof contextual
nets,the datatype of placess modifiedasfollows:

a= (a,0)
(an) =(an+1)olal.

10
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Thetermshaving theform (a, n) (for a aplaceandn anaturalnumber)arecounters,
andthe [a] arecopies,with a= (a,n) ® n-[a]. Then,atransitionwith preconditiona,
context b andpostconditionc becomes rewrite rule a® [b] = ¢ [b] with a self-loop
onacopy of b. However, thisfits well with the CTph approactonly.

We tried to characterizeéhe algebraicstructurethat givesthe basisfor Meseguer's
encodingand have come out successfullywith a representatiothat can be extended
to dealwith theITph aswell. As explainedin the Introduction,we build the algebraic
theory over a non-freemonoid of places.In particular apartfrom the commutatve
monoidaloperation_® - with unit &, we considerothertwo operations-)* and ()"
thatareaxiomatizedasin Figure4, wherewe omit the usualassociatiity, commutatv-
ity andunit axiomsfor _& _. Quite simply, thesemeanthat(-)* and(_)~ aremonoidho-
momorphisms- laws (3), (4), (7) and(8) — suchthat(.)* @ (.)" =id, ()" e (1)" = ()",
and (_)" o ()" = @. Obsene that (6) actually follows from (1), (7) and (5). We call
moleculesrangedoverbyr, s, ..., the elementf this algebra.Givena setS, we let
H(S) denotethe setof moleculesgeneratedby S.

By theselaws we canalways eliminate consecutie applicationsof (_)* and ()",
exceptfor sequencesf (_)*. We shallwrite r* asa shorthandor (_)* appliedk times
to r andomit the parenthesed\e assume © = r, but we remarkthatin generalr * =

ritr.

Lemma 1. For eadrmoleculer € p(S) andeadk € N, wehave(rk)" =r".
Proof. By inductiononk, applyinglaw (6).

Proposition 1. For each moleculer € u(S) andeadk € N, wehaverk =r*1gr-,
Proof. By law (1), wehaver® = (r®)* @ (r¥)", and(r¥)” =r~ by Lemmal.
Corollary 1. For eady moleculer € p(S) andeachk € N, wehaver =rk@k-r~.

Of coursewe areinterestedn moleculesgeneratedrom places,which canbe of
two forms: eitherak or a”. From the computationapoint of view, thea™ arethe basic
contexts andcarryvery little information,sincethe nucleusa canproduceasmary of
themasneededTo appreciatghe point, we canthink of the tokensasticket rolls with
unboundedumberof ticketsavailable.Readergusttake aticketandreturnit afteruse
for regycle, whereagzonsumersnustretrieve the entireroll, including all usedtickets.

Definition 10. For N = (S T,00,01,¢) a contetual net,define (N) asthe category
in CMonCat with objectsthe moleculeon S, and arrowsgeneratedfromtherulesin
Figure 5, modulotheaxiomsof strictly symmetricstrict monoidalcategoriesin Figure 6.

11
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We cannow characterizeontetual commutatve processealgebraically

Theorem1. Thecategory C7 (N) is isomorphic(via a monoidalfunctor) to the full
subcatgory of M (N) whoseobjectsare .

A veryimportantpropertyneededn theproofis whatwe call themaximunsharing
hypothesisthatcanbe expressedsin the propositionbelow. This containsthe coreof
the CTph for contextual nets,sinceit shows thatwhenever two or moretokensin the
sameplacea areusedascontets, we canalwaysfind anequivalentcomputatiorwhere
only onetokenin a is used(twice or more)asa context. In otherwords,tokensin the
sameplacearecompletelyinterchangeablan contexts.

Proposition2. For each moleculer € u(S) andk,n€ N, wehaver"@rk=r"kgr,

Proof. By Corollary1, we haver™* @ r = r™* g rkgk-r~. By commutatvity (and
associatiity) of @ _wegetr™kgr =r"Kgk.r-@rk. By applyingk timesPropo-
sition 1 we have theresult.

Beforeproving Theoreml we needsomeothertechnicallemmata.

Lemma?2. Each moleculer € u(S) factorizesuniquelyasu® e® | whee

> ue S
>e=k-aj®...0ky-a, withn>0andk >0,fori=1,...,n;
> 1=bl@...eblm withm>0andh; >0,for j =1,...,m;

wheee all thea; andb; are distinctplaces.

Proof. The normal form representatiorfollows by observingthat (1)* and ()" are
monoidhomomorphismsnd,therefore distribute over ®. Then, by laws (2), (5) and
(6), we canreducethe moleculeto the ‘sum’ of placesa, electronsa” andnucleia’.
Then, by Proposition2, we cansimplify the expressionto a form whereat mostone
nucleusa” with h > 0 is presenfor eacha. Finally, if botha andk-a™ arepresenin
the expressionwe cansimplify the expressioraccordingto the following threepossi-
bilities, until all the nucleiandelectrongeferto differentplaces.

12



(h>Kk): thena = (a"¥)k and,by Lemmal, k-a = k- (a"*)", hencea" @ k-a” =
(@)@ k- (@K~ = a"* by Corollary 1;

(h=K): thena“@k-a = aby Corollary1;

(h<kK): thena"@k-a=a"@h-a @ (k—h)-a = a® (k—h)-a by applyingCorol-
lary ltoa"@h-a.

