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Abstract Whenemplg/ing Petrinetsto modeldistributedsystemspnemustbe
awarethat the basicactities of eachcomponentanvary in durationandcan
involve smallerinternal activities, i.e., that transitionsare conceptuallyrefined
into transactionsWe presentan approacto the modelingof transactionbased
on zeo-safenets They extend ordinary PT netswith a simple mechanisnfor
transitionsynchronizationWe shaw thatthe nettheorydevelopedunderthe two
mostwidely adoptedsemantidnterpretationgcollectivetokenandindividual to-
ken philosophies)can be uniformly adaptedo zero-safenets.In particulay we
shav that eachzero-safenet hastwo associatedT netsthat representhe ab-
stractcounterpartof the modeledsystemaccordingto thesetwo philosophies.
We shav several applicationsof the framework, a distributedinterpreterfor zs
netsbasedn classicahetunfolding (hereextendedwith a commitrule) anddis-
cusssomeextensiongo othernetflavoursto shav thatthe conceptof zeo place
providesa unifying notion of transactiorfor severaldifferentkinds of Petrinets.

Intr oduction

A distributed systemcan be viewed asa collectionof several componentshat evolve
concurrentlyby performinglocal actions but thatcanalsoexchangenformation,e.g.,
accordingo suitablecommunicatiorprotocols.Operationamodelsfor distributedsys-
temsareoften definedusingsuitablelabeledtransitionsystemsPlace/tansition Petri

nets[41,43 (abbreviatedaspPT net9 canbe viewed asparticularstructuredtransition
systemswherethe additionalalgebraicstructure(i.e., monoidalcompositionof states
andruns)offersa suitablebasisfor expressinghe concurreng of local actions.In fact
PT netshave beenextensiely usedboth asa foundationalmodelfor concurrentcom-
putationsand as a specificationlanguage due to their well studiedtheory a simple
graphicalpresentatiomndseveral supportingtools.

Whendesigninglarge and complex systemsvia PT nets,the more corvenientap-
proachis to startby outlining a very abstractmodelandthento refineeachtransition
(thatmight represena complex activity of thesystem)into a netthatoffersamorepre-
ciserepresentationf theassociatedctivity. For example,communicatiorprotocolsfor
passingandretrieving valuescannotignorethatagentsynchronizations built on finer
actions(e.qg.,for sendingdatarequestandacknaviedgments)Moreover, suchactions
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mustbeexecutedaccordingo certainlocal/globalstratgiesthatmustbecompletecoe-

fore theinteractionis closed.Hencethe abstractransitionis seenat the refinedlevel,

asadistributedcomputationthatwe call atransactior) which succeedsnly if all the

involved componentaccomplishtheir tasks.In particularthe commitof the transac-
tion synchronizesll the terminal operationsof local tasks.For the refinementto be

correct,we mustassumehatthetransactioris executedatomically, asif it wereatran-

sition. Thus,the executionstrateyy canbe only partially distributed,sincecertainlocal

choicesmustbe globally coordinatedHowever, this is alsothe casein ordinary (non

free-choice)PT nets.In fact, let us considera genericinterpreterfor PT nets,where
eachtransitionsynchronizeghe consumptionand productionof its pre- and postset.
This assumptiomrequiresthata local activity caninfluencethe behaior of othertran-

sitions: Before executingary transitiont, the interpretermustlock all the distributed

resourceshatt will consumeandthis mustbe doneatomically; otherwisea different
transitiont’ couldlock someof theresourceseededy t. Thereforetheinterpretercan

afford only a certaindegreeof distribution. This originateswhat canbe called‘place

synchronization.

Severalapproachebave appearedn the literaturethat presendifferentrefinement
techniquedor top-davn designof a concurrentsystem(e.g., Petri Box calculus[7,6]
andrule-basedefinemenf39]). Many referenceso the subjectcanbefoundin [8,26].
Typically at eachstepa single transition(sayt) of the actualnetN is refinedinto a
suitablesubnetM, yielding thenetN[t — M]. This approachs somehav relatedto the
notion of generl netmorphismproposeddy Petri,thatcanbe usedto maptherefined
netinto its abstractrepresentatie by collapsingthe structureof M into the transition
t. In generalsomeconstraintsmust be assumedn the net M for its behaior to be
consistentvith thatoft, ase.g.in [49,4847]. Ourapproachs slightly different,because
all transitionsof the abstrachetarerefinedby runsof ‘the same’zen-safenet

Zero-safenets(zs nets)have beenintroducedn [13] to provideabasicsynchroniza-
tion mechanisnfor transitionsasabuilt-in featureIn fact, Pt netsallow for ‘placesyn-
chronization’only, whereastransition synchronizationis an essentiafeatureto write
modularandexpressie programsandto modelsystemsquippedvith synchronization
primitives(to achieze modularityin definingthenetassociatetb the synchronousom-
positionof two programsthe translationgpresentedn the literatureinvolve comple,
andoftenadhoc, construction$50,28,38,22,30,7]).

Besidedransitionsandordinaryplaces(herecalledstableplaces)zs netsinclude
adistinguishedsetof zeo placesor modelingidealizedresourceshatremaininvisible
to external obseners, whilst stable markings which just consistof tokensin stable
placesdefinetheobsenablestatesAny operationaktepof azs netstartsatsomestable
marking,evolvesthroughhiddenstateqi.e., markingswith sometokensin zeroplaces,
called non-stablemarkingg and eventuallyleadsto a stablemarking. All the stable
tokensproducedduring a certainsteparereleasedogetheronly at the endof the step,
i.e.,they are‘frozen’ until the commitis executed.The synchronizatiorof transitions
canthusbeperformedvia zerotokens.Thetoy examplein Figurel illustratesthis basic
mechanismFirst, notethatwe extendthe standardyraphicalrepresentatiofor nets—
in which boxes standfor transitions,circlesfor places,dotsfor tokens,and directed
weightedarcsdescribeheflow relationwith unaryweightsomitted— by usingsmaller
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Figurel. A zs netandits abstractounterpart.

circlesto representzeroplacesin therefinedmodel(Figurel, left), theinitial marking
{a, b} is stableandenableshetransitionty whosefiring produces ‘frozen’ stabletoken
in c anda zerotokenin z Hence afterthefiring of to we reacha non-stablemarking.
But now t; is enabledandits firing consumeshe stabletokenin b andthezerotokenin
z, andproduces frozentokenin d. Sincethereachednarkingis stable thetransaction
is closedandfrozentokensarereleasedAt the abstracievel, we arenot interestedn
observingthe hiddenintermediatestate{b, ¢, z}. In factwe just considerstableplaces
plustheatomicactiity thattakes{a,b} andproduceqc,d} (Figurel, right). Pursuing
thisview, a‘refined’ zs netandan‘abstract’PT netmodelthe samesystem.Thelatter,
whereonly stableplacesareconsideredoffersthe synchronizedriew, which abstracts
away the productionandconsumptiorof zerotokens.

In this paperwe suney the operationakndabstracsemantic®f zs nets,together
with several applicationsto the modelingof distributed systemslit is worth remark-
ing thatboththe operationakemanticof zs netsandthe constructiorof their abstract
PT netsarecharacterizeé@stwo universalconstructionsfollowing the so-called Petri
netsare monoids approach32]. More preciselytheformercanbe characterizedsan
adjunctionandthelatterasa coreflection Theuniversalpropertieof thetwo construc-
tionswitnessthatthey arethe‘optimal’ choiceslin particular by expressingheabstract
semanticwia coreflectionwe fully justify the choiceof abstractPT netsascanonical
representaties.

We stressthat the synchronizatiormechanisnof zs netscanfavor a uniform ap-
proachto concurrentanguageranslation For instancejn the caseof ccs-like process
algebrasthe parallelcompositionof two netsmodelingcommunicatingorocessen-
volvesthe combinatorialanalysisof all the admissiblesynchronizationsywhereaswe
have shavn in [17] thatusingzeroplacesfor modelingcommunicatiorchannelsthe
parallelcompositionof two netscanjust merge the commonchannelsAs anoriginal
contribution, herewe shav how to modeldistributed choicesin a compositionalway
anddiscusshow thebasicconcepf ‘zero place’ canbeexploitedin othernetflavours,
still preservingsomedistinguishingfeaturesof theapproach.

For what concernszs netsimplementationpne hasto specify the computational
machineryfor performingonly correcttransactionstecoveringdeadlocksandtreating
infinite low-level computationsWe illustrateour proposain [17] for equippingzs nets
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with sucha distributed operationalttool andthen extendit to dealwith readarcsin
contectual (zero-safehets.

Sincethe notion of ze safeplaceis to someextent orthogonalw.r.t. the differ-
ent kinds of Petri netsconsideredn the literature (e.g., contetual, coloured,timed,
probabilistic)we think thatit canprovide a unifying basisfor developinga theory of
concurrentransactiongn Petrinets.Notethatwe employ theterminology'transaction’
with ameaninganalogoudo theoneit findsin databases (sortof) programthatwhen
appliedto a consistenstatestill leadsto a consistenstate thoughnot necessariljthe
consisteny of the stateis preseredby all stepsin the program.

Origin and structur e of the paper. Theoperationabndabstrackemanticof zs nets
accordingo thetwo morewidely adoptedhetphilosophiegcalledcollectivetokenand
individual token) have beenpresentedn [13,14] togethewith the associatedniversal
constructionsA comparisorbetweenthe two approachesasbeendiscussedn [17],
in the Ph.D. Thesisof thefirst author[10], andin thetutorial overview [15]. Thedis-
tributedinterpreterfor zs netshasbeenproposedn [16]. The modelingof distributed
don't know choiceandthe extensionsof the zero safeapproachto other net flavours
(e.g.,readarcs)have notappeareelsavhere.

In Sectionl we recall PT netsandtheir semanticsSection? illustrateszs netsand
their operationaland abstractsemanticsand usestwo examplesto motivatethe usage
of zeroplacesIn Section3 we give a compositionatepresentationf a simpleprocess
algebraequippedwith action prefix, parallel composition,restrictionand don't know
nondeterministichoice.The distributedinterpreterfor zs netsis definedin Section4.
We concludein Section5 by extendingthe zs netformalismto dealwith readarcs.For
detailedproofsof mostresultswe referto [17,16,10].

Adknowledg@ments.We thankPaoloBaldanfor severalinterestingdiscussion®n con-
textual netsandfor his carefulreadingof a preliminaryversionof this work. We also
thankJo$ Mesegyuerandthe anorymousrefereedor their suggestionshat helpedus
in improving the presentatiorf the material.

1 Place/transition Petri nets

Definition 1 (Net). A netis a triple N = (Sy, Tn, Fn), whee Sy is the setof places
a,a,..., Ty is thesetof transitionst,t’,... (with SyN Ty = @), and Ry C (Syx Ty) U

(Tn X Sy) is calledthe flow relation Theelementof the flow relationare called arcs

andwewrite x Fy y for (x,y) € Fn.

We shall denoteSy U Ty by N when no confusioncan arise. Subscriptswill be
omittedif they areobviousfrom thecontext. For x € N, theset *x={ye N |yF x} is
calledthepresetof x, andthesetx® = {y € N | xF y} is calledthe postsebf x. We only
considemnetssuchthatfor ary transitiont, *t # @. Moreover,let °N = {xe N | *x= &}
andN° = {xe N | x* = @} denotghesetsof initial andfinal element®f N respectiely.
A placeaisisolatedif *aua® = @.
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Definition 2 (PT net). A marked place/transitionPetri net (PT net) is a tuple N =
(S T,F,W,uj,) sud that (ST,F) is a net, the functionW:F — N assignsa positive
weightto eadh arc in F, andthefinite multisetuj,: S— N is theinitial markingof N.

We find convenientto view F asa function F:(Sx T) U (T x S) — {0,1}, with
xFy <= F(x,y) # 0. Then,for PT netswe replace{0, 1} by N andabandorWw. Thus,
theflow relationbecomes multisetrelationF: (Sx T)U(T x S) — N.

A markingu:S— N is a finite multisetof places.lt canbe written eitherasu =
{may,...,Nkax} whereeachn; dictatesthe numberof occurrencegtokeng of theplace
& inu, i.e., n = u(g) (if nj = 0 thenthe nja; is omitted),or asthe formal sumu =
@4 eshia denotinganelemenbf thefreecommutatve monoidS® onthesetof places
S(themonoidaloperatioris definedby (P; nia) & (B, ma) = (;(ni +m)a;) with 0
asthe neutralelement) The monoid (W(S), U, @) of finite multisetson S (with multiset
unionasmonoidaloperationandthe emptymultisetasunit) is isomorphicto S®.

For ary transitiont € T, let pre(t) and pos{(t) be the multisetsover S suchthat
pre(t)(a) = F(a,t) andpos(t)(a) = F(t,a), for all a € S. A PT netcanbeequialently
definedasthe (marked) graph(S®, T, pre post uin ), with nodesin the monoid S® and
edgesin T, wherepre(_),pos{_): T — S® definethe sourceand target of transitions,
respectiely. As usualwe write t: u — v for atransitiont with pre(t) = uandpos(t) = v.
This definitionemphasizeghe algebraicstructureof PT netsandallows usto definea
catagyory of netsby consideringhe obvioushomomorphismgreservingsuchstructure.

Definition 3 (Category Petri). A PT net morphismh:N — N’ is a pair of functions
h=(f:T - T,0:$® — 3%) with g a monoidhomomorphismand with g(pre(t)) =

pre(f(t)) and g(postt)) = pos{f(t)) for eacht € T. Thatis, h is a graph morphism
whosenodecomponeng is a monoidhomomorphism(For marked nets,morphisms
mustalso preserveinitial markings,i.e., g(uin) = ui,.) The category Petri has (un-

marked) PT netsasobjectsand PT netmorphismsasarrows.

