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Abstract Weshow thattheso-called‘Petri netsaremonoids’approachinitiated
by MeseguerandMontanaricanbeextendedfrom ordinaryplace/transitionPetri
netsto contextual netsby consideringsuitablenon-freemonoidsof places.The
algebraiccharacterizationsof netconcurrentcomputationsweprovidecoverboth
thecollectiveandthe individual tokenphilosophy, uniformlyalongthetwo inter-
pretations,andcoincidewith theclassicalproposalsfor place/transitionPetrinets
in theabsenceof read-arcs.

Intr oduction

Thebasicfeaturescommonto any ‘flavour’ of Petrinet [28] essentiallyarethatstates
are(multi)setsof distributed,abstractresources,andthatactionsonly involve thecoor-
dinationof localpartsof thestate,asthey canconsumesomeof theresourcesavailable
andreleasefreshresources.Accordingly, a computationcanbedescribedabstractlyas
a partialorderof eventsin which any two eventsareeithercausallydependent– when
onecouldnot have beenexecutedwithout a resourceprovidedby the other– or con-
current– whenthey couldhavehappenedin any order, becausethey affect independent
subsystems.Thesefeaturesmake netmodelssuitablefor representingin a satisfactory
wayconcurrentanddistributedsystemsin many interdisciplinaryapplications.

Meseguer and Montanari in [22,23] (and successively in [12,13,31,32,6,14] sev-
eral authors)have recastedthesefacts in algebraictermsto unveil propertiesof net
computationsand,especially, of the intrinsic concurrency of the net model.The un-
derlying idea of the so-called‘Petri netsare monoids’ approachis to lift the alge-
braic structureof statesto the level of computations,so that the distribution of the
resourcesis reflectedon theperformedactions,analogouslyto whathappensin rewrit-
ing logic [20,21], in structured transitionsystems[11] andin tile logic [17,4]. In the
caseof ordinaryplace/transitionPetri nets(PT nets),statesaremultisetsof places,or
equivalently, elementsof thefreecommutativemonoidoverthesetof places.Moreover,
a computationcanbe obviously composedwith any computationthatoriginatesfrom
thesamestatein which thefirst ends,yielding a computationthat is theconcatenation
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of the two. Hence,computationspossessby naturean intrinsic (partial) operationof
‘sequential’compositionthatgivesriseto acategory– arrowsarecomputations,identi-
tiesrepresentingunusedtokens.Lifting themonoidalstructureof statesto thecategory
of computationsresultsin amonoidalcategoryof computations, wherethefunctoriality
law of themonoidaltensorproductexpressesabasicfactaboutthetrueconcurrencyof
themodel.Namely, thatin any computationtherelative orderin which two concurrent
actionsareexecutedis alwaysimmaterial.In fact, if α1 andα2 arecomputationssuch
thatαi , for i � 1 � 2, originatesin ui andleadsto vi (written αi :ui

� vi), then�
α1 � idu2 � ; � idv1 � α2 � � α1 � α2

� �
idu1 � α2 � ; � α1 � idv2 � �

where� is thetensorproduct(modelingconcurrentcompositionof computations)orig-
inatedfrom multisetuniononstates, ; is theoperationof sequentialcomposition,and
the idui , idvi areidle componentsof computations,with e.g.,idu1;α1

� α1
� α1; idv1.

Theextensiveuseof PT netshasgivenriseto differentschoolsof thoughtconcern-
ing their semanticinterpretation.In particular, the main distinctionis drawn between
collectiveand individual token philosophies(seee.g. [33]). According to the collec-
tive token philosophy(CTph), oneis not interestedin distinguishingamongdifferent
tokensin thesameplace(i.e.,amonginstancesof thesameresource),becauseall such
tokensareoperationallyequivalent.However, tokensmay have differentorigins and
histories,carryingdifferentcausality informationandhenceconsumingone instance
ratherthananother, canmake the differencefrom beingcausallydependentor not on
somepreviousevent.Thepointof view of theindividualtokenphilosophy(ITph) is that
thesecausaldependenciesmay well form an essentialinformationthat shouldnot be
discardedwhen,e.g.,flow analysisis concerned.Of course,causaldependenciesmay
influencethedegreeof concurrency in abstractcomputations,andthereforeCTph and
ITph leadto quitedifferentconcurrentsemantics.

For ordinaryPT netsthealgebraicapproachhasbeenpursuedunderbothphiloso-
phies,characterizingdifferentkindsof netprocesses, rangingfrom BestandDevillers
commutative processes[3] (that supportthe CTph) to concatenableprocesses[13,31]
andstronglyconcatenableprocesses[32] (that supportthe ITph). Note that the ITph
relies on a tensorproductwhich can be commutative only up to a monoidalnatural
isomorphism.Therefore,the algebraicapproachrequiressomespecialmechanismin
orderto accommodatethe lifting of the (commutative) monoidalstructureof states.It
is worth mentioningthat thealgebraicapproachunderthe ITph is completelystraight-
forwardfor therecentproposalof pre-nets[6] whosestatesarebasedon stringsrather
thanmultisets.Fromthis point of view, theapproachinitiatedby MeseguerandMon-
tanariis completelygeneralandcanbeappliedto moregeneralnetmodelswhere,e.g.,
tokensaresomekind of morecomplex data[25,15].

Several extensionsof the basicPT net paradigmhave beenconsideredin the lit-
eraturethateitherincreasethe expressive power or give a betterrepresentationof ex-
isting phenomena.This paperfocuseson extendingthe ‘Petri netsare monoids’ ap-
proachto contextualnets, alsoknown asnetswith read-arcs, or condition-arcs, or test-
arcs [10,27,19,35]. Themotivatingideabehind‘read-arcs’is thatof readingresources
without consumingthem, thus providing a way of modelingmultiple concurrentac-
cessesto the sameresource.Using ordinary PT netssuchreadingsmustbe rendered
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asself-loops, andthis imposesan unwantedsequentializationof concurrentreadings.
On the contrary, with contextual nets,besidespre andpost-sets,transitionsalsohave
‘contexts’, that is resourcesthat are necessaryfor the enablingbut are not affected
by the firing. Contextual netshave found applicationse.g.,to transactionserializabil-
ity in databases[30], concurrentconstraintprogramming[26], andasynchronoussys-
tems[34].

Independentlyof CTph and ITph, for contextual netsseveral differentapproaches
havebeenproposedthatdiffer for theway in which contextsareread.For example,let
usconsiderthenetsN1, N2 andN3 in Figure1, taken from [35]. (As usual,placesare
representedby circles,tokensby blackbullets,transitionsby boxes,pre-andpost-sets
bydirectedweightedarcs,andcontextsbyundirectedweightedarcs,with unaryweights
always omitted.) According to the semanticinterpretationof [27], the transitionst0
andt1 canfire concurrentlyin N1, but neitherin N2 norin N3, sincethebasicassumption
is that a token cannotbe readand consumedin the samestep.In [19], instead,the
concurrentstepis allowed for all threenets,the basicassumptionbeingthat t0 andt1
canboth start together, readthe context tokens,andneedthemnot while the actions
take place.Besidesits possiblemerits,we find this interpretationnot fully convincing
as,for instance,in N3 we would endup in a statethatcannotbereachedby any firing
sequence.Thebasicassumptionof [35] thatfirings havedurationleadsto considerST-
traces,whereexplicit transition-startsand transition-endseventsarefired. HenceN2

canstartt0 andthent1 beforet0 completes,allowing theconcurrentstep  t0 � t1 � (with
thehypothesisthatt0 startsfirst). On thecontrary, in N3 if eithert0 or t1 starts,thenthe
context for the other transitionis consumedandthe concurrentstepis forbidden.We
follow theinterpretationof [27] thatfits betterour understandingof contexts.

Contextual nets and collective token philosophy. The algebraictheoryfor PT nets
developedundertheCTph is well consolidated,andtherelationshipsbetweenits com-
putational, algebraic andlogical interpretationsareby now veryclear[5]. Startingwith
the classical‘token-game’semantics,many computationalmodelsfor Petri netshave
beenproposedthat follow the CTph. In particular, the commutativeprocessesof Best
andDevillers [3] reconcilethe‘diamond’ equivalence(cf. § 1.1)on firing andstepse-
quences,andexpressvery nicely the concurrency of the model.They also admit an
exactalgebraicrepresentationby meansof theuniversalconstruction� � � thatyields
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strictly symmetricstrict monoidalcategoriesfrom the category of PT nets.More pre-
cisely, givena PT netN, theobjectsof � � N � aremarkingsandits arrowscorrespondto
thecommutativeprocessesof N [23,13].

Surprisingly, CTph semanticsfor contextual netshave received poor attentionin
theliterature,not only for whatconcernsthealgebraictreatment.Whetherbecausethe
problemhasbeenunderestimated,or simply becausethe ITph is morefascinating,we
cannottell. In any case,we think that it is usefulto addressthis discrepancy with the
semanticsof ordinaryPT nets.Moreover, althoughonecaneasilyextendthediamond
equivalenceto firing sequencesoncontextualnets,theformalizationof agoodalgebraic
modelis notatall straightforward.Inspiredby asuggestionmadeby Meseguerin [21],
we give herea satisfactory treatmentof this issue.The idea is to considermonoidal
categorieswith a commutative tensorproducttaken – differently from the caseof PT

nets– over a non-freemonoidof places.In particular, we regardeachtoken a asan
atom(for lackof abetteranalogy)thatcanemit ‘negative’ particlesa- (electrons) while
keepingtrackof theirnumber, i.e.,asin [21], weassumethatfor all k ��� , a � ak � k � a-,
whereak representsanatomthathasreleasedexactlyk particlesto theenvironment.