Lemma 3. If the source of an arrow a € M (N) factorizesaccording to Lemma2 as
udeadl, thena:ueced| — v edl for somev e SP.

Proof. It is straightforvardto obsenethate andl areinvariantsof the generationrules
in Figure5.

Lemma4. Eacharrowd:r — sin M (N) canbedecomposeds
(L @idr,); (®idr,);...; (kk®idr),
for somek > 0, wher all thet; are transitions.

Proof. By structuralinductionontheexpressiordenotinga. Thecomplex casds when
0= a® 3. We canthenapplythefunctoriality of & togetd = (a ®id,/); (B®idy) where
r' isthesourceof B ands is thetargetof a. Thenwe applytheinductive hypothesigo
o andp.

We arenow readyto prove the maintheorem.

Proof. (of Theoem1). We startby definingthe functor F: CT(N) — M (N). Givena
genericstepsequencelp [X1) U1...Un—1 [Xn) Un With lengthn (representinga generic
arrovin CT(N)), welet

F(uo [X1) Uz...un—1 [Xn) Un) = F(up [X1) u1);...;F(Un=1 [Xn) Un),

with F(u[X) v) asdefinedbelow. Let

We canassumehat
Wx =ki-a1®ke-a0®...5Kkm-am

with m> 0, k; > 0, fori = 1,...,mandall the g differentplaces.Sincethe stepX is
enabledatu, thenu = u' @ ux @ |wx | for someu’ € SP. Hencev= U @ vx & |wyx |. With
this notationfixed, let

FuX)v)=idy @ X® ida'jl @ ida;2 D...0 idahqn'
Notethatwith this definition,the k; tokensneededascontext relatively to placea; yield

anidle nucleusa!"', fori=1,...,m. Also noticethatwhenX = @ theresultis justthe
identity onu.

13



Figure7.

To shav thatthe mappingF is well-definedwe mustshaw thatit respectghe dia-
mondequialencej.e.,thatwhenu [X @ Y) vis defined then

FuX®Y)v)=F(u[X) u1);F(ui [Y) V)

with u; uniquelydeterminedoy u andX. This follows easilyby definitionof F andby
thefunctoriality of thetensorproduct.

To shaw thatF is faithful it sufiicesto obsene thatthe only axiomthat potentially
may breakthis property (i.e., that could inducetoo mary equalitieson terms)is the
functoriality of tensorproductwhich, on the otherhand,correspondpreciselyto the
diamondequivalence.

Finally, to show thatF is full (onthefull subcatgory of M (N) whoseobjectsare
markings)we takeagenericarron a:u — ve M (N) with u,v e S? andshaw thatthere
exists a stepsequenceén 7 (N) thatis mappedto a by F. In fact,by Lemma4 we
take a ‘linearization’ of a (i.e., a sequentiatompositionof transitionsin parallelwith
identities)and showv that the obviousfiring sequencessociatedo it canbe executed
in N. In doing this we employ Lemmag3 andthe factthatu € S®. Obsene that this
constructiordefinestheinverseto F. ¢

Examplel. LetusconsidetthenetN in Figure7.In 2 (N) we have threebasicarrons

> fp:agCc —C,
> ti:b®c — ¢ and
> th:c— T,

but neithertp, nort; canrepresena commutatve contextual processsincetheirsources
andtargetsarenot elementof SP. To remedythis, we mustputtg andt; in anerviron-
mentwherethe c” becomeinstance®f a ‘complete’token,asid + ®tp:a® c — ¢ and
idc+ @11:b@ ¢ — ¢. Theconcurrenexecutionof to andt; with sharedcontext is instead
writtenaside ®to @ty : a® b® ¢ — & sincetwo electronsareneededheidle nucleus
has'degree’2. By thefunctoriality of _& _, we have that

ide2 @to®ts = (ide+ Dto®idp); (ide+ 1) = (ide+ Bt1 D idy); (ide+ Do),

(recallthatid 2 @ ide- = id+), i.e.,tp andt; canexecutein ary order Also interesting
is to obsenethat

(idc+ @to) &) ((idc+ @tl);tz) = ((idc+ @to);tz) (&) (idc+ @tl),

14



i.e., we have no causalinformationaboutthe token consumedy t,: is it the oneread
by to, or the onereadby t1? In fact by ide+ @ to = (id.+ D to);idc and applying the
functoriality of ® we have:

(ide+ @ to) @ ((ide+ ®11);t2) = (ide+ Do @ ide+ Dt1); (Idc B t2).

Then,id; &ty = t> @ idc by commutatvity of & andby applyingthefunctoriality (in the
oppositedirectionthanbefore)we getthe equality Furthermore,

ide+ Dto@ide+ dty = id 2 DtoDdt1 Didc
(by Proposition2 andthe commutatvity of &), andthus
(ide+ ®10) ® ((ide+r Bt1);t2) = (id2 B todt1 D ide); (Idc D) = id2 Blodt1 D2

i.e., to, t1, andt, canbe executedin a concurrentfashionwithout the possibility of
distinguishinghis casefrom thosein whicht, causallydepend®ntg ort;.