Definition 4 (Firing). Givena PT netN, let u and u’ be markingsof N. A transition
t € T isenabledatuif pre(t) (a) < u(a), for all a € S. Moreover, wesaythatu evolvesto
U underthefiring oft, writtenu [t} U, if t is enabledat u andu'(a) = u(a) — pre(t) (a) +
pos(t)(a), forallae S.

A firing sequencéom ug to u,, is a sequencef markingsandtransitionssuchthat
Up [t1) U1...Un—1 [tn) Un. Besidedfirings andfiring sequencesstepsandstepsequences
areusuallyintroduced.

Definition 5 (Step).Givena PT netN, wesaythata multisetX: T — N is enabledatu
if Siet X(t)-pre(t)(a) <u(a) forallae S

Moreover, we saythat u evolvesto U’ underthe stepX, written u [X) U/, if X is
enabledat uandu'(a) = u(a) + Sic1 X(t) - (postt)(a) — pre(t)(a)) forallae S

Given a marking u of N, we denoteby [u) the setof all the markingsthat are
reachabldrom u via somefiring sequenceThe readable markingsof the netN =
(S T,F,up) aretheelementf theset[uin).
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identities| generators | parallel composition|| basicstep| sequentialcomposition

uesS® | ttu=veT| u=nv U=2NV Uu=nV USSHV VESNW

u=nu U=V upou =N vev u=g§Vv U=y w

Table 1. Theinferencerulesfor - =N _and_=, _.

Thedynamicsof anetcanbe expressedy the one-stepgrelation_ = - definedby
the threeleftmostinferencerulesin Table 1: identitiesrepresentdle resourcesgen-
eratorsrepresenthefiring of a transitionwithin the minimal markingthat canenable
it, andparallelcompositionprovidesconcurrenexecutionof generatorandidle steps.
Then,it is obviousthatu =N v <= 3(X:T — N).u [X) v.

Theextensionof this approacito computationsip = u; = --- = Uy, is notstraight-
forward.Indeed concurrensemanticsnustconsideasequivalentall the computations
wherethe sameconcurenteventsareexecutedn differentorders andwe cannotleave
out of consideratiorthe distinction betweencollective and individual token philoso-
phies(noticede.g.,in [27], but seealso[11,17)).

The simplestapproactrelieson the collective token philosophy(CTph), wherese-
manticsdoesnot distinguishamongtokenswhich are available at the sameplace,be-
causeary suchtokenis regardedto be opemationally equivalentto all the others.A
major drawback of this approachis that it leaves out of consideratiorthe fact that
operationallyequivalentresourcesnay have differentorigins and histories,carrying
differentcausalityinformation. Instead,accordingto the individual token philosophy
(ITph), causaldependencieare centralto net dynamics.As a consequencegnly the
computationghat refer to isomorphicGoltz-Reisigprocesseg$29] can be identified,
and causalityinformationis fully maintained(the CTph reliesinsteadon the commu-
tative processe®f BestandDevillers [5]). If oneis simply interestedn ‘reachability’
matters thenthe distinctionbetweenthe CTph andITph is irrelevant,andthe obvious
two rightmostrulesin Tablel canbeintroducedtransitve closure) Otherwise suitable
proof termsfor computationanbe introducedand axiomatizedo faithfully recover
thetwo differentphilosophiesin this senseBest-Deillers andGoltz-Reisigprocesses
can be seenas concurient computationstrategies for CTph (resp.ITph) and can be
shavn to correspondo equivalenceclassef proof termsmodulo naturalalgebraic
axiomatizationg23].

Commutatve processesanbe characterizethy quotientingstepsequences.

Definition 6 (Diamond transformation). Givena PT netN, let
S=Up [t1) Uz ---Ui—1 [ti) Ui [ti+1) Uira---Un-1 [tn) Un

bea stepsequencef N, whert; andt;, 1 are concurentlyenabledbyu;_1, in thesense
that (pre(ti) U pre(tivi))(a) < ui—1(a) for any a € Sy. Let s be the firing sequence
obtainedfroms by firing t; andt;;1 in thereverseorder i.e.,

S =up[t1) Uz---Ui—1 [tire) Ui [ti) Uiga---Un_1 [tn) Un.
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Then,thesequence is calleda diamondtransformatiorof s.

Sincein stepsequencesransitionscan be fired concurently, we let the stepse-
quenceup [X1) Ug---Ui—1 [X UXi41) Uit1---Un—1 [Xn) Un bea diamondtransformation
of Ug [X1) Ug---Ui—1 [Xi) Ui [Xi+1) Uit1---Un—1 [Xn) Un With X; and X1 concurently
enabledby u;_1 (andviceversa).

Diamondtransformationslefineasymmetricrelationwhosereflexive andtransitve
closuregivestheright equivalencew.r.t. the CTph interpretation.

The notion of (causal)processis dueto Goltz and Reisig[29] and givesa more
preciseaccounif causaldependenciesetweerfirings andtokens.

Definition 7 (Occurrencenet). A netK is a (deterministi¢ occurrencenetif (1) for
allae &, |%a <1A[a*| < land(2) F is acyclict

Definition 8 (Process)A procesdor a PT netN is a netmorphismP: K — N, froman
occurrencenetK to N, sud thatP(Sc) C Sy, P(Tk) € Tn, °K € &, andfor all t € Tk,
a€ Sy, Fn(a,P(t)) = |[P~H(a)n *t| andFy(P(t),a) = [P~1(a) Nte|.

Two processe® andP’ of N areisomorphicandthusidentifiedif thereexistsanet
isomorphismp: Kp — Kpr suchthaty; P’ = P. As usualwe denotehesetof origins(i.e.,
minimalor initial places)anddestinationdi.e., final or maximalplacespy O(K) = °K
andD(K) = K° N &, respectiely. For concatenatingausalcomputationsthe notion
of concatenablgrocesshasbeenintroducedin [23]. Concatenabl@rocessesire ob-
tainedfrom processeby imposinga total orderingon the origins thatareinstanceof
the sameplaceand,similarly, on the destinationsThe orderingsaredefinedby means
of label-indexed orderingfunctions.Given a set S with a labelingfunctionl:S— S,
a label-indexed ordering functionfor | is a family B = {Ba}acg Of bijections,where
Ba:l=X(a) = {1,...,[I71(a)|}. Thus,for x,y € I7*(a) weletx C y <= Ba(x) < Ba(y).

Definition 9 (Concatenableprocess)A concatenablprocessor a PT netN isatriple
C = (P, °¢,¢°) whee P:K — N is a process,and %, ¢° are label-indexed ordering
functionsfor thefunctionP restrictedto O(K) and D(K) respectively

Two concatenablerocesse€ andC’ areisomorphicif Pc andP~ areisomorphic
via a morphismthat preseresall the orderings.A partial binary operation_; - (asso-
ciative up to isomorphismandwith identities)of concatenatiorof concatenabl@ro-
cessegwhencetheir namesanbeeasilydefined:we take assource(target)theimage
throughP of theinitial (maximal)placesof Kp; thenthe compositionof C = (P, °¢,£°)
andC' = (P, °¢,¢") is realizedby merging, whenit is possible the maximal places
of Kp with theinitial placesof Kpr accordingto their labelingandorderingfunctions.
Concatenabl@rocessesadmit alsoa monoidalparallel composition_-® _ (commuta-
tive up to a naturalisomorphism)which canbe representedby putting two processes
side by side.We refer the interestedreaderto [23] for the formal definitionsof C;C’
andC ® C', which make the concatenabl@rocessesf a PT netN bethe arrows of a
symmetricnonoidalcategory CP(N) (whoseobjectsarethe markingsof N). Thesym-
metriesof CP(N) aregiven by concatenablg@rocessesvith empty setof transitions
(tokenpermutatioris expressedy differentorderings®/ and¢®).

1 F* denoteghereflexive andtransitive closureof relationF.
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ues® tu—sveT au—v,Ru =V au—V,Bv—ow
idy:u—u ttu—v axBued - veV a;Bu—w
Table 2.
neutral: idg @ o=q,
commutativity: adB=pda,
associativity: (a@B)@a'=aa (Boa), (a;B);a’ =a;(B;a’),
identities: a;idy=idy;a = q, idy ®idy = idygy,

functoriality: (o;B) @ (o;B)=(ada’); (BoR).

Table 3.

1.1 Petri netsare monoids

Several interestingaspectof nettheory can be profitably developedwithin category
theory seee.g.,[52,32,9,24,40,35]. We focuson the so-calledPetri netsaremonoids’
approachnitiatedin [32] (seeals0[23,3345,34,46,12)). Theideais to extend(partof)
the algebraicstructureof statesto the level of proof termsassociatedo the rulesin
Tablel in suchaway to capturethe basiclaws of concurrenandcausalcomputations.
The proof termswe considerareinductively definedin Table2. In [32,23 it is shavn
thataxiomaticequivalence®n suchprooftermscanpreciselycharacterizeeseralstan-
dardsemantiaconstructionsln particular commutatve processesanbe characterized
by lifting the multiset structureof statesto the level of computationsn a functorial
way, yielding a strictly symmetricmonoidalcategory 7 (N) (it is called‘strictly sym-
metric’ becausehe monoidaloperationis commutatve). For eachnetN, the category
T (N) hasmarkingsof N asobjects,andproof termsmodulothe axiomsin Table3 as
arrows. Abusingthe notation,in Table3 the parallelcompositionof arrownsis denoted
by @, insteadof ®, to emphasizeahatit is commutatve and canbe viewed as multi-
setunion. The functoriality law is the analogousf diamondtransformationDenoting
by CMonCat the category of strictly symmetricmonoidalcateyories(asobjects)and
monoidalfunctors(asarrows), 7 (_) extendsto afunctorfrom Petri to CMonCat.

Proposition1 (cf. [32]). Thepresentatiorof 7 (N) givenabovepreciselycharacterizes
thealgebra of commutativprocessesf N, i.e., thearrowsin 7 (N) arein bijectionwith
thecommutativegrocessesf N.

UnderthelTph, for analogousesultsto hold,onemustresortto symmetricnonoidal
categyories,where parallel compositionis commutatve only up to a naturalisomor
phism. In fact, suitableauxiliary arrows called symmetriesare present(seeTable 4)
that canmodelthe possiblereorganizationof minimal and maximal placesof a pro-
cessWe recall herethe definition of the category P(N) introducedin [23] andfinitely
axiomatizedn [45].

Definition 10. Let N bea PT net. Thecategory 2(N) is the monoidalquotientof the
free symmetricmonoidalcategory ¥ (N) genemtedby N, modulothe two axioms: (i)
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uu es®
Yo udu — U @u
Table 4.
neutral: idg ®a=a®idg = a,
associativity: (0®B)®a'=0® (Bxa’), (o;B);a’ = a; (B; ),
identities: a;idy=idy;0 = a, idy®idy = idugy,

functoriality: (a;B)® (a’;p')=(a®@a’);(B®PF'),
naturality: (a®a’);Wwy=Yuu; (@ ®a),
coherence: Yuyev =(Yuy ®idy ); (idy ® Yuy ), Yus Yu = idugy-

Tableb.

Yab =1da®idy, if a,b € S anda# b; and(ii) s;t;s =t,ift € T ands,s aresymmetries
(wheey__, id_, —.®_, and_;_ are, resp.,the symmetryisomorphismthe identities,the
tensorproduct,andthe compositiorof 7 (N)).

We remarkthatin ¥ (N) thetensomproductis not commutatve andthe symmetries
satisfythe naturalityaxiom andthe MacLanecoherencexioms[31]. For thereaders
corveniencetheaxiomsof 7 (N) arerecalledin Table5.

Proposition 2. Thepresentatiorof P(N) givenabovepreciselycharacterizeghealge-
bra of concatenabl@rocessesf the PT netN.

The constructionsZ (N) and P(N) provide a useful syntaxthat can be usedfor
denotingcommutatve processeandconcatenablprocesseggespectiely.

2 Zero-safenets

We recallthe notionof safetyin PT nets.

Definition 11 (n-safenet). A placeis n-safeif it containsat mostn tokensin anyread-
ablemarking A netis n-safeif all its placesare n-safe

Thus,the adjective ‘0-safe’ for netsmeanghatall placescannotcontainary token
in all reachablenarkings We usetheterminologyzen-safenet— usingtheword ‘zero’
insteadbf thedigit ‘0’ — to meanthatthenetcontainspecialplacesgcalledzeio places
whoserole is that of coordinatingthe atomic executionof several transitions,which,
from an abstractviewpoint, will appearassynchronizedHowever no new interaction
mechanisms neededandthe coordinationof the transitionsparticipatingin a stepis
handledby the ordinarytoken-pushingules of nets,assumindate delivery of stable
tokens(postponedo the end of the transaction). Theseplacesare ‘zero-safe’in the
sensdhatthey cannotcontainary tokenin any observablestate.
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underlying horizontal composition commit

U@X?NB vy, U,VGL@, Xayez@ (U7X) =B (VaY)’ (ulaY) =B (\/ay) (U,O) =B (\/70)
(u,x) =B (MY) (usu',x) 3s (Vo Vv,y) ussVv

Table 6. Theinferencerulesfor _ =g _.