Replacingcontext arcson a with self-looparcson a-, we areableto give an ax-
iomaticconstructionof a monoidalcategorywhosearrowsbetweenstandardmarkings
(i.e.,containingno negativeparticles)are(isomorphicto) theconcurrentcomputations
of thenetaccordingto theCTph. A key ingredientfor this resultto hold is theso-called
maximumsharinghypothesis, anaxiomexpressingthatconcurrentreadingscanalways
beseenassharingthesametoken,a fundamentalideain CTph.

Contextual netsand individual tokenphilosophy. Building on thenotionof process
introducedby Goltz andReisig in [18], several authorshave shown that the seman-
tics of netsin the ITph canstill be understoodin termsof symmetricmonoidalcate-
gories, wherethe tensorproduct,this time denotedby � , is commutative only up
to a monoidalnaturalisomorphismγ calledsymmetry(for strictly symmetricmonoidal
categoriesthe transformationγ is just the identity). In particular, a simplevariationof
Goltz-Reisigprocessescalledconcatenableprocessesis introducedin [13] (seealso
[31]), which admitssequentialcompositionandyieldsa symmetricmonoidalcategory� �

N � for eachnetN. Notethat � is commutativeontheobjectsof
� �

N � . A refinedver-
sionof concatenableprocessesis givenby stronglyconcatenableprocesses[32] where
originsanddestinationsaretotally ordered(asopposedto theorderingsof originsand
destinationsof concatenableprocessesthat are indexed by the places).Also several
unfoldingsemantics(seee.g.[36,24]) have beenproposedthatgive a denotationalin-
terpretationof theinterplaybetweenconcurrency, causalityandnondeterminism.

For contextual netsboththeprocessandtheunfoldingapproacheshave beenstud-
ied [27,8,9,2,1], giving a satisfactory understandingof the computationalmodel via
the introductionof asymmetriceventstructures. Thealgebraicapproach,however, has
beenpursuedonly in a recentpaperby Gadducciand Montanari [16] using match-
sharecategories.Theirbasicideais that,togetherwith symmetries,two additionalaux-
iliary constructorsmustbe present:onefor duplicating tokensandone for matching
them.Formally, for eachplacea the auxiliary arrows ∇a:a � a � a and∆a:a � a �
a are addedto the computationalmodel (and suitably axiomatized,by letting e.g.,
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∇a;∆a
� ida and∇a;γa ) a � ∇a with ida the identity arrow on a andγa ) a the symme-

try that swaps two tokensin a). Read-arcscan then be replacedby self-loops(i.e.,
if the transitiont consumesu, readsv andproducesw, thenoneconsidersa derived
transitiontv:u � v � w � v), andreadingwithout consumingmodeledby duplicating
thecontext, firing thetransitionconcurrentlywith anidle copy of thecontext, andthen
matchingtheidle copy with thecorrespondingproducedtokens(i.e.,by consideringthe
arrow *tv � �

idu � ∇v � ; � tv � idv � ; � idw � ∆v � illustratedin Figure2(a)). Multiple concur-
rent accessis achievedby producingvia duplication– andthenabsorbingvia match-
ing – enoughcopiesof the context. In [16], a suitableaxiomatizationof duplicators
andmatchersis introducedandprovedto representfaithfully thebasicfactaboutcon-
currentaccess:stepssharingthe samecontext, but otherwisedisjointly enabled,can
executeconcurrentlyor in any interleaved order with no noticeabledifference(e.g.,
using the notationabove, the term

�
idu+ �,*tv � ; � γu+-)w � idv � ; � idw � *t .v � ; � γw+-)w � idv � , il-

lustratedin Figure 2(b), for t . that consumesu. , readsv andproducesw. , is equiva-
lent to

�
γu+ ) u � idv � ; � idu � *t .v � ; � γu )w+ � idu � ; � idw+ �/*tv � in Figure2(c), andboth admit a

normal form wherethe subtermstv and t .v areexecutedconcurrently, as illustratedin
Figure2(d)).

Themaindrawbackof this approachis that theinitial modelcontainstoo manyar-
rows and,therefore,in orderto obtaina bijectionwith contextual processesonehasto
carveasuitablesubcategory. Althoughthearrowsof thissubcategorycanbecharacter-
izedby inspectingtheir structure,thelack of a globalcorrespondencesomehow weak-
enstheframework. We aim at improving theapproachof [16] startingfrom theobser-
vationthattheunwantedarrowsaredueto redundantinformationin themodel.In fact,
oncea context tokenis readby a transitionwe know the‘real’ tokenit is connectedto:
theoneduplicationwasappliedto. Hence,thematchoperation,neededfor expressing
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concurrentreadings,doesnot addany further informationandmayintroduceinconsis-
tentbehaviors.For example,giventwo tokensin theplacea, onecanfirst duplicateboth
andthenmatcheachcopy of thefirst tokenwith a copy of thesecondtoken: it should
be evident that the resultingarrow (written

�
∇a � ∇a � ; � ida � γa ) a � ida � ; � ∆a � ∆a � ) is

meaninglessfrom the computationalviewpoint, unlessthe two tokensrepresentthe
samecontext. We overcomethis problemby extendingto the ITph the approachpro-
posedfor theCTph in thefirst partof thepaper.

Thekey of our proposalis to regulatetheuseof symmetrieson themarkingssoto
forbid theswappingof aak andanadjacenta-. Thispreventsthemigrationof electrons
from atomto atom,asit mighthappenin theCTph andin [16]. Theabsenceof electron
migrationrepresents,in the ITph, a sort of dual to the maximumsharinghypothesis,
thatwe call exact sharinghypothesis. Most notably, the restrictionis imposedsimply
by omitting the correspondingsymmetriesfrom the model.And reintroducingthem
would in factresultin a redundantframework perfectlyanalogousto theoneprovided
by match-sharecategories.Observe that this yieldsa monoidalcategory that,formally
speaking,is not symmetricanymore:we allow only selectedcommutationsby explic-
itly including selectedsymmetries.Thesewill include,of course,all the symmetries
betweenstandardmarkings(i.e., thosein which tokenshavereleasedno particles),and
will excludeall thosethatmayleadto confusethecausalhistoriesof tokens.Our main
resultis that,again,thearrowsbetweenstandardmarkingsarein bijectionwith aslight
refinementof contextual processes,calledconcatenablecontextual processes. In this,
it is crucial that themodelbeableto treatparticlesin differentwaysdependingon the
context. On the onehand,accordingto the ITph, we needto distinguishbetweena-

releasedby differentatoms,but on the otherhand,similarly to the CTph, we want to
identify thoseparticlesgeneratedby thesamea. This is theprecisecontentof ourexact
sharinghypothesis,asformalizedby anew axiomthatwecall (∆).

Origin andstructureof thepaper. Thispaperbuildsonthework reportedin [7]. Besides
extendingloc. cit. by detailedexamplesandproofsof themainresults,we improve its
treatmentof the ITph in many respects.In particular, in [7] we relied on a distinction
betweenforwardandbackwardcontexts,realizedthroughasecondkind of electron,a-,
in additionto a-. Moreover, differentlyfrom here,ourrepresentationresultwasphrased
in termsof strongly concatenablecontextual processes.Axiom (∆) is instrumentalin
theseimprovements,andis first introducedhere.

In Section1 werecallsomebasicsaboutcontextualnetsandthealgebraicsemantics
of PT nets.In Sections2 and3 we definealgebraicsemanticsfor contextual netsunder
boththeCTph andtheITph, providing originalcharacterizationresultsfor commutative
andconcatenablecontextualprocesses.We remarkthatin theabsenceof read-arcs,our
semanticscoincidewith theclassicalones.

1 Preliminaries

1.1 Contextual nets

Contextualnetswereintroducedfor extendingPT netswith the‘readwithoutconsume’
operation[10,27,19,35]. Thestatesof contextualnetsarecalledmarkingsandrepresent
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distributionsof resources(tokens) in typedrepositories(places). Giventhesetof places
S, markingscanbeseenasmultisetsu:S � � , whereu

�
a� denotesthenumberof tokens

thatplacea carriesin u. Thesetof finite multiseton S is thefreecommutativemonoid
on S. We denoteit by S0 , andindicatemultisetinclusion,differenceandunionby 1 ,� and 2 , respectively, with u 2 v definedonly for v 1 u. For k a naturalnumberandu
a multiset,k � u is themultisetsuchthat

�
k � u� � a� � k � u � a� for all a. We denoteby 3 u4

theunderlyingsetof u, thatcanbeseenasthemultisetsuchthat 3 u4 � a� � 1 if u
�
a�65 0

and 3 u4 � a� � 0 otherwise.

Definition 1. A contextualnetN is a tuple
�
S� T � ∂0 � ∂1 � ς � , whereSis thesetof places,T

is thesetof transitions,∂0 � ∂1:T � S0 arethepreandpost-setfunctions,andς:T � S0
is the context function.Besidesthe usualassumptionthat ς

�
t � and ∂0

�
t � � ∂1

�
t � are

disjoint for each transitiont, weassumethat ς
�
t � is a set.

Informally, ∂0
�
t � � ς

�
t � is the minimum amountof resourcesthat t requiresto be

enabled.Of theseresources,thosein ∂0
�
t � areretrievedandconsumed,while thosein

ς
�
t � are just readand left on their repositories.When t hasaccomplishedits task, it

returns∂1
�
t � freshtokensandreleasesthe context. Only at this point othertransitions

will be able to consumethe tokensin ς
�
t � , whereasthey can usethe samecontext

concurrentlywith t.