Sincea PT netN canalwaysbe seemasa contextual netwith noread-arcsin which
casethecommutatve contextual processesf N arejustthe ordinarycommutatve pro-
cessegcf. § 1.2and[23]), thenby Theoreml we obtainthefollowing corollary.

Corollary 2. If N isaPT net,thenZ (N) is a full subcatgory of M (N).

We remarkthatthe constructionsve have shavn canbeeasilyextendedo dealwith
multiplicities onread-arcgi.e., to thecasein which ¢(t) is a multisetratherthana set).

3 Individual contexts

The maximum sharing hypothesiscreatesobvious problemswhen dealing with the
ITph, whoseentire point is to be ableto recognizewhat electronsare emitted from
eachtoken. For ordinary PT nets,the information aboutcausalityis recoveredin the
algebraicsettingby using (non strictly) symmetricstrict monoidalcategories,i.e., by
introducingsymmetrie$o controlrearrangementsf tokensin processequentiatom-
position.While at the level of statesone canstill view standardnarkingsasindexed
collectionsof orderedtokens(ratherthanresortingto take asstateshe elementof the
free monoidon places,i.e., stringsof places),at the level of computationgarrows),
however, thetensomproductis notcommutatve arymore,sothatoneis ableto interpret
in a canonicalway the correctflow of causalitythroughtoken histories.Thus,thefirst
attemptto a uniform extensionof the CTph treatmenbf the previoussectionto theITph
view is to introducesymmetrieson molecules.

Thereis however anotherproblemto solve. Sincethe context ¢(t) is modeledby
a self-loopon ¢(t)”, two transitionswith the samecontext canbe concatenatedn it,
asif onedependedn the executionof the other This spuriouscausaldependengis
to be avoided,asit givesrise to a wrong semantiomodel. To someextent, onewould
like to follow the ITph on ‘complete’ moleculeqstandardnarkings),andthe CTph on
electronsof the samenucleus sothat onehasno informationaboutwhich electronis
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Figure8. Axiomsfor bimoleculegwith a# b€ S 8,e ¢ NU{" } andx € {*,™}).

consumedy afiring, but only aboutwhichmoleculeit comesrom. We thereforeneed
a canonicalinterpretationof moleculeghatrespectghis intuition. To fix theideas,we
take initially a noncommutatve monoidaloperation® on moleculesLet us consider
themoleculea? @ a* @ a” ® a”®@a”. Wewouldliketo view it underaninterpretatiorthat
connecteachof the threeelectronswith onethe two nuclei,andthatis invariant not
only underall possiblecomputationghat canoriginatefrom the state,but alsounder
compositiorof themoleculeto form largerstatesOurideais to associat@nelectronto
thefirstincompletenucleus(ion) thatprecedest. In the presentasefor instancethe
first electronis associatedo the secondon (a*), while the secondandthird electrons
(the two rightmostin the expression)areinterpretedaselectronsreleasedy the left-
mostion a2. A goodway to explain the mechanismis to view ionsasopenparentheses
andelectronsasclosingparenthesesyhereof courseanion ak opensseveralparenthe-
ses,namelyk, at once.Clearly, we are mainly interestedn balancedexpressionsput
unbalancedxpressionsnustexist, and canalways be completedoy parallelcompo-
sition to yield balancederms.To completethe picture,considemow thatthe orderin
whichatoms nucleiandelectronf differentkinds—i.e.,comingfrom differentplaces
— appearin an expressionis not relevant. Hence,the monoidaloperation® betterbe
commutatve in suchsituations.In otherwords,we have:

a'eb'ra®b =a'eb'eb ®a —a'®bga =a'®a ®b=axb,

but we definitelywantthata* ® a* ® a” # a* ® a” ® a*, becausehe particlea” in the
two termsis associatedb differentnucleiand,thereforethetwo statesnaygiveriseto
differentcausahistorieswhenatransitionreadsthatparticle.

We call bimoleculesrangedover by p,q,..., the (generalizedmarkingsof the al-
gebraillustratedabove. It includesa setof axiomsformally identicalto thosein Fig-
ure4, plus someextra axiomsto dealwith restrictedcommutatvity. Givena setS, we
write v(S) for thesetof bimoleculeson S. Thecompleteaxiomatizatiorof bimolecules
is shavn in Figure 8. Note that law (9) — the analogousof (1) for moleculesfor bi-
moleculesappliesonly whena nucleusis immediatelyon the left of anelectron,i.e.,
a®a #a

Thefinal andkey ingredientin our constructioris to abandonthe symmetryof the
monoidalcateyoriesinvolved. With a stepsimilar to the onethatbroughtfrom strictly
symmetricto symmetriccateyories,we choosgnonsymmetric)monoidalcateyoriesto
which we adjoin exactly andonly the symmetriesve need.In this way, we areableto
omit thosesymmetrieghatwould causemigrationof electronsrom atomto atom.In
thefollowing we shallbuild onaconstructiorsomehav intermediatdetween?(N) and
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Figurel0.

Q(N) for PT nets[12,32) and,therefore take anoncommutatve monoidof objects:it
is commutatve only on someobjects,n particularon the markings We usethesymbol
® for themonoidaloperation.