Definition 12 (zs net). A zero-safenet (zs net) is a tuple B = (Sg, Tg, Fs, Us, Z&)
where N = (Sg, Ts, Fs, Ug) is theunderlyingPT netof B andthesetZg C Sg is theset
of zeroplaces Theplacesin Lg = Sg \ Zg are calledstableplaces A stablemarkingis
a multisetof stableplaces,andtheinitial markingug mustbe stable

Stablemarkingsdescribeobservablestates whereaghe presenceof one or more
zerotokensin a given marking makesit be unobservableWe call stabletokensand
zeo tokensthetokensthatrespectiely belongto stableplacesandto zeroplacesSince
S® is afreecommutatve monoid, it is isomorphicto the cartesiarproductL® x Z® and
we canwrite t: (u,xX) — (v,y) for atransitiont with pre(t) = u@ x andpos{(t) = vay,
whereu andv arestablemultisetsandx andy aremultisetsover Z. In away similarto
PT nets,zs netscanalsobe seenassuitablegraphsyielding thefollowing category.

Definition 13 (Category dZPetri). A zs netmorphismbetweertwo zs netsB and B’

isa PT netmorphism(f,g):Ng — Ngr whele g preserveghe partitioning of places(i.e.,

g(a) € LY if a€ Lg andg(a) € Z3 if a € Zg) and satisfiesthe additional condition
of mappingzeo placesinto pairwise disjoint (nonempty)zeio markings(i.e., for all

2#7Z€Zg,ifg(2 = ma1 ®--- & nax andg(Z) = mby & - -- & m by thenwe havethat
a#bjfori=1,... kandj=1,...,1), whichis calledthedisjointimageproperty The
category dZPetri haszs netsasobjectsand zs netmorphismsasarrows.

SinceS?® is equivalentto L® x 2%, zs netmorphismsecomeriplesof theformh =
(f,0.,09z), wherebothg, andgz aremonoidhomomorphismsnthefreecommutatve
monoidsof stableandzeroplacesrespectiely.

Proposition 3. Thecategory Petri is a full subcatgory of dZPetri.

As for PT nets,we candefinethe behaior of zs netsby meansof a steprela-
tion _ =g _, definedby the inferencerulesin Table6. An auxiliary relation_ =g _is
introducedfor modelingtransactionsggments\We cantake advantageof the steprela-
tion _ =, - of the underlyingnetfor concurrentlyexecutingseveral transitions(rule
underlying). Therule horizontal composition actsas parallelcompositionfor stable
resourcesindassequentiatompositionfor zeroplacesWe call it ‘horizontal’ because
we preferto view it asa synchronizatiormechanisnratherthan asthe ordinary se-
quentialcompositionof computationsyhich flows vertically from top to bottom.The
rule commit selectghetransactiorsegmentshatcorrespondo acceptablesteps:They
muststartfrom a stablemarkingandendup in a stablemarking. As a particularin-
stanceof the horizontalcompositionof two transactiorsggments(u,0) =g (v,0) and
(U,0) =g (V,0), we canderive their parallelcomposition(u® u',0) =5 (v V, 0).
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PhTy PhT,
Drop, | [ Drop,
Fkq CO 0> Fko
Take; | | Take
PhH; PhH,

Figure2. An abstracwiew for (two) dining philosophers.

2.1 Intr oductory example: Dining philosophers.

A simpleexamplethatillustratesthe coordinationrole playedby zeroplacesrelieson
the modelingof the well-known ‘dining philosophersproblem: Thereare n philoso-
phers(with n > 2) sitting on aroundtable;eachhaving a platein front with somefood
onit; betweereachcoupleof platesthereis afork, with atotal of n forks on thetable;
eachphilosophercyclically thinksandeats but to eatheneedsoththefork ontheleft
andthatontheright of his plate;aftereatinga few mouthfuls,the philosopheiputsthe
forks backon thetableandstartsthinking again.

The PT netfor the casen = 2 is illustratedin Figure2. A tokenin oneof the places
PhH, PhE, andPhT;, for 1 <i < 2, meansthattheith philosopheiis hungry, is eat-
ing, andis thinking, respectiely. A tokenin the placeFk; meanghattheith fork is on
thetable. ThetransitionsTake, Drop,, andHungry representhattheith philosopher
takes the forks and startseating, finisheseatingand dropsthe forks, feels his stom-
achhungryandpreparedo eat,respectiely. Note that Takg requiresboth forks and
thuscannotbefiredif the otherphilosopheriis eating.Theinitial markingof the netis
{PhTy,PhTy,Fkq,Fko} (i.e., both philosophersarethinking andboth forks areon the
table).

Of course,this model doesnot tell how the philosophersaccesshe ‘resources’
neededo eat,whereaghe action Takg is not trivial andrequiressomeatomicmech-
anismfor gettingthe forks. At a morerefinedlevel, for example,the strateyy for ex-
ecutingthe action Take could be specifiedas ‘take theith fork (if possible)thenthe
((imod2) + 1)th fork (if possible)andeat, henceit is notdifficult to imaginea dead-
lock whereeachphilosophettakesonefork andcannotcontinue,sinceconflict arises.
Thefactis thatthe coordinationmechanisnis hiddeninsidetransitionswhosegranu-
larity is too coarse.

The situationis completelydifferentif onewantsto modelthe systemusingfree
choicenets? whereall decisionsarelocal to eachplace.To seethis, let us concentrate

2 Werecallthata netis freechoiceif for ary transitiongt; andt, whosepresetsarenotdisjoint,
thenthe presetof t; andt, consistof exactly oneplace,or equialently anetis free choiceif
for ary placesin the presebf two or moretransitionsthenthe presetf ary suchtransitionis
exactly {s}.
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(a) Centralizechondeterminisi (b) Local nondeterminismfree choice

Fky (e e ) Fko

Fki (e o) Fko [Chii ] [Chia| [Cha| [Chyp |

Figure3. Globalvs (completely)local choices.

Fky (e ¢ ) Fko
[Chua] [CMm2| [Chea| [Chez|
Fky1 o Fkio o o Fko1 o Fkop

[Taley Tale; |
PhE @ @ Phi

Figure4. Atomic freechoice.

our attentionto a subparbf thenetin Figure2, depictedn Figure3(a),whichwill suf-
ficetoillustratethepoint. We cantranslateary netinto afreechoicenetby addingspe-
cial transitionsthat performthe local decisionsrequired.For example,the free choice
netin Figure3(b) correspondso the netin Figure3(a),but modelsa systemwheretwo
decisionscantake placeindependentlyOne decisionconcernghe assignmenbof the
first fork eitherto the first or the secondphilosopheythe otherdecisionconcernghe
assignmenbf the secondfork. Then,it might happenthatthe first fork is assignedo
thefirst philosopher(Chy,1) andthe secondork is assignedo the secondphilosopher
(Chp,2), andin suchcasethetranslatechetdeadlocksaindnoneof the Takg actionscan
occur Thus,thetranslatechetadmitscomputationsiot allowedin the abstractystem
of Figure3(a).
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c a z 2
o= S
T to = new
t1 = send
ty = copy
t t t .
4 ! 8 t3 = receive

ts = reset
b MS

Figureb5. The zs netMSrepresenting multicastingsystem.

Zero-safenetsovercomethis deadlockproblemby executingonly certainatomic
transactionswheretokensproducedn low-level resourcesrealsoconsumedin our
example, the invisible resourcesconsistof placesFk; ; for 1 <i,j < 2, that canbe
interpretedas zero-placesin this way the computationperformingChy 1 andChy» is
forbidden,becauset stopsin aninvisible state,i.e., a statethat containszerotokens.
Figure4 representshe low-level modelasa zs net. (Recallthat smallercirclesstand
for zero-places.)

2.2 CTph vs.ITph: The multicasting systemexample

At anabstractevel, the systemmodeledvia a zs net B canbe equivalently described
viaaPT net’E£(B) suchthatSzp) = Lg = Ss\ Zg and(- =« -) = (- =5 -). Among

the several PT netsthat satisfythe above conditionswe would like to choosethe op-

timal one: Informally the transitionsof suchnet shouldrepresenthe proofsof trans-
actionstepsu =g v taken up to concurrentequivalenceand suchthatthey cannotbe

decomposeihto smallertransactiorproofs. Whenthesetwo conditionsare satisfied,
theconcurrenkernelof thepossiblebehaiors hasbeenidentified,andall the stepscan

begeneratedby it.

We have seenin Sectionl thatwhendealingwith concurreng, thereis a real di-
chotomybetweenthe CTph andthe ITph. Accordingto the CTph, all thosefiring se-
quence®btainedby repeatedlypermutingpairsof (adjacentconcurrentlyenabledir-
ingsareidentified.We call abstiactstabletransactiongheresultingequivalenceclasses
of zs netbehaiours.However, actingin this way, causaldependenciesn zerotokens
arelost, andthe classof computationscapturedby abstractnetsmay be too abstract
for someapplications Accordingto the ITph, instead,causaldependenciearea cen-
tral aspectAs a consequencegnly the transactionsvhich refer to isomorphicGoltz-
Reisigprocessesareidentified,andwe call connectedransactionghe inducedequi-
alenceclassesTo illustratetheseconceptsye recallthe ‘multicasting’ example taken
from [14]. Thezs netMSdepictedn Figure5 is designedo modela multicastingsys-
tem As in a broadcastingystemanagentcansimultaneoushsendthe samemessage
to an unlimited numberof recevers,but herethe receversare not necessarilall the
remainingagents.
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Figure6. Theabstrachetfor the multicastingsystemunderthe CTph.

Eachtokenin placea represents differentactive agentthatis readyto commu-
nicate,while tokensin b represeninactive agents.The zeroplacez modelsa buffer
wheretokensaremessagee.g.,data,values).Thetransitionnew permitscreatingfresh
agentsEachfiring of sendopensa one-to-mag communicationA messagés putin
the buffer z andthe agentwhich startedthe communicatioris frozenin b until theend
of the currenttransactionEachtime thetransitioncopyfires,anew copy of amessage
is createdTo completea transactionasmary firings of receiveareneededsthe num-
ber of copiescreatedby copy plus one. Eachfiring of receivesynchronizesan active
agentwith a copy of the messagandthenfreezeshe agent.At the endof a session,
all the suspende@dgentsare moved into placeb. The transitionresetactivatesan in-
active agent.The graphcorrespondindo the zs net MS hasthe following setof arcs:
Tus = {to: (¢,0) = (a®c,0), t1:(a,0) — (b,2), t2:(0,2) — (0,22), t3:(a,2) — (b,0),
ts: (b,0) — (a,0)}.

In Figure 6 we seethe infinite abstractPT net Ays for therefinedzs netMS, ac-
cordingto the CTph (seeDefinition 17). As it will be explainedlater, the abstact net
Awms comesequippedwith arefinemenmorphisrrsf\:,,sto therefinednetMS. Therefine-
mentmorphismmapseachplaceof Ays into the homorymousstableplaceof MSand
definesa bijection betweenthe transitionsof Ays andthe abstractstabletransactions
of MS The transitiona, of Ays represents one-ton transmissionBy contrast,un-
derthelTph, differentcopy policies’ for aone-ton transmissiommaybe distinguished.
The infinite causalabstact PT netlys correspondingdo the refinedzs net MS under
the ITph (seeDefinition 24) is displayedin Figure7. It comesequippedwith a causal
refinemenmorphisnel,g to therefinednetMS. Suchmorphismmapseachplaceof lys
into thehomorymousstableplaceof MS, anddefinesabijectionbetweerthetransitions
of Iys andthe connectedransaction®f MS. We assumehatthe generictransitionoﬁ
correspondso the one-ton transmissiornhatfollows the k-th codifiedcopy policy (we
denoteby ¢, the numberof differentcopy policiesassociatedio the one-ton transmis-
sion).

Zero placescanbe usedto coordinateandsynchronizen a singletransactiorary
numberof transitionsof the refinednet. Thusit may well happenthatthe refinednet

3 Wecall copypolicyary stratey (e.g.,sequentialwith maximalparallelism)for makingcopies
of themessagem the buffer z.
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Figure7. Thecausalabstracnhetfor the multicastingsystemunderthe ITph.

is finite while the abstractnetis infinite. This is the casefor this example,in which
communicatioreventscaninvolve ary numberof recevers.

2.3 Collectivetokenapproach

Operational semanticsunder the CTph. A stablestepof azs netB mayinvolvethe

executionof severaltransitions At the beginning, the statemustcontainenoughstable
tokensto concurrentlyenablethe stablepresetof all theseransitions As thecomputa-
tion progresseghefirings canonly consumehe stabletokensthatwerealsoavailable
at the beginning of the computationandthe zerotokensthat have beenproducedby

somefired transition.A stablestepwhoseintermediatenarkingsareall nonstableand
which consumesill the availablestabletokensis calleda stabletransaction

Definition 14 (Stable step and stable transaction). Let B be a zs net. A firing se-
quences= Up [t1) Uz...Un—1 [tn) U Of theunderlyingnetNg is a stablestepof B if:

— YL, pre(ti)(a) < up(a) for all a € Ss\ Zg (concurentenabling);
— Up andup are stablemarkingsof B (stablefairness).

We write up{[s)un to denotethe stablesteps, and O(s) and D(s) to denotethe ug and
Un respectivelyA stablestepsis a stabletransactiorif in addition:

— themarkingsus, ..., uUn_1 are notstable(atomicity);
— YL, pre(t)(a) = up(a) for all a € Sg\ Zg (perfectenabling).

A stablestepsequencés a sequence®f stablestepsup{[si)us. .. Un—1{[Sh)Un. We
thensaythatu, is readablefrom ug. We recallthat stabletokensproducedduringthe
transactiorbecomeoperatve in the systemonly afterthe commit.

Examplel. Considerthezs netMS of Figure5.

The firing sequence{2a} [t1) {a,b,z} [ta) {2a,2} [t3) {a,b} is not a stablestep,
becausehe concurrenenablingconditionis not satisfied.

Thesequencé4a} [t1) {3a,b,z} [t2) {3a,b, 2z} [t3) {2a,2b,Z} [t3) {a,3b} isastable
stepbut not a stabletransactionbecausehe perfectenablingconditionis not satisfied.
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Thefiring sequenca’ = {2a,b} [t1) {a,2b,z} [t3) {3b} [ta) {a,2b} is a stablestep
but not a stabletransactionbecausehe atomicity constraints not satisfied.