Definition 2. Let u andv bemarkings,andX a finite multisetof transitionsof a con-
textual net N � �

S� T � ∂0 � ∂1 � ς � . We saythat u evolvesto v under the stepX, in sym-
bols u 7X 8 v, if the transitionsin X are concurrentlyenabledat u, i.e., 3:9 t ; T ς

�
t � 4 �9 t ; T X

�
t � � ∂0

�
t � 1 u, and

v � u 2 <>=
t ; T

X
�
t � � ∂0

�
t �@? � =

t ; T

X
�
t � � ∂1

�
t �BA

A stepsequencefromu0 to un is a sequenceu0 7X1 8 u1 ACADA un E 1 7Xn 8 un.

Thustheexecutionof thestepX requiresthatthemarkingu containsat leastall the
tokensin the preconditions∂0

�
t � of transitionst � X plus at leastone token for each

placethat is usedascontext by sometransitionin X. This matchesthe intuition that
a token canbe usedascontext by many transitionsat the sametime. From the point
of view of concurrency, thefact that transitionsin X areexecutedin a stepmeansthat
they canbe equivalently executedin any order. Thus,likewise ordinary PT nets,step
sequencesfor contextual netscanbe consideredup to the equivalenceinducedby the
diamondtransformationrelation F definedby u 7X � Y 8 v F u 7X 8 u1 7Y 8 v for any
stepu 7X � Y 8 v (andsuitableu1). Thediamondequivalenceis thereflexive,symmetric,
transitiveandsequencesconcatenationclosureof therelation F .

Definition 3. Given a contextual net N, the strictly symmetricstrict monoidalcate-
gory (cf. § 1.2) of contextual commutative processesGH� � N � has the markingsof N
asobjects,its stepsequences,takenmodulothediamondequivalence, asarrows,and
compositionis givenby sequenceconcatenation.
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Figure3. Threesituationsin which t (immediately)precedest � .
In the ITph, computationsare commonlydescribedin termsof structuresrepre-

sentingthecausalrelationshipsbetweeneventoccurrences.In the caseof nets,this is
fruitfully formalizedthroughthefollowing notionof process.We remarkthattheseno-
tions areconservative extensionof the correspondingnotionsfor ordinaryPT nets,to
which they reducein the absenceof read-arcs.The relation I – usedby Baldan,
CorradiniandMontanari[2,1] for nondeterministiccontextual processes– referredto
in the definition below is the leastpreorderin which t precedest . , written t I t . , if
either∂1

�
t �KJ � ∂0

�
t . �KL ς

�
t . �C�NM�PO , seeFigures3(a) and3(b), or ς

�
t �KJ ∂0

�
t . �QM�RO , see

Figure3(c).

Definition 4. A (deterministic)contextual processnet is a finite, acyclicw.r.t. I , con-
textual netΘ such that

1. for all t � TΘ, ∂0
�
t � and∂1

�
t � aresets(asopposedto multisets),and

2. for all pairs t0 M� t1 � TΘ, ∂i
�
t0 �SJ ∂i

�
t1 � �TO , for i � 0 � 1.

Remark1. Onecouldarguethatin thecontextual processnet illustratedin Figure3(c)
the transitiont . might alsofire beforet, inhibiting it. In fact, this cannotbe the case.
Sincethe net is a process,i.e., the descriptionof a deterministicrun, both t and t .
mustfired, andthe only possibleinterpretationis that t mustexecutebeforet . . There
is however no causaldependencebetweenthe two events,but only a temporalone.
Thereforet I t . meansthatt precedest . , eithercausallyor just temporally.

Two transitionst andt . in a deterministicoccurrencenet arecalledconcurrent if
they arenot relatedby I (i.e., if they arenot causallyor temporallydependentone
from theother).We remarkthatthesamedefinitiondoesnot applyto nondeterministic
processes,wherethe concurrency relationmustbe definedon arbitrarysetsof transi-
tionsandnot juston pairs.

Definition 5. A contextualprocessπ of a contextualnetN consistsof a contextualpro-
cessnetΘ togetherwith a pair of functions U πT � πS8 , whereπT :TΘ

� TN andπS:SΘ
�

SN, thatrespectsource, targetandcontext, i.e., such that∂Ni V πT
� πS V ∂Θ i , for i � 0 � 1,

andςN V πT
� πS V ςΘ. Contextual processesareconsideredup to isomorphism.
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If noconfusioncanarise,wedenotethecomponentsπT andπS just by π.

1.2 Petri netsaremonoids

The paper[23] built on the monoidalstructureof markingsto provide an algebraic
characterizationof the concurrentcomputationsof nets.Thebasicideawasto lift the
structureof statesto the level of transitions,providing an algebraicrepresentationof
concurrentfiring. In turn, these‘algebraic’ stepscanbe sequentiallyconcatenatedin
order to expressmore complex computations.While sequentialcompositionendows
computationswith a categoricalstructure– markingsareobjects,computationsarear-
rows, andidle tokensareidentities– the parallelcompositionyieldsa tensorproduct.
Theinterplayof parallelandsequentialcomposition,regulatedby functorialityof tensor
products,modelsabasicfactaboutconcurrency, namelythatconcurrenttransitionscan
occurin any relativeorder. UndertheCTph thetensorproductcansimplybecommuta-
tive.Then,eachPT netN freelygeneratesastrictly symmetricstrictmonoidalcategory� � N � whosearrowsarein bijectionwith thecommutativeprocessesof N [3].

Underthe ITph the situationis morecomplex. To be ableto modelcausaldepen-
dencies,multisetsof transitionsarenotenough.Degano,MeseguerandMontanaripro-
posedto keepsimplemarkingsasobjects,but to considera tensorproductnoncommu-
tative on thearrows,togetherwith a collectionof arrows thatmaybeusedto explicitly
changetheorderin which transitionsfetchandproducetokens[13]. Sucharrows,col-
lectedtogetherasthecomponentsof anaturalisomorphism,turnout to betheclassical
notionof symmetryin categorytheory, thusleadingto theconstructionof a(nonstrictly)
symmetricstrictmonoidalcategory

� �
N � for eachnetN, whosearrowsdefinethecon-

catenableprocessesof N. A moreconcreteconstruction,W � N � , wasintroducedin [32]
in order to remove somedeficienciesof the previous approach.The main featureofW � N � , which capturestheso-calledstronglyconcatenableprocesses, is that its objects
arestringsratherthanmultisetsof tokens.

For thereader’sconvenience,webriefly recallthedefinitionof monoidalcategories
andrelatedconcepts.As usual,for G a category, we denotethe identity arrow on the
objectu by idu:u � u and the compositionof two arrows f :u � v andg:v � w by
f ;g:u � w (i.e.,theoperation ; composesin thediagrammaticorder).In whatfollows
we let OX andAX denoterespectively theobjectsandthearrowsof G andlet Y denote
theordinarycartesianproductof categories.

Definition 6. A strictmonoidalcategory is a triple UCGZ�[�\� e8 , where G is theunderlying
category, the functor � : G]Y^G � G is called tensorproductand the objecte � OX is
calledtheunit. Moreover, thetensorproductsatisfiestheassociativitylaw f � � g � h� ��
f � g� � h for all f � g � h � AX andhastheconstantfunctorassociatedto e asneutral

element,i.e., ide � f � f � f � ide, for all f � AX .

For non-strictmonoidalcategories,theassociativity andunit lawsaresatisfiedonly
up to suitablenatural isomorphisms.Sincewe shall always considerstrict monoidal
categories,theadjective ‘strict’ canbeomittedto simplify the terminology. Whenthe
tensorproductis commutativeup to a suitablenaturalisomorphism,themonoidalcat-
egory is called‘symmetric’.

9



Definition 7. A symmetricmonoidalcategory is a 4-tuple UCGZ�[�\� e� γ 8 , where UDG_�@�\� e8
is a monoidalcategoryandγ: 1 � 2 ` 2 � 1 is a natural isomorphismsatisfyingthe
Kelly-MacLanecoherenceaxiomsexpressedby thefollowingequations:

γu ) v;γv) u � idu � idv

γu ) va w
� �

γu ) v � idw � ; � idv � γu )w �
for all objectsu � v� w � OX .

Notethat theequalityγu ) e � idu follows from the fact thatu � e � u togetherwith
axiomsabove.Whenγ is theidentity naturaltransformation,thenthetensorproductis
commutativeandthecategoryis called‘strictly symmetric’.Thearrowsof asymmetric
monoidalcategory that canbe obtainedasthe sequentialandparallelcompositionof
identitiesandsymmetriesarecalledpermutationsandrangedby σ, σ . , σ1, andsoon.

Definition 8. Let UDG_�@�\� e8 and UDG . �[� . � e. 8 bemonoidalcategories.A functorF : G � G .
is calledstrict monoidalif F

�
e� � e. andF

�
f � g� � F

�
f � � . F � g� for all f � g � AX .

Again,we shallomit theterm‘strict’, sinceall monoidalfunctorsthatwe consider
areso.Thecategory of monoidalcategoriesandmonoidalfunctorsis commonlyindi-
catedby MonCat. Moreover, we denoteby CMonCat the full subcategory of strictly
symmetricmonoidalcategories,anduseMonCat 0 andCMonCat 0 for the full sub-
category of, respectively, MonCat andCMonCat consistingof monoidalcategories
whosesetsof objectsarefreelygeneratedcommutativemonoids.In particular, wehave
thatboth � � N � and GH� � N � belongto CMonCat 0 .