Definition 11. For N = (ST, 00,01, ¢) acontetualnet,(N) is themonoidalcategory
with objectsthe bimoleculeson S, and arrows geneiated from the rules in Figure 9,
togetherwith the symmetries

Yoope (@O > bF@al, forabe Sandd,ee NU{},
Yaa la®a —a ®a,
Vara:@d @a—aa.

The arrows are taken modulothe axiomsof strict monoidal categoriesin Figure 10
(wheneerthey s are defined)andthelaws:

ot;o =t (17)
Voo pr = I0gsgpe,  fOrazbe Sandd,e e NU{"} (18)
Yaa = idaga- (29)
idy @t = id g @t idg ®)

for all transitionst: p — g, permutation: p — p,¢’:q— g,andk > 0.

Sinceya a is inverseto Yaa~ = idaga-, it follows that ya- 5 = idaga-. Note that
we do not introduce symmetriessuch as Ya- a-, Ya 5-» @ndyg g, for k,n > 1, that
would allow the particlesto flow from a nucleusto a differentone.For example,start-
ing froma® a” = a* ® @’ ® a* andapplyingan hypotheticalarrow ida+ ® Y- o+, We
would reacha® ® a* ® a = a" ® a, allowing the nucleito exchangeelectronswhich
is problematic. Anothernonexamplewould be applyingthe arrow id g+ ® Ya-a- 1O
aRpa=—a'®a®a =a'®a" ®a ®a becauseafterthe exchangethe token of the
first and secondnucleusget confused.By forcing ya- o~ to be the identity we would
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confusethe electronsof two differentnuclei, becausef the naturalityaxiom, and by
leaving it freewe would allow againfor electronamigration.In fact,our representation
invariantis thattheelectronsassociatetb a certainnucleusak in abimoleculeq arede-
terminedby following the disciplineof propernestingof openandclosedparentheses.
The absenc®f thosesymmetriesnaintainghisinvariantfor us.
Laws (17) and (18) are classicallaws for the P(N) construction;herethey have

a slightly moregeneralrole, becausehey alsodealwith nucleiandelectronsin par
ticular, law (17) is the analogousf axiom (W) for PT nets(cf. [12]). Law (19) says
thatelectronscanbefreely movedaround completeatoms’of the samekind. Law (A)
is original andreally centralto our developmentIn fact, eventhoughthe symmetries

2 a- arenotallowed, we certainlydo not wantto distinguishbetweerelectronsof the
samenucleudthefirstreleasedthesecond, . .), asotherwisewe would obtainanotion
of computationvery concreteandfar from ourtarget,thatis to capturealgebraicallythe
notionof contectual processAxiom (A) takescareof identifying suchparticles,asthe
Example2 below illustrates.

To establistour representatioresultwe needo refinecontextual processe order
to be ableto concatenat¢hem.As for similar casesn the literature,this leadsto the
introductionof an ordering on the tokensin the sourceandtarget of the processet,
yielding the notion of concatenableontextual processes

Definition 12. For N a contectual net, a concatenableontextual processis a tuple

(1,0, <0,<1), Whee Ttis a contextual processwith underlyingcontectual processet

O, <p and <, are partial orders on the minimal and maximalplacesof ©, respec-
tively, sucdh that: (1) x <; y impliesthat i(x) = 1i(y); and(2) if x # y are minimalplaces
(respectivelynaximalplaces)sud that i(x) = 1i(y), theneitherx <oy or y <o X (re-

spectivelyx <1y ory <1 X).

As usual,concatenabl@rocessearetakenup to isomorphismThetwo conditions
imposedn thedefinitionabove ensureghatwe orderonly placesof © thatareinstances
of thesameplaceof N, andthaton suchplacestheorderingis total.

Example2. Let N bethecontetual netin Figure7. Thenwe have threebasicarrow in
B(N) associatedo thetransitionsof N:

>t ®a—C;
>t ®b—cC;
> t:c— .

Then,new arrows canbe built by composingsequentiallyandin parallel)thesethree
arrovs with identitiesandsymmetriesFor example,thearrow id > ® to ® t1 goesfrom
?Rc®avc ®b=c®a’bto?®c ®c = c. Analogouslywe have the arrow
ide ®t1 ®to:c®b®a— c. Then,it is possibleto prove that thesetwo arrovs are
identifiedin B(N). In fact,we have:

idee @to®t1 = (id2 ®@to®idegp); (ide @ ide- ®11) (by functoriality)
= (ide+ @to®idp); (ide+ ®11) (by law A).
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Then,by naturality we haveto ® idp = Ye-gayb; (idb ®to); Yb,c-, but thesesymmetriesare
justidentitiesandthereforetp ® id, canbereplacedoy idp ® to in the expressiorabove.

ide ®to®@t = (ide+ ®idp ®1o); (ide+ @ t1)
= (idc2®c' ®idp®1to); (idcz ®t1®ide) (by law A)
= id2 @11 ®tg (by functoriality)

Note thatin fact thereis only one concatenableontetual processthat startsfrom
a® b® candinvolvesexactly onefiring of to andonefiring of t;. By repeatediyapplying
law (A) we thenhave, e.g.,

idcz ® tO ® tl = idcn+m+2 ®tl ® idn.c‘ ® tO ® idmc'

for all n,m e N. This meanghattheorderin which the electronsarereadis notimpor-
tantprovidedthatthey originatedfrom the samenucleus.