Thefiring sequencea’ = {2a,b} [t1) {a,2b,Zz} [ta) {2a,b,Z} [t3) {a,2b} is astable
transactior(compardt with thefirst sequencef this example).

To obtaina more satishctory notion of stablestep(transaction)n the concurrent
settingof CTph, we canthenconsidercommutatve processes.

Definition 15 (Abstract sequence)Equivalenceclassesf sequenceéw.r.t. diamond
transformation)are called abstracisequenceand are ranged over by . Theabstract
sequencef s is written [[s]. We also write pre([[s]) = O(s) and pos{([[s]]) = D(s) to
denoterespectivelyhe origins andthedestinationsf [4].

Definition 16 (Abstract stablestepand abstract transaction). Givena zs netB, an
abstractstablestepis an abstact sequencds] of the underlyingnetNg, whee s is a
stablestep.An abstractstabletransactions an abstract sequencef Ng that contains
only stabletransactionf B. We denoteby Yg the setof all abstiact stabletransactions
of B.

Theequivalencanducedby diamondransformatiorpreseresstablestepgbecause
thediamondtransformatiorpreseresthe propertieof concurrenenablingandof sta-
ble fairnesgequiredby Definition 14) but doesnot presere stabletransactionsGener
ally speakingthe problemis thattwo stabletransactionshatareconcurrentlyenabled
couldbeinterleavedin suchaway thattheresultingsequencés a stabletransactionOf
course suchtransactiorcannotbe consideredasa representatie of anatomicactivity
of the system,becausét canbe expressedn termsof two concurrentsub-actities.
Therefore,we take as representaties of abstractstabletransactionsll thosestable
transactionsvhoseequialenceclassesontainonly stabletransactions.

Abstract semanticsunder the CTph. It is now possibleto defineabstractrepresen-
tativesof thosesystemsmodeledby zs netsin termsof PT netswhosetransitionsare
abstracstabletransactions.

Definition 17 (Abstract net). Givena zs netB = (Sg, Ts, Fs, U, Zg), its abstrachnet
isthenetAg = (S5 \ Zg, Y8, F, ug), with F(a,0) = pre(o)(a) andF (o,a) = pos{o)(a)
forallae Ss\Zgando € Vz.

Example2. Considetthefollowing firing sequencesf theunderlyingnetNys of thezs
netMSin Figure5: shay = {C} [to) {a,C}, Sres= {b} [ta) {a}, s1 ={2a} [t1) {a,b,Z} [t3)
{20}, = {3a} [) (2.0, 7} [t2) {22,0,22} [19) {2, 20,2} ts) {30}, ...,
s = {(i+1)a} [t1) {ia,b,z} [tz) --- [t2){ia, b, iz} [ts) - -- [ts) {(i + 1)b},---
i—1 i
We have Yus = {t{,t4,01,...,0i,...} with tj = [Sne], ty = [Ses] @ando; = [[s], for
i > 1. Theabstracihet Ays of MSis shavn in Figure6. It consistsof threeplacesand
infinitely mary transitions:Onetransitionfor creatinga new active processone for

reactvating a processafter a synchronizationand onefor eachpossiblemulticasting
involving a differentnumberof recevers.

Proposition4. Thereadablemarkingsof Ag andof B are thesame
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Universal Constructionsin the CTph. We recasthe operationabkndabstrac{CTph)
semanticof zs netsin a cateyorical frameavork via two universalconstructionsThe
first constructiorstartsfrom thecategory dZPetri (wherezs netsareseerasprograms)
andexhibits anadjunctionto a category HCatZPetri consistingof machinesquipped
with suitableoperationson statesandtransitions(e.g.,parallelcompositionanda spe-
cial kind of sequentiatomposition calledhorizonta). This adjunctioncorrespond$o
the operationalsemanticof zs nets,in the sensehat the transitionsof the machine
Z[B] associatedo a zs net B are exactly the abstractstablestepsof B. Moreover,
abstractstabletransactioncanbe characterizedlgebraicallyas specialtransitionsof
Z[B], calledprime arrows The secondconstructionstartsfrom a different category
ZSN of zs nets(strictly relatedto HCatZPetri), having the ordinary cateyory Petri
of PT netsas a subcatgory, and yields a coreflectionthat recovers the abstractnet
constructionin Definition 17. We remarkthat ZSN allows oneto maptransitionsof a
machineinto prime arrowns of anothemmachine yielding a very generalnotion of ‘im-
plementatiormorphism.

Definition 18 (Category HCatZPetri). A zs graph
H=((LUZ)®,(T,®,0,id,-), pre posh

is botha zs netanda reflexive Petri commutativemonoid? In addition, it is equipped
with a partial function_- _, calledhorizontalcomposition sud that:

a:(u,x) = (vy), B:(U,y) = (V,2)
a-B:(ueu,x) — (v v,2) '

(1)

Horizontal compositionis associativeand hasidentitiesid o ): (0,x) — (0,x) for any
x € Z®. Moreover, the commutativenonoidaloperator _& _ is functorial w.r.t. horizon-
tal compositionA zs graphmorphismh = (f,g.,9z):H — H’ betweertwo zs graphs
H andH’ is botha zs netmorphismand a reflexive Petri monoidmorphismsuc that
f(a-B) = f(a)- f(B). zs graphs(asobjects)andtheir morphismgasarrows)formthe
categgory HCatZPetri.

Horizontal compositionactsas a sequentiacompositionon zero placesandasa
parallelcompositionon stableplaces.

Proposition5. If a:(u,0) — (v0) anda’: (U,0) — (V,0) are two transitionsof a zs
graphthena-o’' =a @ d’.

Theorem1. Let % :HCatZPetri — dZPetri be the functor which forgets aboutthe
additionalstructue ontransitions,.e.,

2|((LUZ)®,(T,®,0,id,-),pre posh] = (L? x Z®, T, pre, pos).
Thefunctor % hasa left adjoint 2: dZPetri — HCatZPetri.
4 A reflexive Petri commutativenonoidis a Petrinettogethemwith afunctionid: S® — T, where

the setof transitionsis a commutatve monoid (T, ®,0) andpre, postandid aremonoidho-
momorphismswith pre(id(x)) = pos(id(x)) = x.
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(u,x) €L x Z§ o (u,x) = (vy), B:(U,x) = (V,Y) € Z[B]

id: (U,X) = (u,x) € Z[B] a®p:(ueu, xex) = (vaoVv,yey) € Z[B

t(ux) = (vy) €Tg oz (u,x) = (wy), B:(U,y) = (V,2) € Z[B]
t:(u,x) = (wy) € Z[B] o-Bi(ued,x) = (veV,z) € Z[B|

Table 7. Freeconstructiorof Z[B].

Thefunctor #: dZPetri — HCatZPetri mapsa zs netB into the zs graphwhich
is definedby theinferencerulesin Table7 modulosuitableaxioms:Transitionsform a
commutatve monoid(with & andid g g)); thehorizontalcomposition - _ is associatie
andhasidentitiesid o,); finally, themonoidaloperator. &  is functorialw.r.t. horizontal
compositionandidentities.

Example3. Let MSbethezs netdefinedin Section2.2. Thearrowv t; - t3 € Z[MS has
source(2a,0) andtarget (2b,0), while (t1 ®id(50)) - (id(p,0) © t3) goesfrom (3ae b,0)
to (a® 3b,0). As anotherexample thefollowing expressionsill denotethe samearron
(i.e.,the one-to-threeommunication):

t1-to- (o ®t3) - (t3dtz) =t1-t2- (L@ id Oz)) (Id 0,22) Dt3) - (13D t3)
=t1-t2- (2 ®id(oy) - (3D t3D1a)
=t-t2- (o ®id(y) - (t3Did(0,27)) - (3@ id(0 ) - 13

Definition 19 (Prime arr ow). Anarrow a: (u,0) — (v,0) of a zs graphH is primeif
it cannotbeexpressedasthemonoidalcompositiorof nontrivial arrows(i.e.,a = ®y
impliesthat 3 = id(g,0) Or y=id(0,0))-

Thefollowing theoremdefinesthe correspondenceetweerthe algebraicandoper
ationalsemantic®f zs nets.

Theorem 2. Givena zs netB, ther is a bijection betweerarrows a: (u,0) — (v,0)
in Z[B] and abstract stablestepsof B. Moreover, if sud an arrow is prime thenthe
correspondingabstiact stablestepis an abstiact stabletransaction.

Example4. Theprimearronsin Z[MS aretg =tp, T4 =14, 01 =t1-1t3, G2 =1t1-t2-
(3®idpg) ta, ..., O =t1-t2- (2 Dt3) - ... - (2 Dt3) - (3 D 13), andsoon, wherethe
expressiont; ® t3) appeargxactly i — 2 timesin a;.

To characterizeghe abstractsemanticswe introducea category ZSN of zs nets,
wherethe morphismamay mapa transitioninto a transaction.

Definition 20. An abstractransitionof a zs netB is eithera prime arrow of Z[B] or
atransitionof B (seenasan arrowin Z°[B]).

Definition 21 (Category ZSN). Giventwo zs netsB and B', a refinementmorphism
h:B — B’ is a zs net morphism(f,g.,9z):B — Z[Z[B']] suc that the function f
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mapstransitionsinto abstracttransitions.Thecategory ZSN haszs netsasobjectsand
refinementorphismsas arrows. The compositiorbetweertwo refinemenmorphisms
h:B — B’ andh’: B’ — B” is definedasthe zs netmorphismZ [h'] o h:B — % [Z[B"]],
wheeh': #[B'] — #[B"] is theuniqueextensionof i’ to a morphismin HCatZPetri.

Theorem 3. TheCategory Petri is embeddedhto ZSN fully andfaithfully asa core-
flectivesubcatgory andtheright adjoint functor &[] is sudh that </[B] = Ag for any
zs net B. Furthermoe, the counit component§ mapstransitionsof the abstract net
into appropriate abstracttransactions.

Theuniversalpropertyof the coreflectionwitnesseshatAg is the PT netthatbetter
approximateshe abstracCTph behaiour of B.

2.4 Individual tokenapproach

In this section the basicactuvities of zs netsaredefinedaccordinglyto the ITph. This
choicehasa greatimpacton theresultingnotion of transaction.

Operational semanticsunder the ITph. In thelTph, a markingcanbethoughtof as
anindexed (over the places)collectionof orderedsequencesf tokensandeachfiring
mustexactly specifywhich tokensareconsumed.

In [14], inspiredby [44], we presented stak basedapproac to the implemen-
tation of ITph states.The ideawasto choosea canonicalinterpretationof the tokens
thathave to beconsumedndproducedn afiring andto introducepermutationfirings
with the task of rearrangingorderedtokens: A markingis represente@sa collection
of stacks,onefor eachplaceandthusthe extractionandtheinsertionof tokensfollow
the LIFO policy. However, permutationfirings can modify the token positionsin the
stacks.Causalfirings were essentiallyintroducedasa concretemeansto describethe
tokenflow, providing anintuitive graspof the underlyingmechanismin this presenta-
tion, we preferto resortto the more compactalgebraicnotationgivenin Sectionl.1,
that preciselydenotesconcatenabl@rocesses-or the interestedreader causalfiring
sequencesanbethoughtof asarrovsin 2(Ng) having theform

w=50; (t1®idy,);s1; (2 ®idy,); ;- .- ; (th ® idy,); Sn,

wherethe 5 are permutationsthet; aretransitions,andthe u; are suitablemarkings.
In the following, we shall keepthe terminology of causalfiring sequence$or such
arrows. For w a causalfiring sequencewe denoteby pr(w) theconcatenablgrocesst
representgconsideredip to isomorphism).

Exampleb. Let Nys betheunderlyingnetof thezs netMSdefinedin Figure5 (i.e.,in
Nuvs we donotdistinguishbetweerstableandzeroplaces) Theconcatenablprocesses
associatedo the sequences
W= (to®idp); (4 ® idagc); (t1 ® idage); (t3 ® idpgc):b® c — 2b
o' = (to®idp); (t4 ® idagc); (Yaa ®idc); (t1 ® idage); (3 ® idpgc):b® ¢ — 2b
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Figure8. Theconcatenablerocessefor w, «f, andw’ of Example5.

arepresentedn Figure8. We usethestandardotationthatlabelsthe placesandtransi-
tionsof theoccurrencaetK with theirimagesn N. A superscripfor eachinitial place
andasubscriptfor eachfinal placedenoteyespectiely, thevalueof °/ and/°.

Beforecontinuing,let usintroducesometerminologythatwill be usedin defining
thelTph semantic®f zs nets.A processs full if it doesnot containidle (i.e., isolated)
places A processs activeif it includesat leastonetransition,inactiveotherwise An
active processs decomposabléto parallel activitiesif it is the parallelcomposition
of two (or more) active processeslf sucha decompositiordoesnot exist, thenthe
processs calledconnectedA connectegrocessnayinvolveidle placeshutit doesnot
admitglobally disjointactuities (i.e., theadjectie refersto actwities andnotto states).
Finally, the setof evolution places(that representesourcesvhich arefirst produced
andthenconsumeddf aproces<C isthesetEc = {P(a) | a€ K, |*al = |a*| = 1}.

To forgetaboutthe orderingfunctionsof origins anddestinationsve canquotient
concatenablprocessemodulotheunderlyingGoltz-Reisigprocesses.