Definition 9. Let UCGZ�[�\� e� γ 8 and UDG . �[� . � e. � γ . 8 be symmetricmonoidalcategories.A
monoidalfunctorF : UCGZ�[�\� e8 � UDG . �[� . � e. 8 is saidsymmetricif F

�
γu ) v � � γ .F b ucd) F b vc .

We denoteby SSMC the subcategory of MonCat whoseobjectsare symmetric
monoidalcategoriesandwhosearrows aresymmetricmonoidalfunctors.Let SSMCa
(resp.SSMC0 ) be the full subcategory of SSMC consistingof monoidalcategories
whosesetsof objectsarefreely generatedmonoids(resp.commutative monoids).We
have

� �
N � � SSMC0 and W � N � � SSMCa .

2 Collectivecontexts

In [21], Meseguersuggestedto representcontexts in rewriting logic theoriesby con-
sideringtwo kindsof entitiesfor eachterm:‘counters’and‘copies’.Givena term,one
canreleaseasmany copiesof it asneeded,while recordingthenumberof suchcopies
in thecorrespondingcounter. Copiescanonly beaccessedascontexts.Onthecontrary,
whenrewriting a term,onehasto retrieve thecounterandasmany copiesasindicated
by thecounter. That is, all thecopiesever released.Formally, in thecaseof contextual
nets,thedatatypeof placesis modifiedasfollows:

a � U a � 08U a � n8 � U a � n e 18 � 7 af A
10
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Thetermshaving theform U a � n8 (for a aplaceandn anaturalnumber)arecounters,
andthe 7 af arecopies,with a � U a � n8 � n �k7 af . Then,a transitionwith preconditiona,
context b andpostconditionc becomesa rewrite rule a � 7 bf ` c � 7 bf with a self-loop
on acopy of b. However, thisfits well with theCTph approachonly.

We tried to characterizethealgebraicstructurethatgivesthebasisfor Meseguer’s
encodingandhave comeout successfullywith a representationthat canbe extended
to dealwith the ITph aswell. As explainedin the Introduction,we build thealgebraic
theory over a non-freemonoid of places.In particular, apart from the commutative
monoidaloperation � with unit O , we considerothertwo operations

� � + and
� � -

thatareaxiomatizedasin Figure4, whereweomit theusualassociativity, commutativ-
ity andunit axiomsfor � . Quitesimply, thesemeanthat

� � + and
� � - aremonoidho-

momorphisms– laws (3), (4), (7) and(8) – suchthat
� � + � � � - � id,

� � + V � � - � � � -,
and

� � - V � � - �lO . Observe that (6) actually follows from (1), (7) and (5). We call
molecules, rangedover by r , s, . . . , theelementsof this algebra.Givena setS, we let
µ
�
S� denotethesetof moleculesgeneratedby S.

By theselaws we canalwayseliminateconsecutive applicationsof
� � + and

� � -,
exceptfor sequencesof

� � +. We shallwrite r k asa shorthandfor
� � + appliedk times

to r andomit theparentheses.We assumer 0 � r , but we remarkthat in generalr + �
r 1 M� r .

Lemma 1. For each moleculer � µ
�
S� andeach k �/� , wehave

�
r k � - � r -.

Proof. By inductionon k, applyinglaw (6).

Proposition1. For each moleculer � µ
�
S� andeach k �m� , wehaver k � r kn 1 � r -.

Proof. By law (1), wehave r k � �
r k � + � � r k � -, and

�
r k � - � r - by Lemma1.

Corollary 1. For each moleculer � µ
�
S� andeach k �/� , wehaver � r k � k � r -.

Of coursewe areinterestedin moleculesgeneratedfrom places,which canbe of
two forms:eitherak or a-. Fromthecomputationalpoint of view, thea- arethebasic
contextsandcarryvery little information,sincethenucleusak canproduceasmany of
themasneeded.To appreciatethepoint,we canthink of thetokensasticket rolls with
unboundednumberof ticketsavailable.Readersjust takea ticketandreturnit afteruse
for recycle,whereasconsumersmustretrieve theentireroll, includingall usedtickets.

Definition 10. For N � �
S� T � ∂0 � ∂1 � ς � a contextual net,defineo �

N � as thecategory
in CMonCat with objectsthemoleculeson S, andarrowsgeneratedfromtherules in
Figure5,modulotheaxiomsof strictlysymmetricstrict monoidalcategoriesin Figure6.

11
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We cannow characterizecontextualcommutativeprocessesalgebraically.

Theorem1. Thecategory Gw� � N � is isomorphic(via a monoidalfunctor) to the full
subcategoryof o �

N � whoseobjectsareS0N .

A veryimportantpropertyneededin theproof is whatwecall themaximumsharing
hypothesis, thatcanbeexpressedasin thepropositionbelow. This containsthecoreof
the CTph for contextual nets,sinceit shows that whenever two or moretokensin the
sameplacea areusedascontexts,wecanalwaysfind anequivalentcomputationwhere
only onetokenin a is used(twice or more)asa context. In otherwords,tokensin the
sameplacearecompletelyinterchangeablein contexts.

Proposition2. For each moleculer � µ
�
S� andk � n �,� , wehaver n � r k � r nn k � r .

Proof. By Corollary1, we have r nn k � r � r nn k � r k � k � r -. By commutativity (and
associativity) of � we getr nn k � r � r nn k � k � r - � r k. By applyingk timesPropo-
sition1 wehave theresult.

Beforeproving Theorem1 weneedsomeothertechnicallemmata.

Lemma 2. Each moleculer � µ
�
S� factorizesuniquelyasu � e � l wherex u � S0 ;x e � k1 � a-

1 � ACADA � kn � a-
n with n y 0 andki 5 0, for i � 1 � ACADA � n;x l � bh1

1 � ADACA � bhm
m with m y 0 andh j 5 0, for j � 1 � ADACA � m;

where all theai andb j are distinctplaces.

Proof. The normal form representationfollows by observingthat
� � + and

� � - are
monoidhomomorphismsand,therefore,distribute over � . Then,by laws (2), (5) and
(6), we canreducethe moleculeto the ‘sum’ of placesa, electronsa- andnuclei ah.
Then,by Proposition2, we cansimplify the expressionto a form whereat mostone
nucleusah with h 5 0 is presentfor eacha. Finally, if bothah andk � a- arepresentin
theexpression,we cansimplify theexpressionaccordingto thefollowing threepossi-
bilities, until all thenucleiandelectronsreferto differentplaces.

12



(h 5 k): thenah � �
ah E k � k and,by Lemma1, k � a- � k � � ah E k � -, henceah � k � a- ��

ah E k � k � k � � ah E k � - � ah E k by Corollary1;
(h � k): thenak � k � a- � a by Corollary1;
(h z k): thenah � k � a- � ah � h � a- � � k { h� � a- � a � � k { h� � a- by applyingCorol-

lary 1 to ah � h � a-.

Lemma 3. If the sourceof an arrow α �|o �
N � factorizesaccording to Lemma2 as

u � e � l , thenα:u � e � l � v � e � l for somev � S0 .

Proof. It is straightforwardto observethateandl areinvariantsof thegenerationrules
in Figure5.

Lemma 4. Each arrow δ: r � s in o �
N � canbedecomposedas�

t1 � idr 1 � ; � t2 � idr 2 � ; ADACA ; � tk � idr k � �
for somek y 0, whereall theti are transitions.

Proof. By structuralinductionontheexpressiondenotingα. Thecomplex caseis when
δ � α � β. Wecanthenapplythefunctorialityof � to getδ � �

α � idr + � ; � β � ids+ � where
r . is thesourceof β ands. is thetargetof α. Thenwe applytheinductivehypothesisto
α andβ.

We arenow readyto provethemaintheorem.

Proof. (of Theorem1). We startby definingthe functor } : GH� � N � � o �
N � . Givena

genericstepsequenceu0 7X1 8 u1 ADACA un E 1 7Xn 8 un with lengthn (representinga generic
arrow in GH� � N � ), we let} � u0 7X1 8 u1 ACACA un E 1 7Xn 8 un � � } � u0 7X1 8 u1 � ; ADACA ; } � un E 1 7Xn 8 un � �
with } � u 7X 8 v� asdefinedbelow. Letx uX

� 9 t ;�~ X � X � t � � ∂0
�
t � ;x vX

� 9 t ;�~ X � X � t � � ∂1
�
t � ;x wX

� 9 t ;�~ X � X � t � � ς � t � .
We canassumethat

wX
� k1 � a1 � k2 � a2 � ADACA � km � am

with m y 0, ki 5 0, for i � 1 � ADACA � m andall theai differentplaces.Sincethe stepX is
enabledatu, thenu � u. � uX � 3 wX 4 for someu. � S0 . Hencev � u. � vX � 3 wX 4 . With
this notationfixed,let} � u 7X 8 v� � idu+ � X � id

a
k1
1
� id

a
k2
2
� ADACA � id

akm
m A

Notethatwith thisdefinition,theki tokensneededascontext relatively to placeai yield
an idle nucleusaki

i , for i � 1 � ADACA � m. Also noticethatwhenX ��O theresultis just the
identity onu.

13
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To show that themapping } is well-definedwe mustshow that it respectsthedia-
mondequivalence,i.e., thatwhenu 7X � Y 8 v is defined,then} � u 7X � Y 8 v� � } � u 7X 8 u1 � ; } � u1 7Y 8 v�
with u1 uniquelydeterminedby u andX. This followseasilyby definitionof } andby
thefunctorialityof thetensorproduct.