Lik ewise concatenabl@rocessesf PT nets,a partial operationof sequentiacom-
positioncanbe defined.Provided the target of processrt coincideswith the sourceof
processt, it memgesthe maximalplacesof 1t with the minimal placesof 1 according
to theorders<; and<g,

Definition 13. Let (1,©, <o, <1) and (17,@’, <;, <)) be two concatenableontetual
processe®f a contextual net N, whee To N Ty = @ and So N S is both the set of
minimal placesfor © and the setof maximalplacesfor @', with 1i(x) = 1'(x) for any
X€ S9NSy, andx <1y iff x <4 y for all x,y € SoN Sg. Thentheir concatenation
(",0U @, <0,<)) = (T1,0,<0,<1); (17,0, <5, <) is well definedwhee 1" is the
componentwisenion of tand 1 (i.e., ¥'(x) = T(x) if x € ® and ’(x) = W(X) if
x € @).

Thecompositionis well definedbecausédy hypothesisve have 1t (x) = 1i(x) for all
XeONO =Ny, i.e.,memgedplaceshave thesamenames.

The parallel compositionof two processegonsistsof taking their disjoint union
andextendingthe orderson minimal andmaximalplacesby x <; y whene&erx belongs
to thefirst processy to the secondand1i(x) = Ti(y). It canbe shown that with these
two operationghe concatenableontextual processesf N form the arrows of a strict
monoidalcatggory CP(N). Symmetriesanbedefinedby takinga procesghatcontains
just places(no transitionswith suitableorderings<q and<1. Eachplaceis bothmin-
imal andmaximal.Thesesymmetriesnake CP(N) bea symmetricmonoidalcateyory
in SSMC®.

Definition 14. A concatenableontextual procesds called elementaryf it containsat
mostonetransition.

Definition 15. Givena contectual netN and a transitiont € Ty, the elementarycon-
catenablecontextual procesdt] = (11,©, <o, <1) associatedo t is givenby

> So = {(a,0,n) |a€ [do(t)], 1< n< A @}U{(aLn)|ac [a(t)], 1<n<
a1()(a)}U{(a,2,2) [a€ [¢(t)]}
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> To={{t)};

> 0o((t)) = {(a,0,n) |a€ [0o(t)], L<n<do(t)(a) };
> 01((t)) = {(a,1,n) |a€ [01(t)], L<n<a1(t)(@)};
> q((t) ={(a2,1) [ae [¢t)]};

> 1((a,j,n)) =a and m({t)) =t;

> {(a,i,k) <1 (b,j,hy iff a=bAi=j=0Ak<h.
> (a,i,k) <1 (b,j,hy iff a=bAi=j=1Ak<h.

Note thatthe placesin {(a,2,1) | a€ [¢(t)]} areboth minimal andmaximal.No
orderis needednthem,becauseve rely onthebasicassumptionshatg(t) is asetand
thatg(t) N |do(t) U01(t) | = @, forary t € Ty.

Proposition 3. Each elementaryconcatenablecontetual process(1, ©, <o, <1) that
containsexactly onetransition,sayx, canbe obtainedas o1; ([T(x)] ® 62); 03 for suit-
ableelementarygoncatenableontectual processes;, 0> andos thatcontainsnotran-
sition.

Proposition4. Theconcatenableontextual processesfa contextualnetN canbeob-
tainedasthe sequentiacompositiorof elementaryconcatenableontextual processes.

Proof. Likewisetheanalogoustatemenfor ordinaryPT nets,theproofis by induction
onthenumberof transitionsin the processet (exploiting Proposition3).

Theorem 2. Thecategory CP(N) is isomorphic(via a symmetrianonoidalfunctor)to
thefull subcatgoryof B(N) whoseobjectsare theelement®f S® (which is symmetric).

Before proving the main representatiotheoremabove, we needsometechnical
lemmatathatstateusefulpropertiesof thearrovsin B(N). We startby extendingsome
of the propertiesof moleculego theframewnork of bimolecules.

Lemma5. For ead bimoleculep andead k € N, wehave(p*)” = p".
Proposition5. For each placeaandeahk € N, wehaveak = aktlga’.

Proof. The proof proceedsby inductionon k. For the basecase(k = 0) we geta =
a* ®@a’ directly by law (9). For the inductive case we assumehe propertyto be valid
for k= nandproveit for k=n+ 1. Then,

a™! = (a")* (by definition)
= (a"®a")* (by inductive hypothesis)
= (@)* @ (a)* (by law 11)
=a"?ga (bylaw 10).

This concludeghe proof.
Corollary 3. For eath placeaandeahk € N, wehavea=ak®k-a".

Lemma 6. Each bimoleculep can be decomposeds P=pPL1®P2®...Q pn, Where
ead p; hastheform k;o-aq@@a1 ®a1 ’®. ®a1 " with & # aj, for i 7é i
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Lemma?. If peqe S, thenfor eachu e ¥ wehavepu®ge S*.