Definition 22. LetN bea net.Two causalfiring sequences) andw’ are causallyequiv-
alent written w~ o if pr(w) = (P:K = N, %, ¢°) and pr(w¥) = (P:K' = N, °¢',£"°)
with process isomorphicto P'. Theequivalencelassof wis denotedyy [w])~. We use
& to range over equivalenceclassesSincetherelation ~ respectgheinitial andfinal
marking we extendthe notationletting O(§) = O(w) andD(§) = D(w), for & = [W] ~.

In the ITph, statechangesare given in termsof connectedsteps which may in-
volve the concurrenexecutionandsynchronizatiorof severaltransitions A connected
transactioris a connectedstepsuchthat no intermediatemarkingis stable,andwhich
consumeslll the availablestabletokensof the startingstate.
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Figure9. Theconcatenablerocessepr(w,) (left) andpr(wyp) (right).

Definition 23 (Connectedstepand transaction). Givena zs netB, let w bea causal
firing sequencef theunderlyingPT netNg. Theequivalencelassé = W] is a con-
nectedstepof B, written O(&) [€)D (&), if:

— O(w) andD(w) are stablemarkings(stablefairness);
— Epr(w) € Z8 (atomicity).

Furthermoe, theconnectedtepé is a connectedransactiorof B if:

— pr(w) is connected:;
— pr(w) isfull.

We denoteby =g (rangedby &) the setof connectedransactionsf B.

A connectedtepsequences asequencep|[§1)us . . . Un—1[[§n)uUn Of connectedteps,
andwe thensaythatu, is reachabldrom ug. Connectedstepsdiffer from stablesteps
in that they allow for a finer causalrelationshipamongevents.Fullnessensureghe
absencef idle resourcesn connectedransactionsNote thatall conditionsin Defini-
tion 23imposeconstraintonly overthe Goltz-Reisigprocessassociatedvith pr(w).

Example6. Letusconsiderthezs netMSin Figure5 andthe causafiring sequences

W =1;(1®idy);tz:a— b
wp = (11 ®idza); (2 @ idzagb); (13 ® id2agbaz); (13 ® idag2n):4a — ad 3b
W3 = (11 ®idage); (3 ®idpge); (o ®idop):2adc— ad 2bd .

Theequivalenceclassfwi ]~ is nota connectedstepsincethe ‘atomicity’ requirement
is notfulfilled (Figure9, left). Theequivalenceclassuy] ~ is a connectedstepbut not
aconnectedransactiorsincetheassociategrocesss connectedut not full (Figure9,
right). Likewise,[[wg]l~ is aconnectedtepbut nota connectedransactiorsincetheas-
sociatedorocesss notconnectedFigure10). The equivalenceclassof the causafiring
sequencét; ®idsa); (t2 ®@idaagb); (t2 ® idsasbez); (2 ® idsasbe2z); (3@ id3asbess); (3®
id2agobm2z); (13 ® idagangz); (t3 ® idgp): 52 — 5b is a connectedransaction.
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Figure10. Theconcatenablerocesspr(wyg).

Abstract semanticsunder the ITph. In thelTph basedapproactit is alsopossibleto
defineanabstractiew of the systemanodeledvia zs nets.Sincetransactiongewrite
multisetsof stabletokens,PT netsareagaina naturalcandidatefor the abstractepre-
sentation.

Definition 24 (Causalabstractnet).LetBbeazsnet.Thenetlg = (S3\Zg, =5, F, Up),
with F(a,0) = pre(d)(a) and F(d,a) = pos{(d)(a) for all a€ S\ Zg andd € =g, is
thecausahbbstrachetof B.

Proposition 6. Thereadablemarkingsof Iz and of B are thesame

Example7. Let MS bethe zs netin Figure5. Its causalabstracinet lys is shavn in
Figure7. Transitiont; is the basicactivity which createsanew communicatingprocess
andit correspondso [[to]~. Similarly t; = [ta] ~. EachoX describes differentone-toi
communicationTheindex k identifiesthe copy policy underconsiderationFor eachi,
we denoteby ¢; the numberof differentcopy policiesfor the communicatiorone-to#
andwe have a bijective correspondencamongcopy policiesandthe completebinary
tree$ with exactlyi leaves.

Universal Constructions in the ITph. In this section,analogouslyto what hasbeen
donefor the CTph, we presenthe categorical constructionghatcharacterizéhe opera-
tional andabstracsemanticof zs netsunderthe ITph. Thefirst adjunctiongoesfrom

dZPetri to acatggory ZSCGraph of morestructurednodels calledzs causalgraphs

equippecdhotonly with parallelandhorizontalcompositionsasin HCatZPetri, butalso
with afamily of swappingglayingtherole of zerotokenpermutationsAgain, thecon-

nectedtransactiongrecharacterize@sprime arrovs of zs causalgraphs.The second
constructiorstartsfrom a category ZSC of zs netsandmorecomplex morphismshav-

ing the ordinary category Petri of PT netsasa subcatgory, andyields a coreflection
thatrecoversexactly the constructiorof the causakbstrachet.

Definition 25 (Category ZSCGraph). A zs causalgraph

E=((LUZ)®,(T,®,0,id,*,e__),pre pos)

5 We recallthata binary treeis completdf ary internalnodehasexactly two childrenandwe
do notdistinguishbetweenreft andright children.
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(u,x) €LY x & zZ€Zg
id(ux: (U,X) = (u,x) € FY[B] dz7:(0,z07) — (0,Z ®2) € ¥¥4|B]
t(ux) = (vy) €Tg oz (u,x) = (wy), B:(U,y) = (V,2) € ¥9[B]
t:(u,X) = (vy) € ¥4[B] axB:(ueu,x) = (Ve V,z) € ¥4(B]

a: (u,X) — (vy), B:(U,X) = (V,Y) € €9(B]
a®pB:(uau, xdxX) = (VvoVv,yey) € €¥¥[B

Table 8. Freeconstructiorof €¥¢[B].

is both a zs netand a reflexive Petri monoid.In addition, it comesequippedwith a
partial function_x _ called horizontalcomposition

a:(u,x) = (wY), B:(U,y) = (V,Y)
axpB:(ueu,x) = (vev,y)

and a family of horizontalswappings {exy: (0,x®@y) = (0,y ® X) }xyez= . Horizontal
compositioris associativeand hasidentitiesid g ) for all x € Z®. Themonoidaloper
ator _® _is functorial w.r.t. horizontalcompositionThe (horizontal)naturalityaxiom,
e * (B®a) = (a®B) *ey,y holdsfor anya: (u,x) = (v,y) andB: (Uu,x) — (V,Y).
Furthermoge, the coherencexiomseyy * €yx = id (g xgy) aNd ey yay = (Exy ®id(gy)) *
(id(oy) ® €y ) mustbesatisfied A morphismh betweeriwo zs causalgraphsk andE’
is a zs netmonoidalmorphismwhich in additionrespect$orizontalcompositiorand
swappingsThisdefineghe category ZSCGraph.

Again, horizontalcompositionis the key featureof the approachit avoidsthe con-
structionof stepswhich reusestabletokens.
Proposition7. If a:(u,0) = (v0) anda’: (U/,0) — (V,0) are two transitionsof a zs
causalgraphthena® o’ =o' ® a andaxa’ =a®a’.

Thenext theorendefineghealgebraicsemantic®f zs netsby meansf auniversal
property
Theorem4. Theobviousforgetfulfunctor? : ZSCGraph — dZPetri hasaleft adjoint
¢%:.dZPetri — ZSCGraph.

The functor ¥4 mapsa zs netB into the zs causalgraph%’¥[B] whosearrowvs
are generatedy the inferencerulesin Table 8 modulosuitableaxioms(see[17] for
details).The zs causalgraph%’¢[B] is still too concretew.r.t. the operational(ITph)
semantic®f zs nets.More preciselywe needtwo moreaxioms.

Definition 26. Givena zs netB, we denoteby €'¥¢[B]/W the quotientof the freezs
causalgraph#¥[B] genetedby B in ZSCGraph modulothe axioms

d,72 = id(0zs2), If 27 Z € Zg, 2)
dxtxd =t,if t € Tg andd,d’ are swappings 3)
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The quotient#¥¢[B]/W is suchthat for ary k: ¢¥¢[B] — E € ZSCGraph which
respectsaxioms(2) and(3), thereexists a uniquearrov ky: €¥4[B]/W¥Y — E suchthat
ky o Qp = k in ZSCGraph, whereQy: ¢¥[B] — € ¥[B]/W¥ is the obvious zs causal
graphmorphismassociatedo the (least)congruencegeneratedby theimposedaxiom-
atization.

Proposition8. For any morphismh:B — B' in dZPetri there is a unique extension
h:¢9[B]/W — €¥¢[B']/¥ of hin ZSCGraph.

Example8. LetMSbethezs netdefinedin Section2.2. Thearrowvt; xtz € ¥¢4[MY /W
hassource(2a,0) andtarget (2b,0), while (t; ® id(4,0)) * (id(p,0) ®t3) goesfrom (3a®
b,0) to (a® 3b,0). As anotherexample,all the following expressionglenotethe same
arrow:

T xtox (t2®t3) * (t3®t3) =t1*lox (tz ® id(o’z)) *x (1313 ®t3)
=11 xtrx dz’z* (t® id(O,z)) *x (3Rt3®13)
=ty *tax (id(gy) @) * (3@ t3 D t3)
=t1xtrx* (3Q1t) * (1a®13).

To give the expectedcorrespondencbetweenalgebraicandoperationakemantics
we reusein the currentsettingthe notion of primearrows.

Theorem5. Givena zs netB, there is a one-to-onecorrespondencéetweerarrows

a: (u,0) — (v,0) € ¥¢[B]/Y¥ andthe connectedtepsof B. Moreover; if suc anarrow

is prime (and is not an identity) thenthe correspondingconnectedstepis a connected
transaction.

Example9. In our runningexample,someprime arrows of ¥4 [MS arety, t1 *t3, and
1 xtox ('[2 ®'[2) * ('[3 RtoR13 ®'[3) * ('[3 ® '[3), while thearrow ('[1 ®'[1) * dz’z * (tz ® '[3) *
(ts®13) is notprime.

To recovertheabstracsemantic®f zs netsin the ITph, we definea category ZSC
whoseobjectsarezs netsandwhosemorphismsllow for therefinemenbf atransition
into anabstractonnectedransaction.

Definition 27. Givena zs netB, a causalabstractransitionof €¥¢[B]/WY is eithera
primearrow of #¢[B] /Y or atransitionof B (seerasarrow).

Definition 28 (Category ZSC). Giventwo zs netB andB', a causalrefinemenimor-
phismh:B — B' is a zs netmorphismh = (f,g.,gz) from B to (the image through
the forgetful functor of) ¥¢[B'] /W, sud that function f mapstransitionsinto causal
abstiact transitions.The category ZSC has zs netsas objectsand causalrefinement
morphismsasarrows,with compositiordefinedsimilarly to thatin ZSN.

Theorem 6. Cateagory Petri is embeddedn ZSC fully and faithfully asa coreflective
subcatgory andtheright adjointfunctor .#[_] is suct that .#[B] = Ig for anyzs netB.

Furthermoe, the counit componenbf the coreflectionel; mapsead transitionof the
abstact netinto theappropriate connectedransaction.
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2.5 Onemoreexample

We remarkthattheimpactof differentphilosophiesonthe modeledsystemis consider
able.Thishasbeenalreadysuggestethy themulticastingsystemexample but thereare
mary otherexampleswherethe dichotomyis immediateLet usconsidetthezs netCR
in Figurell. Then,accordingo the CTph the abstrachetAcgr hasonly two transitions
that correspondo tp andt; - t;, whereasaccordingto the ITph the causalabstracinet
Icr hasinfinitely mary transitionsto, ty *to, (t1 ®t1) * dz 3, * (t ® t2), andsoon. Note
theanalogybetweer cr andthe abstrachet Ayis of the multicastingsystemexample.

We endthis sectionby observingthatall PT netscanbe constructedisingzs nets
whosetransitionshave four fixed ‘shapes. The neededcomponentareillustratedin
Figure12.We leave to thereaderasaneasytask,to combinetheseshapedor building
a generictransition,thoughof courseseveral othersetsof building blockscould have
beenchosen.

3 Translation of languageswith synchronization primiti ves

In this sectionwe give somegenerahintsfor modelingccs-like communicatiorvia zs
nets.Theideais to represeneachchanneby apairof zeroplacespnefor inputandone
for output,andto modeleachinput (output)actionon a channelwith atransitionthat
producesatokenon theinput (output) zeroplaceassociatedo thatchannel A special
transition,alsoassociatedo the channeljs enabledy atokenin theinputandatoken
in the outputzeroplace.If the channelis restricted this is the only transitionthat can
consumethosetokens,thus synchronizingthe input and outputactionsthat produced
thetwo tokens.If the channelis not restricted two additionaltransitionscanconsume



26 RobertoBruni andUgo Montanari

a? al
(o] (o]
ina Sy outy
Figurel3.Thezs netZ,.
A by
pg  pap-d pag  pLaug¢{aa
Ap2sp plr Sl PP - dd rlp—5rlg p\a— d\a

Table 9. sos rulesfor the simpleprocesslgebraspPa.

thetokensseparatelyThus,for every channehamea we definea zs netZ, consisting
of two zeroplacesa!l anda?, andthreetransitionsing, syry, andout, (seeFigure13).
For asetA = {ay,...,an} of channehameswe denoteby Z(A) thezs netobtainedas
thedisjointunionof Z,,,...,Za,.

Definition 29 (Interfaced net). Givena setA = {ay, ...,an} of channelnamesan A-
interfacednetis a triple (B,A,P), whee B is a zs net—in our translationtheinitial
markingwill alwaysbe a set— and P is an injectivemappingfromZ(A) to B, which
preserveshe zs netstructuie. ThesetA is calledtheinterfaceof thenet.