To show that } is faithful it sufficesto observe that theonly axiomthatpotentially
may breakthis property(i.e., that could inducetoo many equalitieson terms)is the
functoriality of tensorproductwhich, on the otherhand,correspondspreciselyto the
diamondequivalence.

Finally, to show that } is full (on thefull subcategory of o �
N � whoseobjectsare

markings),wetakeagenericarrow α:u � v ��o �
N � with u � v � S0 andshow thatthere

exists a stepsequencein GH� � N � that is mappedto α by } . In fact, by Lemma4 we
take a ‘linearization’ of α (i.e., a sequentialcompositionof transitionsin parallelwith
identities)andshow that the obviousfiring sequenceassociatedto it canbe executed
in N. In doing this we employ Lemma3 and the fact that u � S0 . Observe that this
constructiondefinestheinverseto } . �
Example1. Let usconsiderthenetN in Figure7. In o �

N � wehavethreebasicarrowsx t0:a � c- � c-,x t1:b � c- � c- andx t2:c � O ,

but neithert0, nort1 canrepresentacommutativecontextualprocess,sincetheirsources
andtargetsarenotelementsof S0 . To remedythis,wemustput t0 andt1 in anenviron-
mentwherethec- becomeinstancesof a ‘complete’ token,asidc+ � t0:a � c � c and
idc+ � t1:b � c � c. Theconcurrentexecutionof t0 andt1 with sharedcontext is instead
writtenasidc2 � t0 � t1 : a � b � c � O : sincetwo electronsareneededtheidle nucleus
has‘degree’2. By thefunctoriality of � , we have that

idc2 � t0 � t1 � �
idc+ � t0 � idb � ; � idc+ � t1 � � �

idc+ � t1 � ida � ; � idc+ � t0 � �
(recall that idc2 � idc- � idc+), i.e., t0 andt1 canexecutein any order. Also interesting
is to observethat�

idc+ � t0 � � �C� idc+ � t1 � ; t2 � � �C�
idc+ � t0 � ; t2 � � � idc+ � t1 � �

14



i.e., we have no causalinformationaboutthe tokenconsumedby t2: is it theoneread
by t0, or the one readby t1? In fact by idc+ � t0 � �

idc+ � t0 � ; idc and applying the
functorialityof � we have:�

idc+ � t0 � � �C� idc+ � t1 � ; t2 � � �
idc+ � t0 � idc+ � t1 � ; � idc � t2 �BA

Then,idc � t2 � t2 � idc by commutativity of � andby applyingthefunctoriality (in the
oppositedirectionthanbefore)we gettheequality. Furthermore,

idc+ � t0 � idc+ � t1 � idc2 � t0 � t1 � idc

(by Proposition2 andthecommutativity of � ), andthus�
idc+ � t0 � � �D� idc+ � t1 � ; t2 � � �

idc2 � t0 � t1 � idc � ; � idc � t2 � � idc2 � t0 � t1 � t2

i.e., t0, t1, and t2 can be executedin a concurrentfashionwithout the possibility of
distinguishingthis casefrom thosein which t2 causallydependson t0 or t1.

Sincea PT netN canalwaysbeseenasacontextualnetwith noread-arcs,in which
casethecommutativecontextualprocessesof N arejust theordinarycommutativepro-
cesses(cf. § 1.2and[23]), thenby Theorem1 we obtainthefollowing corollary.

Corollary 2. If N is a PT net,then � � N � is a full subcategoryof o �
N � .

Weremarkthattheconstructionswehaveshown canbeeasilyextendedto dealwith
multiplicitiesonread-arcs(i.e., to thecasein which ς

�
t � is amultisetratherthanaset).

3 Indi vidual contexts

The maximumsharinghypothesiscreatesobvious problemswhen dealingwith the
ITph, whoseentire point is to be able to recognizewhat electronsare emittedfrom
eachtoken. For ordinary PT nets,the informationaboutcausalityis recoveredin the
algebraicsettingby using(non strictly) symmetricstrict monoidalcategories,i.e., by
introducingsymmetriesto controlrearrangementsof tokensin processsequentialcom-
position.While at the level of statesonecanstill view standardmarkingsas indexed
collectionsof orderedtokens(ratherthanresortingto take asstatestheelementsof the
free monoidon places,i.e., stringsof places),at the level of computations(arrows),
however, thetensorproductis notcommutativeanymore,sothatoneis ableto interpret
in a canonicalway thecorrectflow of causalitythroughtokenhistories.Thus,thefirst
attemptto auniformextensionof theCTph treatmentof theprevioussectionto theITph
view is to introducesymmetrieson molecules.

Thereis however anotherproblemto solve. Sincethe context ς
�
t � is modeledby

a self-loopon ς
�
t � -, two transitionswith the samecontext canbe concatenatedon it,

asif onedependedon the executionof the other. This spuriouscausaldependency is
to be avoided,asit givesrise to a wrong semanticmodel.To someextent,onewould
like to follow the ITph on ‘complete’molecules(standardmarkings),andtheCTph on
electronsof the samenucleus,so thatonehasno informationaboutwhich electronis
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Figure8. Axioms for bimolecules(with a �h b p S, δ s ε p��Q��� - � andχ p�� + s - � ).
consumedby afiring, but only aboutwhichmoleculeit comesfrom. Wethereforeneed
a canonicalinterpretationof moleculesthat respectsthis intuition. To fix theideas,we
take initially a noncommutative monoidaloperation� on molecules.Let usconsider
themoleculea2 � a+ � a- � a- � a-. Wewouldliketo view it underaninterpretationthat
connectseachof the threeelectronswith onethe two nuclei,andthat is invariant not
only underall possiblecomputationsthat canoriginatefrom the state,but alsounder
compositionof themoleculeto form largerstates.Our ideais to associateanelectronto
thefirst incompletenucleus(ion) thatprecedesit. In thepresentcase,for instance,the
first electronis associatedto thesecondion (a+), while thesecondandthird electrons
(the two rightmostin the expression)areinterpretedaselectronsreleasedby the left-
mostion a2. A goodwayto explain themechanism,is to view ionsasopenparentheses
andelectronsasclosingparentheses,whereof courseanion ak opensseveralparenthe-
ses,namelyk, at once.Clearly, we aremainly interestedin balancedexpressions,but
unbalancedexpressionsmustexist, andcanalwaysbe completedby parallelcompo-
sition to yield balancedterms.To completethepicture,considernow that theorderin
whichatoms,nucleiandelectronsof differentkinds– i.e.,comingfrom differentplaces
– appearin an expressionis not relevant.Hence,the monoidaloperation� betterbe
commutative in suchsituations.In otherwords,we have:

a+ � b+ � a- � b- � a+ � b+ � b- � a- � a+ � b � a- � a+ � a- � b � a � b �
but we definitelywant thata+ � a+ � a- M� a+ � a- � a+, becausethe particlea- in the
two termsis associatedto differentnucleiand,therefore,thetwo statesmaygiveriseto
differentcausalhistorieswhena transitionreadsthatparticle.

We call bimolecules, rangedover by p � q � ADACA , the(generalized)markingsof theal-
gebraillustratedabove. It includesa setof axiomsformally identicalto thosein Fig-
ure4, plussomeextra axiomsto dealwith restrictedcommutativity. Givena setS, we
write ν

�
S� for thesetof bimoleculesonS. Thecompleteaxiomatizationof bimolecules

is shown in Figure8. Note that law (9) – the analogousof (1) for moleculesfor bi-
moleculesappliesonly whena nucleusis immediatelyon the left of an electron,i.e.,
a- � a+ M� a.

Thefinal andkey ingredientin our constructionis to abandonthesymmetryof the
monoidalcategoriesinvolved.With a stepsimilar to theonethatbroughtfrom strictly
symmetricto symmetriccategories,wechoose(nonsymmetric)monoidalcategoriesto
which we adjoinexactlyandonly thesymmetrieswe need.In this way, we areableto
omit thosesymmetriesthatwould causemigrationof electronsfrom atomto atom.In
thefollowingweshallbuild onaconstructionsomehow intermediatebetween

� �
N � and
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W � N � for PT nets[12,32] and,therefore,take a noncommutativemonoidof objects:it
is commutativeonly onsomeobjects,in particularonthemarkings.Weusethesymbol� for themonoidaloperation.

Definition 11. For N � �
S� T � ∂0 � ∂1 � ς � a contextualnet, � � N � is themonoidalcategory

with objectsthe bimoleculeson S, and arrowsgeneratedfrom the rules in Figure 9,
togetherwith thesymmetries

γaδ ) bε : aδ � bε � bε � aδ � for a M� b � Sandδ � ε �,� L  - � �
γa ) a- : a � a- � a- � a �
γa- ) a : a- � a � a � a- A

The arrows are taken modulothe axiomsof strict monoidalcategories in Figure 10
(whenever theγ’saredefined)andthelaws:

σ; t;σ . � t (17)

γaδ ) bε
� idaδ a bε � for a M� b � Sandδ � ε �,� L  - � (18)

γa ) a- � idaa a- (19)

idak � t � idak � 1 � t � ida- (∆)

for all transitionst: p � q, permutationsσ: p � p, σ . :q � q, andk 5 0.