Proof. It sufficesto provethe propertyfor u € S, which canbe donevia a simplecase
analysisexploiting the representationf p andq provided by Lemma6 andapplying
law (16).

Notethatin thepreviouslemma,p andg aregenerichimoleculesandnotnecessarily
markings.

We cannow statesomeinvariantand decompositiompropertiesfor the arrows in
B(N).
Lemmas8. If a =idp® yxy®idq with p@x®y®qe S®, thenpey®x®qe S°

Proof. By a simple caseanalysis:all symmetriesare collapsedto identities, except
whenx =y = aforsomeae S

Lemma. If a =idp®t®idgand peq(t)"®do(t) ® g € S®, thenp¢(t)” ®d1(t) ®
ge S®.

Proof. Followsfrom Lemma?.
Proposition 6. Each a € B(N) canbedecomposeds
a = 0p; (idp, @11 ®idg,); 01; (ildp, ®2®idg,); 02; ... ; (idp, ®th®idg,); On,

wheethego; are permutationgi.e., sequentiabndparallel composition®f symmetries
andidentities)andthet; are transitions.

Proof. By structuralinduction.Thecomplex caseis for a = a3 ® a, for somea:r; —
ri andap:ro — r5. But then,by functoriality we have o = (a1 ®idy, ); (id ® a2) and
. . . 1
by inductive hypothesis
a1 = 0g; (idy, @t ®idy );03; (idy, @ ® iddz);o’z;...;(idp,d @t ® idq:n,);an,,
a2 = og; (idy @t ®idg);07; (idy @ty ®idy);03;...; (idy, @ty @idy ); O,
Then,by functoriality:

a1 ®idr, = (0 ®@idr,); (idy, @1 ®idy gr,); (01 ®idr,); (idy, @@ idger,);

= ( );

(Gyidr,);...; (idy U @idy g,); (0] ®idr,),

dy, @tz = (idy, @ 00 (dyy gy @ @ i) (i, © OF); iy oy 95 B ily);
(idr’l ® O'g); e (idr’1®p(r:H ®t,’.|/u & idqlnr"); (Idrl1 ® O'/rlln),
Fromwhichthehypothesidollowstrivially —0; = o] ® idy,, fori =0,...,n" = 1,0y =
(oy ®idy,); (id;, ® 0g), andoy. = idy; @ of, fori=1,...,n". ¢

Themainlaw (A) canthenbe extendedto genericarrovs wheneer we know that
therightmostelectronbelongsto the nucleusthatprecedeshearrow.

21



Corollary 4. For eah a:p — g€ B(N), ac Sandk > 0 suh thatat! @ pea =
a“® pwehaveid 1 ® 0 ® idg- = idx @ o.

Corollary 5. If a:u— g€ B(N) withu € S®, theng € S>.
Proof. Consequencef Proposition6 andLemmata8 and9.

Lemma 10. If a =idy,®t®idq € B(N) witht atransitionand p® ¢(t)” ® do(t) ® q €
§¥, thena = ; (id.)+ ®t®idy); o’ for somepermutationsy ando’ andsomemarking
ue 2.

Proof. By the decompositiorof Lemmae6, and by the fact that the sourceof a is a
marking,it followsthatp = ®,csa*! ® ... ® aemn andq = ®,csha-a @M, -a. It fol-
lows thateachelectrona™ in ¢(t)” belongsto the closestion on theleft of the electron
(namely the izth nucleusof typea in p with i, the greatesindex in 1 < iz < ng such
thatka, > 0). Moreover, the h, electronsof typea in g canbe attachedo their corre-
spondmgnuclelm p, by applyinglaw (A). Thereforewe have o = idy ® t ® idy where
P =Qacs(ia—1)-a®a*® (na—ia)-a(if ais notreadbyt thenthecorrespondingur
gumentin thesumis justn, - a), andv = @,sh; - a. Then,by naturalityof symmetries,
we have:

:(idp”®Vv’,c ) 2do(t) ®1dv); (iIdyr @t ®@idygy); (idy @ Ye(t) s 1), @ 10v),

wherep” = @acs(ia— 1) -a®a” andV = ®acs(Na—ia) - a. In factthe symmetries
that we have usedin the expressionare definedsincethey involve the swappingsof

‘complete’ tokenswith either‘complete’ tokens,or electronsBy naturalitywe have

also:

(idy ®t®idygy) = (Vv ¢ty@ao(t) @ idvey); (It @t ®idwigvey); (Yot)eas t) v @idvey)
whereV’ = ®,cs(ia— 1) - a. By taking

0 = (idpy ® Y ()" @do(t) @ 1dv); (W c(y@do(t) ® 1dvioy)
0’ = (Yeywaw () @idvey); (Idyr @ Y=g, (1),v @ idv)
u=vV'evev

we have thethesis. ¢
Proposition 7. Eacha:u— q € B(N) with u € S® canbedecomposeds

o = 00; (idg(ty)+ @ ®idyy); 01; (idgey)+ @2 ®idy,);02; - -5 (ide(,)+ @ th ®@idy,); On,
wheee the g are permutationsthet; aretransitionsandu; € S®,fori=1,...,n

Proof. Theproofexploitsthedecompositiomprovidedby Propositior6 andthenapplies
n timestheresultof Lemmal0.