Two A-interfacednets(B,A,P) and(B',A,P’) areisomorphicif thereexistsa zs
netisomorphismy from B to B’ that ‘presenesinterfaces’(in the sensethatit must
preseretheinjectiveimagesof Z(A)).

Thesimpleprocesslgebra (spa) consideredn [17] is equippedvith theoperations
of inactionnil, input andoutputactionprefix a._ anda., parallelcomposition_|-, and
restriction_\a, whoseassociatedos rulesaregivenin Table9. (We let p rangeover
input (a), output(a) andsilent (1) actions,andlet A rangeover input/outputactions.)
We will shaw laterhow to dealwith distributednondeterministicum.

Eachagentp is modeledby anfv(p)-interfacednet[[p].s, wherethe setfv(p) is the
setof thefree(i.e., non-restrictedghannehamesn p. Thedefinitionof [p])zsis given
by initiality (i.e., it is the uniquespPa-algebrahomomorphisnfrom the termalgebra),
andthusit is enoughto definethe correspondingperationn interfacednets.

Inaction. The inactive netnil is a g-interfacednet (B, &, &), whereB consistsof a
singleplacethatcontainsonetokenin theinitial marking.

Actionprefix. Theinterfacedneta.(B,AuU{a}, P) is givenby addinganew stableplace
b andanew transitiont to B. Theinitial markingconsistof atokenin b. Thetransition
t takesatokenin b andproducegheinitial markingof B plusatokenin the zeroplace
P(a?). If thenamea is not containedn theinterfaceof the givennet,thenalsoa copy
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of Z, hasto be added,andthe injective mappingP is extendedin the obviousway. A
similar constructioris definedfor anoutputactionprefix a.p (we substitutea! for a?in
the postsebf the new transitiont).

Parallel composition. We let (B1,A1,P1)[{B2,A2,P2) = (B,A1UA>,P), with B given
by theunionof B; andB, whereonly P (Z(A1NA2)) andP(Z(A1NA>)) areidentified,
andwith themappingP givenby theunionof P, andP,. Theinitial markingof B is the
unionof theinitial markingsof B; andBsy.

Restriction. If a doesnot appearn the interface,then (B,A,P)\a = (B,A,P). Oth-
erwise, (B,A U {a},P)\a= (B',A,P'), with B' = B~ {P(ina),P(outa)} and P’ is P
restrictedto Z(A).

The image of Z(fv(p)) in B (via P) playsthe role of the interface,sinceit is the
only partof the net[[p]l;s thatis modified by the constructiondefinedabove: It canbe
increasedasin the caseof actionprefix), it canbe memedwith anotherinterface(as
in the caseof parallelcomposition)andit canalsobe restricted(asin the caseof the
restrictionoperator)lt is worth notingthatfor eachagentp, with [p]l.s= (B,A,P), we
have Ag = Ig.

TherelationbetweersPa agentsandtheir associateihterfacednetscanbeformal-
ized by addinga labelingfunction ¢ from the transitionsof abstractietsto the setof
actions.

Definition 30 (Labelsof transactions).Let p beanagent.For ead (connectedjrans-
action¢ of [p]zs, wedefine

a; if g € fv(p) andP(iny) is firedin §
o&) L' 7 if a € fv(p) andP(outy, ) is firedin &
T otherwise

Thedefinition of labelsis notambiguousbecauseachtransactiorg, of [p].s con-
tainsatmostonefiring of transitionsin P(Z(fv(p))).

Definition 31 (Bisimilarity betweenagentsand markings). Let p be an agent, let
N be a netwhosetransitionsare labeledby ¢ over the setof actions,and let u be a
markingof N. We saythat p is bisimilarto u in N if there existsa relation ~ between
agentsand markingsof N suc that p ~ u, and: (1) for eac transitionp LN p' there
existsa firing u [t) U’ of N sudh that @(t) = pand p’ ~ U'; (2) for ead firing u [t) U’ of
N with @(t) = pthere existsa transitionp M o sudthatp’ ~ u'.

Proposition9. Letpbeanagent,and[[p]l.s= (B, A, P), thenpis bisimilar to theinitial
markingof the abstract netAg.

A comparisorwith othernetsemanticpresentedh theliteraturefor ccs-like alge-
brasis outof thescopeof this presentationWe justremarkthelinearity of ourencoding
andthatit providesareasonableoncurrensemanticgor spA agentsasformalizedby
Proposition9 above.
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Table 10. Two kindsof nondeterministichoice.
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Restrictechameshave only local scopesandagentghatdiffer only for local names
(i.e., agentsthat canbe obtainedone from the other by a-corversion)canbe consid-
eredequivalent. We usethe symbol_ = - to denotesuchequialence(e.g.,we have
(a1.az.nil|az.nil)\az =4 (a1.az.nil|az.nil)\as for ary az # aj). It is worth noting that
ourtranslationsupporta-corversion.

Proposition 10. If p=q g, then[p].s and[[q])zs areisomorphic.

3.1 Distributed sum

Usually, one candistinguishbetweentwo kinds of nondeterminismdon’t knowand
don't care. In theformer, analternatie is selectedvia a sortof ‘lookahead’(e.g.,only
if the associatecdubprocessan move), whereasthe latter is ‘blind.” The difference
betweerthetwo is evidentjust by looking at the sos rulesin Table10, as‘don’t care
choice’is modeledvia axioms.In thenext we rely on don’t know choice,whichis more
complicateto dealwith.

To modeldon't know choicein distributedimplementation®f ccs-like languages,
theclassicabpproachs to make a crossproductof theinitial markingsof the subcom-
ponentsin sucha way thatwhenonethreadr in onecomponenimoves,thenall the
threadsin the othercomponenwill never be enabledsincer consumesomeof their
premisesOf coursethisis anexpensve constructiorthataddsa lot of auxiliary struc-
ture causingstateexplosion. Using zs netsthe ‘interface’ approachdescribedabove
canbeexploitedfor accommodating morecompactsolution(thoughthe classicabne
is still possible).

The ideais that besideschannel(zero) places,alsoa ‘genericaction’ zeroplace,
sayg, is addedthatrecevestokensfrom all transitionsgeneratedy the action prefix
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Figurel5. Theinterfacednetfor the procesg(as.nil +az.nil)|ay.nil )\ag \az.

construction.Using this placewe can establishwhetheror not a threadcan evolve.
Normally, atransitiongo canconsumeexactly onetokenfrom g andproducenothing.
(Bothg andgo arepartof ary interface).Sincewe areinterestedn catchingtop level’
actions,every time a processds prefixed by an actionwe remove from the interfaceg
andgo andaddnew instance®f themwhich becomeconnectedo the prefixedaction
only. The generalsituationis that we have two suchinterfacednetsand we want to
modeltheir nondeterministicum. Thefirst stepis to replacethe two go transitionsby
transitionghatarein someway controlledby the choice-pointTherelevantpartof the
constructions illustratedin Figure 14; for the restwe assumehatthetwo ‘argument’
netsare putin parallel, memging their interfacesexceptthat for g andgo components
(denotedby g; andgg in figure)thatarecarriedout of theinterface,while freshg and
goareinsertedn thecomposechet.We call u; andu, themarkingsof thetwo argument
nets,thatform, togetherwith a tokenin the place’ p1 + p2’ theinitial markingof the
composecdhet. To seehow the constructionbehaes, supposehat p; canperforma
certainaction,thenazerotokenappearsn g; thatcanbe consumeanly by firing ‘ (+’
sincego; hasbeendeletedandgd, is notyet enabledThefiring of ‘(+’' consumeshe
only stabletokenin p; + p2 andhence all threadsin the secondnet cannotcomplete
ary transactior(becauseokensin g» cannever be consumed)We have decidedto put
|u1| tokensin the stableplacethat rule gd;, so that when othertop level threadsof
p1 will be ableto fire, then enoughtokenswill be availableto closeall transactions
asynchronouslyProposition® and10 arestill valid for this extendedframework.

ExamplelO. The interfacednet for the agent((as.nil 4+ ag.nil)|az.nil)\ai\az is pre-
sentedn Figurel5. Notethatthe presencef thearcfromtz to g is motivatedby thefact
thatg (andgo) arepartof theinterfacesof the two netsassociatedavith az.nil + ay.nil
anda;z.nil andthusg becomessharedwhenthe two agentsare composedn parallel.
If to triesto fire, thenthe zerotokenin a;? cannotbe consumedif t; triesto fire, then
the only possibility is that alsots fires producinga tokenin a;! sothatalsosyn, is
enabledandthetokenin a;? canbe consumed|f this is the casethenonehasstill to
consumehe zerotokensin g andg, producedby the firings of t3 andty, respectiely.
Thus,+) mustbe fired thatproducesanotherzerotokenin g. Then,transitiongo can
befired twiceto concludethetransactionThis transactiorcorrespond$o thetransition

((az.nil + az.nil)|ay.nil)\a;\a; — (nil|nil)\a;\ay, andis theonly possibleone.
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Figurel6.

Note that since‘(+’ and‘+)’ take onetoken only from g; and g» respectiely,
thent-moves cannotforce the choice (becausesynchronizationgroducetwo tokens
in g1 or g2). This was alsothe reasonfor writing A andnot p in the rulesfor don’t
know choicein Table10. To dealwith this possibility; it sufficesto addtwo variantsof
‘(4" and‘+)’ thatconsumewo tokensfrom g; andg, respectiely. More generally
onemightwantto synchronizeary numberof threadsastriggersof the sameleft/right
choice.This canbe easilydoneby augmentinghe composedetswith oneadditional
zeroplaceandthreetransitionsasillustratedin Figure16. Thetransitionsdg have the
duty of sequentiallydecrementinghe numberof tokensin g; (takestwo andputsone
back)until only onetokenis left thatcanbe consumedy gd, thussynchronizinghe
choicewith all threadsof theith componenthattried to move. Sinceonly onetoken
is presentn the place p; + p2, thenonly onetoken canbe producedn z andthe dg
presere this invariantunderfiring. Therefore only onetransitionbetween(+ and+)
canfire in thetransactionAs a consequencd, is not possiblethatbothdc; anddc, are
firedin the sametransactionasotherwisea zerotokenwould remainin oneof thezero
placesyi. Notethatthe CTph andtheITph canyield differentabstrachets,asthelatter
distinguishedetweenrthe differentwaysfor dg to consumehetokensin g;. Onemay
arguethatthereis a centralizecchoicepointandthatthereforetwo threadof p; cannot
forceconcurrentlythe‘left choice’but mustbe synchronizeanit. We think thatthisis
by no meansalimitation of theapproachase.g.theclassicakolutionrequiresa ‘token
synchronizationbetweeneachthreadof one componentand all otherthreadsof the
othercomponentsyia a conflict resolutionsimilar to the oneillustratedin the dining
philosophersxample(herethetokensin the crossproductof the two initial markings
of subnetsare‘forks’ andthethreadsarethe ‘philosophers’thatwantto eat).

4 An Operational Definition for Transactions

Theissueghatwe wantto addressn this sectionregardzs netsimplementationThe
problemis thatthe operationakemanticselieson somesortof meta-definitionwhere
onecomputeson theunderlyingnet, builds transactiorsegments andthencandiscard
‘bad’ behaiors andaccepthe ‘good’ ones,actingasafilter. This meanghatthereare
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importantquestionswhich canbe asled for ary actualinterpreter— Is backtracking
necessary® theimplementatiorcorrect?And completeDoesa moreefficientimple-

mentationexist? We try to answerthesequestiongseethe Conclusionspy defininga
machineryfor computingon zs nets.The ideais to adaptthe classicalnet unfolding
to pursueconcurrentlyall the nondeterministicunsof the zs netunderinspection,n

suchaway that‘commit’ stablestatesarerecognizecandgenerated.

Whethemneis interestedn distinguishingoetweerdifferentconcurrenproofsor is
justinterestedn the steprelation_ =g _ is animportantissue.In particular givena zs
netB anda stablemarkingu we addresshe problemof computingin a distributedand
efficientfashionthesetof markingsthatcanbereachedrom u via anatomictransaction
step,i.e.,theset{v| u=g v} (thatis invariantunderthe CTph andITph). The solution
relieson a modificationof the interpreterfor unfolding PT nets[37,51,33], which is
extendedwith acommitrule enforcingthe synchronouserminationof transactions.

4.1 pT NetUnfolding

The unfolding of a net givesa constructve way to generateall its possiblecomputa-
tions, offering a satishctorymathematicatiescriptionof the interplaybetweemonde-
terminismandcausality(andconcurreng). In facttheunfoldingconstructiorallowsfor
bridgingthegapbetweerpT netsandprimealgebraic domains Theolviousreferences
to this approachare[37,51,33], but we suggesalsotheinterestingoverview [25]. It is
worth remarkingthatour presentatiotis slightly differentfrom usualones(but reminis-
centof [51]), sinceit is presentedsthe leastnetgeneratedby suitableinferencerules,
ratherthanby makingexplicit the chainof finite netsthatapproximatet.

The constructionprovidesa distributedinterpreterfor PT nets.We remarkthatthe
unfoldingappliesonly to markednets,i.e., it requiresaninitial marking.