Since γa- ) a is inverseto γa ) a- � idaa a-, it follows that γa- ) a � idaa a-. Note that
we do not introducesymmetriessuch as γa- ) a-, γak ) a- , and γak ) an, for k � n y 1, that
would allow theparticlesto flow from a nucleusto a differentone.For example,start-
ing from a � a+ � a+ � a- � a+ andapplyingan hypotheticalarrow ida+ � γa- ) a+ , we
would reacha+ � a+ � a- � a+ � a, allowing the nuclei to exchangeelectrons,which
is problematic.Anothernon-examplewould beapplyingthearrow ida+ a a+ � γa- ) a- to
a � a � a+ � a � a- � a+ � a+ � a- � a- because,after the exchange,the token of the
first andsecondnucleusget confused.By forcing γa- ) a- to be the identity we would
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confusethe electronsof two differentnuclei,becauseof the naturalityaxiom,andby
leaving it freewewouldallow againfor electronsmigration.In fact,our representation
invariant is thattheelectronsassociatedto acertainnucleusak in abimoleculeq arede-
terminedby following thedisciplineof propernestingof openandclosedparentheses.
Theabsenceof thosesymmetriesmaintainsthis invariantfor us.

Laws (17) and (18) are classicallaws for the
� �

N � construction;herethey have
a slightly moregeneralrole, becausethey alsodealwith nuclei andelectrons.In par-
ticular, law (17) is the analogousof axiom

�
Ψ � for PT nets(cf. [12]). Law (19) says

thatelectronscanbefreelymovedaround‘completeatoms’of thesamekind. Law (∆)
is original andreally centralto our development.In fact,even thoughthe symmetries
γa- ) a- arenot allowed,we certainlydo not wantto distinguishbetweenelectronsof the
samenucleus(thefirst released,thesecond,. . . ), asotherwisewewouldobtainanotion
of computationveryconcreteandfar from ourtarget,thatis to capturealgebraicallythe
notionof contextualprocess.Axiom (∆) takescareof identifying suchparticles,asthe
Example2 below illustrates.

To establishourrepresentationresultweneedto refinecontextualprocessesin order
to be ableto concatenatethem.As for similar casesin the literature,this leadsto the
introductionof an ordering on the tokensin the sourceandtarget of the processnet,
yielding thenotionof concatenablecontextualprocesses.

Definition 12. For N a contextual net, a concatenablecontextual processis a tuple�
π � Θ �C� 0 �D� 1 � , where π is a contextual processwith underlyingcontextual processnet

Θ, � 0 and � 1 are partial orders on the minimal and maximalplacesof Θ, respec-
tively, such that: (1) x � i y impliesthatπ

�
x� � π

�
y� ; and(2) if x M� y areminimalplaces

(respectivelymaximalplaces)such that π
�
x� � π

�
y� , theneitherx � 0 y or y � 0 x (re-

spectively, x � 1 y or y � 1 x).

As usual,concatenableprocessesaretakenup to isomorphism.Thetwo conditions
imposedin thedefinitionaboveensurethatweorderonly placesof Θ thatareinstances
of thesameplaceof N, andthaton suchplacestheorderingis total.

Example2. Let N bethecontextualnetin Figure7. Thenwe have threebasicarrow in� � N � associatedto thetransitionsof N:x t0:c- � a � c-;x t1:c- � b � c-;x t2:c � O .

Then,new arrows canbebuilt by composing(sequentiallyandin parallel)thesethree
arrowswith identitiesandsymmetries.For example,thearrow idc2 � t0 � t1 goesfrom
c2 � c- � a � c- � b � c � a � b to c2 � c- � c- � c. Analogouslywe have the arrow
idc2 � t1 � t0:c � b � a � c. Then, it is possibleto prove that thesetwo arrows are
identifiedin � � N � . In fact,we have:

idc2 � t0 � t1 � �
idc2 � t0 � idc- a b � ; � idc2 � idc- � t1 � (by functoriality)� �
idc+ � t0 � idb � ; � idc+ � t1 � (by law ∆) A
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Then,by naturality, wehavet0 � idb
� γc- a a ) b;

�
idb � t0 � ;γb ) c- , but thesesymmetriesare

just identitiesandthereforet0 � idb canbereplacedby idb � t0 in theexpressionabove.

idc2 � t0 � t1 � �
idc+ � idb � t0 � ; � idc+ � t1 �� �
idc2 a c- � idb � t0 � ; � idc2 � t1 � idc- � (by law ∆)� idc2 � t1 � t0 (by functoriality)

Note that in fact there is only one concatenablecontextual processthat startsfrom
a � b � candinvolvesexactlyonefiring of t0 andonefiring of t1. By repeatedlyapplying
law (∆) we thenhave,e.g.,

idc2 � t0 � t1 � idcn � m� 2 � t1 � idn � c- � t0 � idm� c-
for all n � m �,� . Thismeansthattheorderin which theelectronsarereadis not impor-
tantprovidedthatthey originatedfrom thesamenucleus.

Likewiseconcatenableprocessesof PT nets,a partialoperationof sequentialcom-
positioncanbedefined.Provided the targetof processπ coincideswith the sourceof
processπ . , it mergesthemaximalplacesof π with theminimalplacesof π . according
to theorders� 1 and � .0.

Definition 13. Let
�
π � Θ �C� 0 �C� 1 � and

�
π . � Θ . �C� .0 �D� .1 � be two concatenablecontextual

processesof a contextual net N, where TΘ J TΘ + ��O and SΘ J SΘ + is both the setof
minimalplacesfor Θ and thesetof maximalplacesfor Θ . , with π

�
x� � π . � x� for any

x � SΘ J SΘ + , and x � 1 y iff x � .0 y for all x � y � SΘ J SΘ + . Thentheir concatenation�
π . . � Θ L Θ . �C� 0 �D� .1 � � �

π � Θ �D� 0 �D� 1 � ; � π . � Θ . �D� .0 �C� .1 � is well defined,where π . . is the
componentwiseunion of π and π . (i.e., π . . � x� � π

�
x� if x � Θ and π . . � x� � π . � x� if

x � Θ . ).
Thecompositionis well definedbecauseby hypothesiswehaveπ . � x� � π

�
x� for all

x � Θ J Θ . � SΘ J SΘ + , i.e.,mergedplaceshavethesamenames.
The parallel compositionof two processesconsistsof taking their disjoint union

andextendingtheordersonminimalandmaximalplacesby x � i y wheneverx belongs
to the first process,y to the second,andπ

�
x� � π

�
y� . It canbe shown that with these

two operationstheconcatenablecontextual processesof N form thearrows of a strict
monoidalcategory G � � N � . Symmetriescanbedefinedby takingaprocessthatcontains
just places(no transitions)with suitableorderings� 0 and � 1. Eachplaceis bothmin-
imal andmaximal.Thesesymmetriesmake G � � N � bea symmetricmonoidalcategory
in SSMC0 .

Definition 14. A concatenablecontextualprocessis calledelementaryif it containsat
mostonetransition.

Definition 15. Givena contextual net N anda transitiont � TN, the elementarycon-
catenablecontextualprocess7 t f � �

π � Θ �C� 0 �C� 1 � associatedto t is givenbyx SΘ
� SU a � 0 � n8�� a �T3 ∂0

�
t � 4�� 1 � n � ∂0

�
t � � a� � L �U a � 1 � n8�� a �T3 ∂1

�
t � 4�� 1 � n �

∂1
�
t � � a� � L SU a � 2 � 18�� a ��3 ς � t � 4 �
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x TΘ
� SU t 8 � ;x ∂0
� U t 8 � � �U a � 0 � n8�� a ��3 ∂0

�
t � 4�� 1 � n � ∂0

�
t � � a� � ;x ∂1

� U t 8 � � �U a � 1 � n8�� a ��3 ∂1
�
t � 4�� 1 � n � ∂1

�
t � � a� � ;x ς

� U t 8 � � SU a � 2 � 18�� a ��3 ς � t � 4 � ;x π
� U a � j � n8 � � a and π

� U t 8 � � t;x U a � i � k 8�� 1 U b � j � h8 iff a � b � i � j � 0 � k z h.x U a � i � k 8�� 1 U b � j � h8 iff a � b � i � j � 1 � k z h.

Note that the placesin �U a � 2 � 18Z� a ��3 ς � t � 4 � areboth minimal andmaximal.No
orderis neededon them,becausewerely on thebasicassumptionsthatς

�
t � is asetand

thatς
�
t �SJ 3 ∂0

�
t ��L ∂1

�
t � 4 �TO , for any t � TN.

Proposition3. Each elementaryconcatenablecontextual process
�
π � Θ �D� 0 �D� 1 � that

containsexactlyonetransition,sayx, canbeobtainedasσ1;
� 7 π � x� f � σ2 � ;σ3 for suit-

ableelementaryconcatenablecontextualprocessesσ1, σ2 andσ3 thatcontainsnotran-
sition.

Proposition4. Theconcatenablecontextualprocessesof a contextualnetN canbeob-
tainedasthesequentialcompositionof elementaryconcatenablecontextualprocesses.

Proof. Likewisetheanalogousstatementfor ordinaryPT nets,theproof is by induction
on thenumberof transitionsin theprocessnet(exploiting Proposition3).

Theorem2. Thecategory G � � N � is isomorphic(via a symmetricmonoidalfunctor)to
thefull subcategoryof � � N � whoseobjectsaretheelementsof Sa (which is symmetric).

Before proving the main representationtheoremabove, we needsometechnical
lemmatathatstateusefulpropertiesof thearrowsin � � N � . Westartby extendingsome
of thepropertiesof moleculesto theframework of bimolecules.

Lemma 5. For each bimoleculep andeach k �,� , wehave
�
pk � - � p-.

Proposition5. For each placea andeach k �/� , wehaveak � akn 1 � a-.

Proof. The proof proceedsby induction on k. For the basecase(k � 0) we get a �
a+ � a- directly by law (9). For the inductive case,we assumethepropertyto bevalid
for k � n andproveit for k � n e 1. Then,

ann 1 � �
an � + (by definition)� �
ann 1 � a- � + (by inductivehypothesis)� �
ann 1 � + � �

a- � + (by law 11)� ann 2 � a- (by law 10)A
Thisconcludestheproof.