We arenow readyto prove the mainrepresentationesultof this section.
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Proof. (of Theoem2). We startby definingthe monoidalfunctor G: CP(N) — B(N),

whichis theidentity on objects By Propositior3, thefunctoris completelydetermined
by definingthe mappingof elementanprocessessincethenG(a; 3) = G(a); G(B) and
G(a ® B) = G(a) ® G(B). For symmetriesthe mappingis the classicalone (seee.qg.
[31]). For the elementanprocesst] associatedo thetransitiont € Ty, welet G([t]) =

idgqy+ ®1. It remainsto prove that:

1. Giswell defined;
2. Gisfull (onthefull subcatgory of B(N) whoseobjectsaremarkings);
3. Gisfaithful.

Thefactthat G is well definedmeansthat differentdecomposition®f the same
processn termsof elementaryprocessesare mappedto the samearron. This corre-
spondsto shov that differentorderingsof the eventsin a processo = (11,0, <o, <1)
that are consistenwith the orderingof events,*g yield the samearrow in B(N). To
seethis, it suficesto shav that given a decompositiorof the processo, and taken
ary two concurrenteventsthat are executedconsecutrely accordingto the orderim-
posedby the fixed decompositionthenthe decompositiorin which the two concur
rent eventsare executedin the reverseorderis mappedto the samearrown of . The
proof is easy(by functoriality of the tensorproduct)if the two eventsdo not share
a context. Otherwise,axiom (A) must be employed, as we did in Example2. For-
mally, we considerthe processP = Py; ([t1] ® 01);0; ([t2] ® 02); P> whereo; is the
identity proceson the markingu, & do(t2) ® v, 0 is the processassociatedo the per
mutationidy ® Yy, ea; (t,),u@d0(tz) @ Idv, and oz is the identity processon the marking
up @ 01(t2) dv, i.e., ¢(t1) = ud uy, ¢(t2) = ud up, andthe two occurrencesharethe
context u (note that while u; and uy are not necessarilydisjoint, the corresponding
setsof tokensreadby t; andt; in the processP are disjoint). Then, we have also
P=Py;0; ([to] ® 05); 0"; ([t1] ® 0%); 0”"; P2, for suitablepermutatiorprocesses:

o' associatetio idu ® Yu, @00 (t1),ux®d0 (t) @ 19vs
o, idle processassociatedb ui & do(t1) @V,
o” associatedo 1du ® Yupea; (ty),u1 00 (tz) © vy
o} idle processassociatetb up ® d1(t2) ® v,
¢" associatedo idu ® Yu,00; (t1),u2001 (1) @ 10y

Hencewe wantto prove thatthetwo decompositionsre mappedo the samearrow in
B(N). More preciselywe show that

G(([ti] ® 01); 0; ([tz] ® 02)) = G(0"; ([tz] ® 02); 0" ([ta] ® 02);0™).
Thecompleteproofis shavn in Figure1l. We briefly commenthecritical steps:

Step20: we have exploited axiom (A) andthenthe factthat symmetrieson electrons
andtokensareidentitiesto transformthe secondsubexpression;

Step21: we have appliedthe naturality of symmetriedo the first and secondsubex-
pressions- in orderto matchsourceandtarget of t; with the componentf the
symmetriespbsere thatu; ® u™ = u; ® U” ® u; sinceu andu; aredisjoint;
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G((tll®o1);0:([t2l ® 02)) =
= (idu+®uf I idU2®00(tz)®V)' (|du ®yu1®01(t1) U, ®0o(t2) ® IdV) (Idu ®U+ RL® IdU1®01(I1)®V)

= (idy+gur ®t1®idy,0,(t)ev); (10t ® Yy eu@aa (), weds(t) ®idv);

(i gt ®t2 @iy, ga, (1)0v) (20)
= (idy+ ® Y, 0u"@a0(t),u:@0(tz) ©10v); (b4 guya0(ty)euf @1 @ idy);

(ldu+®u+ ®t2®idy, g, (t)ev) (21)
= (idy+ @ Yy eu@ao(tr).usdo(t) @ 1); (1dipgut oureu; @do(t)out @11 ®idv);

(|du2®u+ Rt @id+ ®u'®u1®01(t1)®v) (22)

= (idy+ ® Yuyou@ao(tr) 1@do(tn) @ 1dv); (idipg+ @2 @idy+ @t @idy); (23)
= (Idy+ ® Yu,@u@ao(t),u@do(t) @ 10v): (id ot @2 @ 'duf®u'®u1®ao(tl)®v);

(idu2<§z>u§'<§z:u'<§§>u§®c’?1(tz)<§zaujr ®t1®idy); (24)
= (idy+ ® Yuyou@ao(tr) 1@ds(tn) @ 1Av); (idy+ gyt @t ®idy, gaq(t)ev):

(1t g0, t)puf © L @idy); (25)

= (idy+ ® Yy @u@do(tr),umd0(tz) @ 0v); (10 gt ®t2 @iy, @ay(ty)av):

(idy+ ® Yupg0 (1), i @ao(ty) @ 1dv); (Idy+ g+ Ot ®1dy,g0, (1)ev):