Startingfrom a net N, the unfolding producesa nondeterministicoccurrencenet
U(N) (anagyclic net,wheretransitionpre-andpost-markingsresetsinsteadof mul-
tisetsand where eachplace hasat most one enteringarc), togetherwith a mapping
from U(N) to N thattells which placesandtransitionsof theunfoldingareinstanceof
the sameelementof N. Hencethe placesof U(N) representhe tokensandthe transi-
tions (calledeventg the occurrencesf transitionsin all possibleruns.For this kind of
netsthe notionsof causallydependentof conflictingandof concurent elementscan
be straightforwardly definedandarerepresentetby the binaryrelations_ < _, #_ and
co_,-), respectiely. Formally, therelation_ < _is thetransitve andreflexive closureof

theimmediateprecedenceelation_ <q - definedas<od:ef{(a,t) |aepret)}U{(t,a)|
a € pos{t)}, while the binary conflict relationis definedasthe minimal symmetricre-

lation thatcontains #y_ (definedby t1#ot ijgtl #1t2 A pre(ty) Npre(tz) # @), andthat
is hereditarywith respecto _ < _. Sincethe conflict relationmustbeirreflexive, then
_ < _and_#_ have emptyintersection.The concurreng relationis definedby letting
co(o1,0y) if it is notthe casethat(0; < 0y or 02 < 01 Or 01#0p). In particular therela-
tion cois usuallyextendedo setsof elementsy writing co(X) if for all 01,0, € X we
have co(01,02).

More concretelythe placesof U(N) have theform (a,n,H), whereae Sy, nisa
positive naturalnumbetthatis usedto distinguishdifferenttokenswith thesamehistory;
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un(@)=n, 1<k<n
(a,k, @) € Syn)

tu— @jeanibj € Tv, ©={(a,ki,Hi) | i €1} C Sy, €0(O), U=Dig &
e=(t,0) € Tyn), Y={(bj,m{e})| j €J, L <m< nj} C Sy, pre(e) = O, pos(e) = Y

Table 11. Theunfolding U(N).

andH is the history of the placeunderinspectionandthereforeeitherconsistsof just
oneevent (the onethat producedthe token) or is empty (if the tokenis in the initial
marking).Analogously a generictransitionof 7/(N) hastheform {t,H) with t € Ty,
sinceeachtransitionis completelyidentifiedby its historyH, whichin this caseconsists
of the setof consumedokens.ThesetH cannotbe emptysincetransitionswith empty
presetare not allowed. The net U(N) is definedasthe minimal net generatedy the
rulesin Table11.

We now give a computationalnterpretatiorof suchrules.Thefirst rule defineshe
initial markingof U(N). Thesecondule is the coreof theunfolding: It searchesor a
set® of concurrentokensthatenables transitiont of N, atomicallylocksthem,fires
the event e (thatis an occurrenceof t), and producessomefreshtokensY according
to postt). Notice that the conditionco(®) dependsnly on the historiesH; fori € I,
andthereforecannotbe alteredby successie firings. In fact,asin memoizindor logic
programming,or more generallyin dynamicprogramming the history is completely
encodedn the tokens,sothatit is not necessaryo computeit at every firing. Also,
note that historiesretain concurrentinformation ratherthanjust sequentialtherefore
eachtoken/event is generatedexactly once (thoughit can be later referredto mary
times). Moreover, several occurrence®f the secondrule canbe appliedconcurrently
andthereforethe unfolding canbeimplementedasa distributedalgorithm.

4.2 zsNetUnfolding

The unfolding of the underlyingnet Ng doesnot yield a faithful representatioif the
behavior of B. In fact,we mustforbid the consumptiorof stableresourceshatwerenot
insertedin the startingmarking.Moreover, we mustbe ableto apply the commitwhen
thetransactiorstephasconsumedll the zerotokensproducedsofar.

Thenet U(B) is definedasthe minimal netgeneratedy therulesin Table12. To-
gethemwith the unfoldingnetwe computea setof (reachablejtablemarkingsZ (B, u)
for theinitial (stable)markingu of the unfolding.

The first two rulesdefinethe unfolding, which remainssimilar to the classicalal-
gorithm, exceptfor the factthat stabletokensin the postsetof the fired transitionare
not releasedo the system.n fact, while the set® mustcontainenoughtokensto pro-
vide boththe stableandthe zeroresourcesieededy t (asexpressedy the condition
ud® x = Pi¢ S), thetokensthatareproducedoy the occurrencef t appliedto © (i.e.,
tokensin thesetY = pos{e)) justmatchthe zeroplacecomponentdc; n;jz;j of pos{t)
andnotthe stableplacecomponeny (it is notreleasedintil acommitrelatedto e will
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u(@=n,1<k<n

(a,k, ) € Sy

IZ(U,X) - (Vv®j€.]nizi) €Ts, O= {(S,K‘,Hi) | ie l} < 311(5)7 CO(O)’ uex= @iel S
e=(t,0) € Typ), Y={(z,m{e}) |j€J, 1<m<n;} C Sy, pre(e) =0, poste) =Y

I C Tu), co(l"), ZProd(T") = ZCons(T")

ue Z(B,u) ue SCongIM) @ SProd(l") € Z(B,u)

Table 12. Theunfolding U(B).

occur). The third rule is obvious. The fourth rule definesthe commit of a transaction
step.

To shorterthe notation,we introducethefollowing functionsthat,givenanevente,
returnthe setof zerotokensrespectiely consumedandproduceddy the ancestorsf e
(andby eitself), i.e.,welet

ZCons(e) dzefu(t’@)je{(z, k,H) € ©|z€ Zg}, ZProd(e) dﬁfudjepos(e’),

whereZCons(e) is the setof zerotokensthat have beenconsumedby some€ < €
similarly ZProd(e) representshe setof zerotokensthathave beenproducedby some
€ < e (notethatfor ary (z k,H) € ZCons(e) we have (zk,H) < e, while ZProd(e)
canalso containtokensthat are concurrentwith e or producedby €). We remarkthat
ZCons(e) C ZProd(e), becaus¢hemarkingu is stableandtherefordt doesnotcontain
zerotokenswith emptyhistories For stableplaceghesituationis different,sincewe are
justinterestedn knowing how mary tokenshave beenconsumedindwill be produced
for eachplaceby theantecedentsf g, thus:

SConge) &' &P u, SProd(e) &' &P V.

(t:(ux)—>(wy),0)=e (t:(ux)—=(wy),0)=<e

Thefour functionsthat we have definedare extendedto setsof eventsin the obvious
way. We remarkthatwhile ZCons(.) andZProd(.) returnsets(of zeroplacesin the
unfolding net), the functionsSCong_) andSProd(.) returnmultisets(of stableplaces
in theoriginal net).

The fourth rule takesa setl" of concurrenteventsand checksthat ary zerotoken
producedby their antecedents consumedyy an antecedentdf someeventin I'. The
latter conditioncanbe corvenientlyexpressedisthe equalityZProd(I") = ZCons(I").
In fact, if a certaintokeno is in ZProd(I), thenthe condition statesthat thereexists
atleastanevente € I anda uniqué € < e suchthato € pre(e). If thesepremisesare
satisfied thenthe rule extends# (B, u) with the multisetobtainedby subtractingfrom
u the stableresourcegonsumedy all theantecedentef eventsin I, but addingthose

6 Otherwisea conflictwould arise.
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that would have beenproducedduring the step. This rule definesa commit, sinceit
synchronizesocal commits,asthefollowing resultshawvs.

Proposition11. If I' C Tyyg) suc thatco(I") andZProd(I") = ZCons(I"), thenfor any
e= (t,0) e ' wehavethatt doesnot produceanyzeo token.

Note the analogybetweenthe ‘commit’ rule thattakesa setof concurrentevents
andthe ‘unfolding’ rule that takesa setof concurrentokens:This is to someextent
relatedto our view of zs netsasa formalismfor expressingransitionsynchronization
ratherthatjusttokensynchronization.

The resultingalgorithmis as much distributed as the classicalone when applied
to the abstractnet of B. In factall the usefulrelationsare definedby just looking at
the history of the elementsn the premiseswhich, underthe atomicity assumptiorre-
duceto the stablepresetof the abstracttep.To improve efficiengy, the setsZProd(e),
ZCons(e), SProd(e) andSConge) couldbealsoencodedn e moredirectly, although
they canbe easilycalculatedfrom the history componentThe main resultcanbe for-
mulatedasthefollowing theorem.

Theorem7. Z(B,u) = {v|u=gV}.

Sincethe unfoldingencodeghe proof of the transactiorstep(via the history com-
ponents)it is possibleto usethesameschemdor computingtheabstrachet(whatever
philosophyis preferred) However, for doingthis efficiently, we mustbe ableto recog-
nize isomorphicprocessesi-or example,notethat given a certaincomputedprocess,
arny renamingpf the stabletokensin theinitial marking(i.e.,arny permutatiorof tokens
in thesameplace)yieldsadifferentbutisomorphicprocesshatis alsocalculateduring
the unfolding. To solve this problem,we caneithertry to avoid having severalisomor
phic processe theunfoldingby someclever constructionpr checkat commit-timeif
thefreshly computedransactioris isomorphicto sometransactioralreadycomputed.

Sincea zs net B can containcycles that producean unboundechumberof zero
tokens,the unfolding canbecomeinfinite. So animportantquestionconcernghe de-
cidability of Z(B, u). In aprivatecommunicatiorio theauthorg20], NadiaBusiproved
thatsuchsetis indeeddecidableRoughlyspeakingheideais to simulatethe behaiors
of B by aPT netwith exactly oneinhibitor arc,’ for which thereachabilityproblemhas
beensolvedin [42]. Theset% (B, u) is recursiely enumeratethy theinferencesystem,
andif it is infinite we cannotdo ary improvementBut whenZ (B, u) is finite, it would
bedesirablgo find someconditionfor haltingtheexecutionof thealgorithm thatother
wise couldcontinuecomputingtransactiorsggmentshatcannotbe completedFinding
somegenerakonditionfor haltingtheunfoldingof zs is anopenproblemthatwe leave
for futureinvestigations.

7 Netswith inhibitor arcs,alsocalledwith negative arcs,have beenintroducedn [1,2] for mod-
eling systemsvherethe presencef certainresourcesaninhibit thefiring of sometransitions.
We recallthatthe reachabilityproblemis undecidabldor the classof netswith two or more
inhibitor arcs.
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5 Zero-safenetsand readarcs

We now shav how to extendthe zero-safenet paradigmwith readarcs,in the style
of contextual nets[36]. Theideais to modeltransitionsthat can readcertaintokens
without consumingthem, so that multiple readingson the sametoken cantake place
concurrentlyusingordinarypPT nets thenaiveway of modelingreadingsiia self-loop$
is notappropriatdbecausehe accessew readtokensaresequentialized).

5.1 Contextual nets

Definition 32. A marked contextual net (c-ne) is a tuple N = (S T,F,C,ui,), whee
Nn = (S T,F, uip) is theunderlyingPT netandC: Sx T — N is the context relation

We denoteby ctx(t) the multisetof placesdefinedby ctx(t)(a) = C(a,t) for all
a e Sandby |u| theunderlyingsetof placesof amultisetu (i.e., [u] = {a| u(a) > 0}).
Informally, theminimumamountof resourcesghatatransitiont requireso beenableds
pre(t) @ |ctx(t) |: Thetokensin pre(t) arefetched while thosein |ctx(t) | arejustread,
andothertransitionscanaccesghem,concurrentlywith t. The minimumrequirement
involves |ctx(t) | andnot ctx(t) becausehe sametoken canbe readmorethanonce.
However, t canalso readdifferenttokensfrom the sameplace, up to the maximum
establishedy ctx(t). Fort € T with pre(t) = u, pos(t) = v andctx(t) = w, we write
t:u— v. In thefollowing, we shalloverloadthesymbolC to denotemultisetinclusion.

Definition 33. Let u and v be markingsof a c-netN andlet X be a finite multisetof
transitionsof N. We saythat X is enabledat uif | Pyt ctx(t) | & Pyt X(t) - pre(t) C u.
Moreover, wesaythatu evolvesto v via X, writtenu [X) vif X is enabledatu andu [X) v
is a stepof theunderlyingPT netNy.

Notethatif u hasenoughtokensto satisfyalsothe‘context’ of X, thenv is obtained
from u by removing @1 X(t) - pre(t) andthenadding@, 1 X(t) - pos(t). The step
relationcanbe equivalently definedby the inferencerulesin Table 13, thatcarry also
informationaboutthe context usedin the step. The meaningof u ==y, Vv is that from
themarkingu thereis a stepthatleadsto v readingw — notethattheremustexist two
markingsu; andv; suchthatu = u; ®@w andv = v; ®w. ldle tokensare seenas part
of the context of a step.Transitionsyield basicstepswhereonly the minimal context
is required.When building larger steps,ary part of the contexts of the two substeps

canbe shared For example,from w ==y w andfrom the stepu® |w| L_—W£N v |w|
associatedo t:u — v, we obtainu® w ==y vé®w, becausdw| C w, andtherefore
|w| canbeshared.

For sequentiatompositionof stepswe have severalalternatves:(1) to forgetabout
all the informationon context; (2) to arbitrarily forgetaboutpart of the context; (3) to
definethe context of thecomposedequencén a canonicalway.

Thethreecasesreillustratedin Table14,whereunv denoteshemultisetof places
suchthat(unv)(a) = min(u(a),v(a)), for all a € S. In particular the third setof rules

8 Given a net N, a self-loop consistsof two arcs(a,t), (t,a) € Fy for a placea € Sy anda
transitiont € Ty.
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identities generators parallel composition
ue ® tu—5veT uaw2ENviow wow 2l vow
u W1 W, EW
u=Snu | ug w2y ve |w) u o ew "ZEN" v e v, ow

Table 13. Theinferencerulesfor - =y .

basicstep sequentialcomposition
w * w
U=V Uu=p Vv, vV=nV
(1) : W
U=V U=y
*
UW1€BWNV u WNV,VW1V|Q|IV’
@) —w=— W
U=nV u=npVv
w Wy * W,
U==NV | Up =N VI, VI =N Vo, W= Wi NW>
(3) w * w ¥
U=—nV U =N V2

Table 14. Threesetsof inferencerulesfor - =y, _.

keepstrack of the maximalpossiblecontet of a sequenceThe threedefinitionslead
to the samesetof reachablenarkings.Though(2) and(3) aresimilar, in principlethe
formeris moreappropriatefor the ITph (becausehe sharedcontext is not necessarily
the maximal one), while the latter can deal well with the CTph (cf. the ‘maximum
sharinghypothesisoof [18,19).