Corollary 3. For each placea andeach k �,� , wehavea � ak � k � a-.

Lemma 6. Each bimoleculep can be decomposedas p � p1 � p2 � ADACA � pn, where

each pi hastheform ki ) 0 � a-
i � a

ki ¡ 1
i � a

ki ¡ 2
i � ACACA � a

ki ¡ ni
i with ai M� a j , for i M� j .
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Lemma 7. If p � q � Sa , thenfor each u � Sa wehavep � u � q � Sa .

Proof. It sufficesto prove thepropertyfor u � S, which canbedonevia a simplecase
analysis,exploiting the representationof p andq providedby Lemma6 andapplying
law (16).

Notethatin thepreviouslemma,p andqaregenericbimoleculesandnotnecessarily
markings.

We cannow statesomeinvariantanddecompositionpropertiesfor the arrows in� � N � .
Lemma 8. If α � idp � γx ) y � idq with p � x � y � q � Sa , thenp � y � x � q � Sa
Proof. By a simple caseanalysis:all symmetriesare collapsedto identities,except
whenx � y � a for somea � S.

Lemma 9. If α � idp � t � idq and p � ς
�
t � - � ∂0

�
t � � q � Sa , thenp � ς

�
t � - � ∂1

�
t � �

q � Sa .

Proof. Follows from Lemma7.

Proposition6. Each α �¢� � N � canbedecomposedas

α � σ0;
�
idp1 � t1 � idq1 � ;σ1;

�
idp2 � t2 � idq2 � ;σ2; ACACA ; � idpn � tn � idqn � ;σn �

where theσi arepermutations(i.e., sequentialandparallel compositionsof symmetries
andidentities)andtheti are transitions.

Proof. By structuralinduction.Thecomplex caseis for α � α1 � α2 for someα1: r1
�

r .1 andα2: r2
� r .2. But then,by functoriality we have α � �

α1 � idr2 � ; � idr +1 � α2 � and
by inductivehypothesis

α1
� σ .0;

�
idp+1 � t .1 � idq+1 � ;σ .1;

�
idp+2 � t .2 � idq+2 � ;σ .2; ACACA ; � idp+

n+ � t .n+ � idq+
n+ � ;σ .n+ �

α2
� σ . .0;

�
idp+ +1 � t . .1 � idq+ +1 � ;σ . .1;

�
idp+ +2 � t . .2 � idq+ +2 � ;σ . .2; ACADA ; � idp+ +

n+ + � t . .n+ + � idq+ +
n+ + � ;σ . .n+ + �

Then,by functoriality:

α1 � idr2
� �

σ .0 � idr2 � ; � idp+1 � t .1 � idq+1 a r2 � ; � σ .1 � idr2 � ; � idp+2 � t .2 � idq+2 a r2 � ;�
σ .2 � idr2 � ; ACADA ; � idp+

n+ � t .n+ � idq+
n+ a r2 � ; � σ .n+ � idr2 � �

idr +1 � α2
� �

idr +1 � σ . .0 � ; � idr +1 a p+ +1 � t . .1 � idq+ +1 � ; � idr +1 � σ . .1 � ; � idr +1 a p+ +2 � t . .2 � idq+ +2 � ;�
idr +1 � σ . .2 � ; ACACA ; � idr +1 a p+ +

n+ + � t . .n+ + � idq+ +
n+ + � ; � idr +1 � σ . .n+ + � �

Fromwhich thehypothesisfollowstrivially – σi
� σ .i � idr2, for i � 0 � ACADA � n. { 1, σn+ ��

σ .n+ � idr2 � ; � idr +1 � σ . .0 � , andσn+ n i
� idr +1 � σ . .i , for i � 1 � ACADA � n. . . �

Themain law (∆) canthenbeextendedto genericarrows whenever we know that
therightmostelectronbelongsto thenucleusthatprecedesthearrow.
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Corollary 4. For each α: p � q �|� � N � , a � S and k 5 0 such that akn 1 � p � a- �
ak � p wehaveidak � 1 � α � ida- � idak � α.

Corollary 5. If α:u � q �\� � N � with u � Sa , thenq � Sa .

Proof. Consequenceof Proposition6 andLemmata8 and9.

Lemma 10. If α � idp � t � idq �m� � N � with t a transitionand p � ς
�
t � - � ∂0

�
t � � q �

Sa , thenα � σ;
�
idς b t c + � t � idu � ;σ . for somepermutationsσ andσ . andsomemarking

u � Sa .

Proof. By the decompositionof Lemma6, andby the fact that the sourceof α is a
marking,it followsthatp �¤£

a ; Saka ¡ 1 � ADACA � aka ¡ na andq �¤£
a ; Sha � a- � h.a � a. It fol-

lows thateachelectrona- in ς
�
t � - belongsto theclosestion on theleft of theelectron

(namely, the iath nucleusof typea in p with ia thegreatestindex in 1 � ia � na such
thatka ) ia 5 0). Moreover, theha electronsof typea in q canbeattachedto their corre-
spondingnuclei in p, by applyinglaw (∆). Thereforewe have α � idp+ � t � idv where
p. � £

a ; S
�
ia { 1� � a � a+ � � na { ia � � a (if a is not readby t thenthecorrespondingar-

gumentin thesumis justna � a), andv � £ a ; Sh.a � a. Then,by naturalityof symmetries,
we have:

α � �
idp+ + � γv+ ) ς b t c - a ∂0 b t c � idv � ; � idp+ + � t � idv+ a v � ; � idp+ + � γς b t c - a ∂1 b t c¥) v+ � idv � �

where p. . �P£
a ; S

�
ia { 1� � a � a+ andv. ��£

a ; S
�
na { ia � � a. In fact the symmetries

that we have usedin the expressionaredefinedsincethey involve the swappingsof
‘complete’ tokenswith either ‘complete’ tokens,or electrons.By naturalitywe have
also:�
idp+ + � t � idv+ a v � � �

γv+ + ) ς b t c¦a ∂0 b t c � idv+ a v � ; � idς b t c + � t � idv+ + a v+ a v � ; � γς b t c¦a ∂1 b t cd) v+ + � idv+ a v �
wherev. . � £

a ; S
�
ia { 1� � a. By taking

σ � �
idp+ + � γv+§) ς b t c - a ∂0 b t c � idv � ; � γv+ +-) ς b t c�a ∂0 b t c � idv+ a v �

σ . � �
γς b t c¦a ∂1 b t cd) v+ + � idv+ a v � ; � idp+ + � γς b t c - a ∂1 b t c¥) v+ � idv �

u � v. . � v. � v

we havethethesis. �
Proposition7. Each α:u � q �\� � N � with u � Sa canbedecomposedas

α � σ0;
�
idς b t1 c + � t1 � idu1 � ;σ1;

�
idς b t2 c + � t2 � idu2 � ;σ2; ADACA ; � idς b tn c + � tn � idun � ;σn �

where theσi arepermutations,theti are transitionsandui � Sa , for i � 1 � ADACA � n.

Proof. TheproofexploitsthedecompositionprovidedbyProposition6andthenapplies
n timestheresultof Lemma10.

We arenow readyto provethemainrepresentationresultof thissection.
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Proof. (of Theorem2). We startby definingthemonoidalfunctor ¨ : G � � N � � � � N � ,
which is theidentityonobjects.By Proposition3, thefunctoris completelydetermined
by definingthemappingof elementaryprocesses,sincethen ¨ � α;β � � ¨ � α � ; ¨ � β � and¨ � α � β � � ¨ � α � �©¨ � β � . For symmetries,the mappingis the classicalone(seee.g.
[31]). For theelementaryprocess7 t f associatedto thetransitiont � TN, we let ¨ � 7 t f � �
idς b t c + � t. It remainsto provethat:

1. ¨ is well defined;
2. ¨ is full (on thefull subcategoryof � � N � whoseobjectsaremarkings);
3. ¨ is faithful.

The fact that ¨ is well definedmeansthat differentdecompositionsof the same
processin termsof elementaryprocessesaremappedto the samearrow. This corre-
spondsto show that differentorderingsof the eventsin a processσ � �

π � Θ �C� 0 �D� 1 �
that areconsistentwith the orderingof events I Θ yield the samearrow in � � N � . To
seethis, it suffices to show that given a decompositionof the processσ, and taken
any two concurrenteventsthat areexecutedconsecutively accordingto the order im-
posedby the fixed decomposition,then the decompositionin which the two concur-
rent eventsareexecutedin the reverseorder is mappedto the samearrow of σ. The
proof is easy(by functoriality of the tensorproduct) if the two eventsdo not share
a context. Otherwise,axiom (∆) must be employed, as we did in Example2. For-
mally, we considerthe processP � P1;

� 7 t1 f�� σ1 � ;σ;
� 7 t2 fS� σ2 � ;P2 whereσ1 is the

identity processon themarkingu2 � ∂0
�
t2 � � v, σ is theprocessassociatedto theper-

mutation idu � γu1 a ∂1 b t1 cd) u2 0 ∂0 b t2 c � idv, andσ2 is the identity processon the marking
u1 � ∂1

�
t2 � � v, i.e., ς

�
t1 � � u � u1, ς

�
t2 � � u � u2, andthe two occurrencessharethe

context u (note that while u1 and u2 are not necessarilydisjoint, the corresponding
setsof tokensreadby t1 and t2 in the processP are disjoint). Then, we have also
P � P1;σ . ; � 7 t2 f � σ .2 � ;σ . . ; � 7 t1 f � σ .1 � ;σ . . . ;P2, for suitablepermutationprocesses:

σ . associatedto idu � γu1 0 ∂0 b t1 cd) u2 0 ∂0 b t2 c � idv,

σ .2 idle processassociatedto u1 � ∂0
�
t1 � � v,

σ . . associatedto idu � γu2 0 ∂1 b t2 cd) u1 0 ∂0 b t1 c � idv,

σ .1 idle processassociatedto u2 � ∂1
�
t2 � � v,

σ . . . associatedto idu � γu1 0 ∂1 b t1 cd) u2 0 ∂1 b t2 c � idv.