(idy+ ® Yy eu™ @0, (t) U001 (t) @ 10v); (26)
= (idu® Yu, @ao(t:) 1@do(t2) @ 10v); (idy+ gt @ t2 @iy, gag(1r)@v):

(idu ® Yu, 00 (t,) t@ao(ty) @ 1dv); (dy+ g+ @11 @1y, 00, (1) ev):

(idu ® Yu, 0, (ty), U001 (t2) @ 10V); (27)

= G(0';([t2l ® 0%); 0" ([t ® 01))

Figurell. Theproofof G(([t1] ® 01);0; ([t2] ® 02)) = G(0'; ([t2] ® 0%); 0”; ([t1] ® 7%))-

Step22: we have usedaxiom (4) to transformthe secondandthird subepressions;

Step23: we have appliedthefunctoriality of thetensorproductto the secondandthird
subepressions;

Step24: we have appliedthe functoriality of the tensorproductto the secondsubex-
pressiongo reversetheorderin whicht, andt; appeain the previousexpressions;

Step25: we have usedaxiom (A) to reducethe secondandthird subexpressions;

Step26: we have appliedthe naturalityof symmetriegwice to expandthethird subex-
pression;

Step27: we have usedaxiom (A) andthenthe fact that symmetrieson electronsare
identitiesto transformthefirst, third andfifth subexpressions.

ThefactthatG is full follows from Propositionst and7, sinceG([t]) = id¢)+ ®1t.

Finally, regardingfaithfulnesslet Py andP; besuchthatG(Py) = G(Py), andleta be
atermrepresenting: (Py). Obsene, by simply inspectinghe axiomsthatdefineB(N),
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thatall the possiblechoicesfor a have the samenumberof transitionsMore precisely
exactly the sametransitionsoccurin eachterm obtainedby rewriting o accordingto
suchaxioms.Moreover, by definitionof G, thesearein one-to-oneorrespondenceith
thetransitionsof Py andwith thoseof P;. We canthereforeproceedy inductiononthe
numbern of transitionsof a (and Py andPy) to prove that Py and P, areisomorphic
processes.

The basecase wheren equalszero,is obvious,asa is simply a permutation For
theinductioncase]et fix any decompositiorof a accordingto Proposition7, say

a = 0p; (idc(t1)+ RM1RQ idul); O1; (idc(t2)+ RL® iduz); 02;-.-; (idc(tn)" Rth®idy,); On,

An argumentsimilar to the one employed to establishthe well-definednessf G, but
working in the oppositedirection,provesthatall the stepsneededo transforma in the
normalform selectedabore canbe mimicked both on Py and P;. It thenfollows that
R, fori=0,1, canbewrittenasP, = F/;0;j; ([tn]| ® 07); 0i', whereG(P;) = G(P;). Then,
by inductionhypothesisywe canconcludethat Py andP; areisomorphicprocessesdt is
theneasyto provethatsoarePy andP;. ¢

Besideghefactthatall thearrowns of B(N) have ameaningfulcomputationainter-
pretation,a further advantageof the presentapproachwith respecto the match-share
catagyoriesof [16] is thatthe arrows of the modelcategory correspondingo purecon-
catenablgroceszanbedistinguishedustby looking attheirsourcesandtargets rather
thanby inspectingtheir construction And asfor the CTph, our proposalis a consera-
tive extensionof theordinaryconcatenablprocessemanticgcf. § 1.2and[12,31]).

Corollary 6. If N isa PT net,then?(N) is a full subcatgory of B(N).

Moreover, the presentaxiomaticsof B(N) improvessensiblythe constructionpre-
sentedn [7]. In particulay the monoidof objectsis here‘morally’ commutatve, thus
making redundanthe idea of instancesf transitionsand the relatedaxioms[32,7].
Moreover, the exactsharinghypothesidasfound a mature satishctoryformulationin
termsof law (A) which,amongotherthings,allowedusto dispensevith theparticlesa-.

Concluding Remarks and Futur e Work

Building on animportantsuggestiorof Meseguerin [21], we have shavn away to ex-

tendthe algebraicsemantic®of PT netsproposedn [23] to contextual nets,bothin the
collective token andthe individual token interpretation.The constructionsely on the
choiceof a non-freemonoid of objects,whoseelementsave called moleculesand bi-

moleculesin the caseof the collective tokenphilosophy ourwork extendsMeseauer’s
by identifying the maximumsharing hypothesisasthe fundamentalaw of collective
contextual processesThe key to transportheseideasto the individual token philoso-
phywasto renounceo thesymmetryof themonoidalcateyory, beingthusableto select
only the symmetrieconsistentvith our computationainterpretationin termsof con-
catenableontextual processesl he axiomsof exactsharingprovideduswith awayto

regulatetheinterplaybetweenrall the differentingredients.
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Althoughwe have worked only at the level of single nets,we believe thatour ap-

proachcanbe extendedto constructiondetweencatgyoriesof netsand models,with
restrictionsanalogougo thosewell-known in theliterature[31,32].

Acknowledg@ments.We would lik e to thankJos MesegguerandPaoloBaldanfor some
interestingdiscussioron thetopic andalsoMatteoCocciafor his readingof a prelimi-
naryversionof ourwork.
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