Hencewe wantto prove that thetwo decompositionsaremappedto thesamearrow in� � N � . More precisely, weshow that¨ �C� 7 t1 f � σ1 � ;σ;
� 7 t2 f � σ2 �C� � ¨ � σ . ; � 7 t2 f � σ .2 � ;σ . . ; � 7 t1 f � σ .1 � ;σ . . . �BA

Thecompleteproof is shown in Figure11.We briefly commentthecritical steps:

Step20: we have exploited axiom (∆) andthenthe fact that symmetrieson electrons
andtokensareidentitiesto transformthesecondsubexpression;

Step21: we have appliedthe naturalityof symmetriesto the first andsecondsubex-
pressions– in order to matchsourceandtarget of t1 with the componentsof the
symmetries,observe thatu1 � u- � u+

1 � u- � u-
1 sinceu andu1 aredisjoint;
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ª '['[«
t1 ¬ � σ1 ( ;σ;

'@«
t2 ¬ � σ2 ([( hh '

idu+ � u+
1

� t1 � idu2 � ∂0  t2 ® � v ( ; ' idu
� γu1 � ∂1  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu+ � u+

2

� t2 � idu1 � ∂1  t1 ® � v (h '
idu+ � u+

1

� t1 � idu2 � ∂0  t2 ® � v ( ; ' idu+ � γu1 � u- � ∂1  t1 ® � u2 � ∂0  t2 ® � idv ( ;'
idu+ � u+

2

� t2 � idu1 � ∂1  t1 ® � v ( (20)h '
idu+ � γu1 � u- � ∂0  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu+ � u2 � ∂0  t2 ® � u+

1

� t1 � idv ( ;'
idu+ � u+

2

� t2 � idu1 � ∂1  t1 ® � v ( (21)h '
idu+ � γu1 � u- � ∂0  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu2 � u+

2 � u- � u-2 � ∂0  t2 ® � u+
1

� t1 � idv ( ;'
idu2 � u+

2

� t2 � idu+
1 � u- � u-1 � ∂1  t1 ® � v ( (22)h '

idu+ � γu1 � u- � ∂0  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu2 � u+
2

� t2 � idu+
1

� t1 � idv ( ; (23)h '
idu+ � γu1 � u- � ∂0  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu2 � u+

2

� t2 � idu+
1 � u- � u-1 � ∂0  t1 ® � v ( ;'

idu2 � u+
2 � u- � u-2 � ∂1  t2 ® � u+

1

� t1 � idv ( ; (24)h '
idu+ � γu1 � u- � ∂0  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu+ � u+

2

� t2 � idu1 � ∂0  t1 ® � v ( ;'
idu+ � u2 � ∂1  t2 ® � u+

1

� t1 � idv ( ; (25)h '
idu+ � γu1 � u- � ∂0  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu+ � u+

2

� t2 � idu1 � ∂0  t1 ® � v ( ;'
idu+ � γu2 � ∂1  t2 ® � u1 � u- � ∂0  t1 ® � idv ( ; ' idu+ � u+

1

� t1 � idu2 � ∂1  t2 ® � v ( ;'
idu+ � γu1 � u- � ∂1  t1 ® � u2 � ∂1  t2 ® � idv ( ; (26)h '
idu
� γu1 � ∂0  t1 ® � u2 � ∂0  t2 ® � idv ( ; ' idu+ � u+

2

� t2 � idu1 � ∂0  t1 ® � v ( ;'
idu
� γu2 � ∂1  t2 ® � u1 � ∂0  t1 ® � idv ( ; ' idu+ � u+

1

� t1 � idu2 � ∂1  t2 ® � v ( ;'
idu
� γu1 � ∂1  t1 ® � u2 � ∂1  t2 ® � idv ( ; (27)h ª '

σ � ; '@« t2 ¬ � σ �2 ( ;σ � � ; '[« t1 ¬ � σ �1 (j(
Figure11.Theproof of

ª '['@«
t1 ¬ � σ1 ( ;σ;

'@«
t2 ¬ � σ2 ([( h ª ' σ � ; '@« t2 ¬ � σ �2 ( ;σ � � ; '[« t1 ¬ � σ �1 (j( .

Step22: wehaveusedaxiom(∆) to transformthesecondandthird subexpressions;
Step23: wehaveappliedthefunctorialityof thetensorproductto thesecondandthird

subexpressions;
Step24: we have appliedthe functoriality of the tensorproductto the secondsubex-

pressionsto reversetheorderin which t2 andt1 appearin thepreviousexpressions;
Step25: wehaveusedaxiom(∆) to reducethesecondandthird subexpressions;
Step26: wehaveappliedthenaturalityof symmetriestwice to expandthethird subex-

pression;
Step27: we have usedaxiom (∆) andthen the fact that symmetrieson electronsare

identitiesto transformthefirst, third andfifth subexpressions.

Thefactthat ¨ is full follows from Propositions4 and7, since ¨ � 7 t f � � idς b t c + � t.

Finally, regardingfaithfulness,letP0 andP1 besuchthat ¨ � P0 � � ¨ � P1 � , andlet α be
a termrepresenting̈

�
P0 � . Observe,by simply inspectingtheaxiomsthatdefine� � N � ,

24



thatall thepossiblechoicesfor α havethesamenumberof transitions.More precisely,
exactly the sametransitionsoccur in eachterm obtainedby rewriting α accordingto
suchaxioms.Moreover, by definitionof ¨ , thesearein one-to-onecorrespondencewith
thetransitionsof P0 andwith thoseof P1. Wecanthereforeproceedby inductiononthe
numbern of transitionsof α (andP0 andP1) to prove that P0 andP1 are isomorphic
processes.

Thebasecase,wheren equalszero,is obvious,asα is simply a permutation.For
theinductioncase,let fix any decompositionof α accordingto Proposition7, say

α � σ0;
�
idς b t1 c + � t1 � idu1 � ;σ1;

�
idς b t2 c + � t2 � idu2 � ;σ2; ACADA ; � idς b tn c + � tn � idun � ;σn �

An argumentsimilar to the oneemployed to establishthe well-definednessof ¨ , but
working in theoppositedirection,provesthatall thestepsneededto transformα in the
normalform selectedabove canbe mimicked both on P0 andP1. It thenfollows that
Pi , for i � 0 � 1, canbewrittenasPi

� P.i ;σi ;
� 7 tn fk� σ .i � ;σ . .i , where ¨ � P.0 � � ¨ � P.1 � . Then,

by inductionhypothesis,wecanconcludethatP.0 andP.1 areisomorphicprocesses.It is
theneasyto provethatsoareP0 andP1. �

Besidesthefactthatall thearrowsof � � N � haveameaningfulcomputationalinter-
pretation,a furtheradvantageof the presentapproachwith respectto thematch-share
categoriesof [16] is that thearrows of themodelcategory correspondingto purecon-
catenableprocesscanbedistinguishedjustby lookingattheirsourcesandtargets,rather
thanby inspectingtheir construction.And asfor theCTph, our proposalis a conserva-
tiveextensionof theordinaryconcatenableprocesssemantics(cf. § 1.2and[12,31]).

Corollary 6. If N is a PT net,then
� �

N � is a full subcategoryof � � N � .
Moreover, thepresentaxiomaticsof � � N � improvessensiblytheconstructionpre-

sentedin [7]. In particular, themonoidof objectsis here‘morally’ commutative, thus
making redundantthe ideaof instancesof transitionsand the relatedaxioms[32,7].
Moreover, theexactsharinghypothesishasfounda mature,satisfactoryformulationin
termsof law (∆) which,amongotherthings,allowedusto dispensewith theparticlesa-.

Concluding Remarksand Future Work

Building on animportantsuggestionof Meseguerin [21], we haveshown a way to ex-
tendthealgebraicsemanticsof PT netsproposedin [23] to contextual nets,bothin the
collective token andthe individual token interpretation.The constructionsrely on the
choiceof a non-freemonoidof objects,whoseelementswe calledmoleculesandbi-
molecules.In thecaseof thecollectivetokenphilosophy, ourwork extendsMeseguer’s
by identifying the maximumsharinghypothesisasthe fundamentallaw of collective
contextual processes.Thekey to transporttheseideasto the individual tokenphiloso-
phywasto renounceto thesymmetryof themonoidalcategory, beingthusableto select
only thesymmetriesconsistentwith our computationalinterpretationin termsof con-
catenablecontextualprocesses.Theaxiomsof exactsharingprovideduswith away to
regulatetheinterplaybetweenall thedifferentingredients.
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Althoughwe have workedonly at the level of singlenets,we believe thatour ap-
proachcanbe extendedto constructionsbetweencategoriesof netsandmodels,with
restrictionsanalogousto thosewell-known in theliterature[31,32].

Acknowledgements.Wewould like to thankJośeMeseguerandPaoloBaldanfor some
interestingdiscussionon thetopic andalsoMatteoCocciafor his readingof a prelimi-
naryversionof our work.
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