In a way analogoudo PT nets,stepsequencefor c-netscanbe consideredip to
diamondtransformationgriginatingcommutatve contextual processednsteadfor ac-
commodatingcausaldependenciegcausal)contextual processeareintroduced.

Definition 34. A deterministicoccurrencec-netis a finite, acyclic (w.r.t. the preorder
in whicht preceded’ if eitherpos(t) N (pre(t’) Uctx(t')) # @ or ctx(t) Npret’) # 2)
c-netO sudh that: (1) for all t € T, pre(t) and pos{t) are sets(not multisets)and (2)
foralltg #£t; € T, pre(to) Npre(ts) = postty) Npostty) = @.

The dependenciebetweeneventsin an occurrencec-net can be of two kinds:
‘causal’ and ‘temporal. When postt) N (pre(t’) U ctx(t')) # @, thent caused’, be-
causet producesa tokenthatis necessaryor enablingt’. Whenctx(t) Npret’) # @,
thent cannothappergftert’, becaus¢’ consumegpartof) the context neededby t and
sincewe aredescribinga deterministiccomputatiorwherebotht andt’ mustfire, we
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have thatt temporallyprecedes’. In [4,3] it is shavn thatthesetwo notionsare pre-
cisely characterizedby a causaldependengrelation< andarelation ~ calledasym-
metric conflict The formeris the transitive closureof the relation < definedby: (i) if
s € pre(t), thens < t; (ii) if s€ postt), thent < s; and (iii) if pos(t) Nctx(t') # &,
thent < t’. The asymmetriaconflict relationis the union of the causaldependengre-
lation togethemwith the strict asymmetricconflict relation~ definedby lettingt ~ t/
if ctx(t)Npret’) # @ ort #t' A pre(t) Npret’) # @. The conflict relation# is then
inducedby ~ and< (thereflexive closureof <) via therulesbelow:

to 'ttt e S #AULt)) t<t’
#{to,t1,...,tn} #AU{t'})

whereA is afinite setof transitions.

Notethat# relatedfinite setsof transitionsandnotjust pairsof transitionsHowever,
whenreadarcsarenot presentthen# is justthe closureundersetunionof theordinary
binaryconflictrelationof PT nets.It followsthatfor eachdeterministiomccurrence-net
O therelation 7o is agyclic andthusthenetis conflict free. Thelastrelationwe shall
introduceregardsplaceconcurreng. A setU of placesis called concurrentwritten
co(U), if: (1) for ary a,a’ € U, it is notthecasethata < @’; and(2) ,* is ag/clic when
restrictedto the setf} (U) = Uaeu 1 (8), whereft (X) = {t € T | t < x} is the setof
ancestorsf x.

Definition 35. A contextual procesgc-procesyP for a c-netN consistof a determin-
istic occurrencec-netO togetherwith a pair of functionsfp: To — Ty andgp: So —+ Sy
thatrespectouices,targetsand contextsof transitions.

5.2 Zero-safecontextual nets

We now mergethefeaturesof zs netswith thatof c-nets by allowing thecombineduse
of zeroplacesandreadarcsin our models.

Definition 36 (zs c-net). A zs c-netis a tupleB = (S, T,F,C,Z,ujy) suc that Ng =
(ST,F,C,upn) isac-netand (S, T,F,Z,uiy) isa zs net.

Note that zero placescan be usedas contet, becauseZ C S. In defining the dy-
namicsof zs c-nets,we canfollow two mainalternatves.The crucial pointis whether
to forbid or not thata stabletokenis read(possiblymary times)andthenalsofetched
duringthe sametransactionWhile the rulesunderlying andcommit areidenticalfor
bothalternatves(seeTable15), thedifferencebetweerthetwo is expressedy therule
for sequentiatompositionFor simplicity, on zerotokenswe considerthe steprelation
thatforgetsaboutthe informationon contexts, asit is equivalentto the otherpossible
choicesfrom the ‘reachability’ point of view.

In orderto allow consumptiorof previously readstabletokensin the sametransac-
tion, we needthe complex rule below:

w1 AW

w
(UuewIdWX) =g (VIOWLOWY), (LLBWdWY) =g (V20W,Y)

(9):

w
(UL BULOW OWX) 3 (VIOV2OWY)
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underlying commit

Wz D (53] e
U®Xz>NB vy, U,V,WEL 7X7yaZ€Z (U,O) =B (V,O)

w

w
(ux) =g (MY) usSgV

Table 15. Thetwo commoninferencerulesfor _ éB -

The ideais that the secondstepcan consumethe tokensin w; that the first step
readsThecontext w is insteadsharedetweerthe two steps.

For not allowing consumptiorof previously readstabletokensin the sametransac-
tion, it sufficesto introducethe simplerrule

NG Sa (1 EWY), (LLBWY) =35 (2OWY)

w
(e eWX) 3 (ViOV2OWY)

Therule sequentializesn zerotokens while composingn parallelon stabletokens

(sharingthe whole context w of the two substeps)We recall thatw can containidle
W1 BW Wo W
tokens,andtherefore given ary two steps(us, x) 53 (v1,y) and (uz,y) éB (v2,¥)

we canalways‘complement’suchstepswith markingsw, andw; respectiely, to obtain
W1 BWo bW W1BWobW

(ULBdW2,X) =g (VidWs,Y) and(updwy,y) =g (V2©w,Y), sothattherule
for horizontalcompositioncanbe applied.

w w
Todistinguishbetweerthetwo interpretationsye write eitheru=g o Voru=g y v,
w
dependingon which rule amonge and { is consideredOf courseu =g , v implies

u %B,(p v but notvice versa.

Thoughthe operationaland abstractsemantican be definedeitheraccordingto
the CTph or to the ITph, we preferto follow the latter interpretationonly: in this way
it is possibleto distinguishthe placesthat are usedas context during the transaction
andthe abstractcounterparts still a c-net,whereashe CTph might introducesome
confusion.

For the ITph the transactionscorrespondo full and connecteddeterministicc-
processesf the underlyingc-netsuchthatthe origins and destinationsare stableand
the evolution placesare zero places.Thus, the contect of a transactionis the set of
placesthatare both minimal and maximal (transactionglo not containisolatedplaces
but cancontainplacesthataresimply read).Theabstrachetassociatedo a zs c-netB
is a c-netthat hasthe stableplacesof B asplacesthetransaction®f B astransitions
with presetpostseandcontet definedin the obviousway (if we allow to first readand
thenconsumea stabletokenin the sametransactionthenthe tokenis putin the preset
of thecorrespondingbstractransition,notin the context).
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c a
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to = new
ty = open
ty t3 oz t, = close
t3=read
tg = reset
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Figurel7.Thezs c-netCMSfor multicasting.
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Figure18. Theabstract-netfor the multicastingsystemCMS

Examplell (Multicastingrevisited).To illustratethe useof readarcsin the zero-safe
framework, we shav animprovedspecificatiorof the multicastingsystemLet uscon-

siderthe zs c-netCMSin Figure 17 (as usual,readarcsare depictedas undirected
lines). The ideais that copying canbe avoided, asall receverscansimply ‘read’ the

samecopy. Thus,a firing of t; opensthe sessiomproducingthe messagen the buffer

z, thenmary receverscanconcurrentlyreadthe informationby firing ts andthenthe

sessioris closedby afiring of t; thatremovesthe messagérom the buffer. Of course,
mary multicastingsessionsantake placeconcurrentlyAt theabstractevel the system
is thenrepresentedby the c-netin Figure 18. Thoughthis time alsothe emptytrans-
missiont; is possibletheanalogywith theabstrachetAys of the multicastingsystem
presentedn Section2 is evident(t; representtheone-to{i — 1) transmission).

5.3 A distributed contextualinterpreter

We concludeby shawving thatthe interpreterof Section4 canbe modifiedto dealwith
contexts by consideringhe unfolding of zs netsproposedn [4]. As a matterof nota-

tion, we write t: (u, x) W (U, X for atransitiont with presetu & x, context vy and
postsell @ X, with u,v,u’ € (S\. 2)® andx,y,x € Z%. Therulesfor dealingwith the
casewherestabletokenscanbe first readandthenalsoconsumedn the sametrans-
actionareillustratedin Table 16. Note that, to storethe context accessedeventsare
encodedstriplesratherthanascouples.
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u@=n,1<k<n

{(a,k, @) € Sy,

() B Wdie;nz) € Ts, ©={(s,k,H) i €1} C Sug), D={(s,K,H) [i €1} C Sy,
co(OU®D), ONP =2, UdX=Di¢ S, [VOY] C Dicir S C VDY

e=(1,0,®) € Typ), Y={(z,m{e})| ] €J, 1<m<n;} C Sy, pre(e) = O, poste) =Y, cix(e) = @

I C Tuw), /) isagclic, <r= @, ZProd(I") = ZCons(I")

ue Zy(B,u) ue SCongIN) & SProd(') € Z4(B,u)

Table 16. The unfolding U(B) with commitaccordingto (¢).

Themaindifferenceswv.r.t. theinterpreteiof Sectiond concerrthefiring rule andthe
commitrule. In fact, herethe executionof a transitionhasto keeptrack of the context,
differentiatingit from the fetchedtokens.For this purposewe have suppliedthe set
®. Note thatwe do not recordmultiplicities of readingsasthey arenot importantto
establistthe correctnessf atransactionhencewe just checkthatthe context contains
enoughokens(morethan|vey|), butlessthanthemaximumallowed(vey). However,
if oneis interestedn computingtheassociategrocessethenalsomultiplicities should
beconsideredThey shouldbeassignedo thes soasto exactlymatchvay. Of course,
for thetransitionto fire, boththe context andthe presetmustbe concurrentlyavailable
anddisjoint. Whenthe premisesaresatisfied thenthe evente andthe zeroplacesin Y’
areinsertedn the unfolding. For the commit, we cannotjust assumehattransitionsin
I" areconcurrentasthefollowing exampledemonstrates.

Examplel2. Let us considerthe zs c-netin Figure 19 (reminiscentof CMSin Fig-
ure 17). Therearetwo admissibletransactionsThefirst is given by a firing of t; fol-
lowedby afiring of to thatconsumeshetokenproducedn z byt;. Theseconcconsists
of afiring of t1, followedby afiring of t3 thatreadsthetokenin z, andthenby afiring
of to. Theunfolding progressiely introduceghefollowing tokensandevents:

- = <a717g>1 = <a727®>;

-6 = <t1,{5[|_},®), = <Zu 17{61})'

- &= <t17{52}7g)1 L= <27 1,{62}),

— e3=(t3,{s1},{z}) andes = {t3,{s2},{z1}) (notethat,e.q.,(t3,{s1},{z1}) cannot
beintroducedbecause; < z);

- &= (t2,{21},9) andes = (12, {2}, D).

If we requirethat the commitis given by concurrenttransitionsonly, thenthe only
admissiblel” are {es}, {es} and{es,es}. From thesesetswe cannotderive ary in-
formationaboutthe occurrencenf e3 andes. However, thereareasymmetricconflicts
betweere; andes andbetweere, andes, andthereforethesesventsarenotcompletely
unrelated Sothe questionis, e.g.,'how canwe distinguishbetweenthe deterministic
c-procesghatinvolvese; andes only from the onethatinvolvesalsoe,?’ Our answer
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Figure1l9.

I C Tuwy, ) agyclic, <r= @, ZProd(I") = ZCons(I"), Spre(I") NSctx(") = &
ue Zy(B,u) ue SCongIN) @ SProd(I") € Zy(B,u)

Table 17. Thecommitof the unfoldingaccordingto ().

amountdo take ' asconsistingof ‘compatible’ (but not necessarilyconcurrentevents
thatarenot causallydependentThis is expressedy requiringthe asymmetricconflict
relationto beagyclic (whenrestrictedto theancestor®f eventsin I') andtheintersec-
tion betweerx andl” x I' to beempty Undertheseassumptionghecommitcanhappen
underary of thefollowing I': 'y = {es}, 2 = {es}, M3 = {e3,65}, M2 = {&4,65}, and
s = {es, e}

Sincestablecontexts are left unchangedy the transactionthenthe markingin-
sertedafterthe commit just computeshe tokensconsumedandthoseproduced Note
thatall conditionscanbeverified‘locally’, justby looking attheencodedhistoryof the
chosermpremiseq® and® for thefiring rule andrl” for the commitrule). It might hap-
penthata stabletokenis first readandalsoconsumedeforetheendof thetransaction;
this makesclearthe differencebetweerreadarcsandself-loops,asin the secondcase
the stabletokencannotbe reusedn the sametransactionlt canbe verifiedthatthe set
Zo(B,u) computedn this way is exactly the setof markingsthatarereachablen one
stepfrom u.

Theorem8. Zy(B,u) ={v|u %B#P v}

The obvious alternatie is to forbid stabletokensto be readand consumedn the
sameransactionaccordingo therule (). In thiscasetherulesfor computingZq(B, u)
mustbe changedasshavn in Table17, whereSpre(_) and Sctx(-) arethe pointwise
extensionf thefunctions:

def
Spre(e) = U(t,@,@)je{<a7 k7H> €0 | ae LB}7

setx(e) € Uy oo =el @k H) € @] ae Le}.
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Figure20. Operationahndabstracsemanticof zero-safenets.

NotethatSpre(_) andSctx(_) returnsetsof stableplacesin theunfolding,andwe have
SCons(e) = @(a,k,H)eSpre(e) a.

Theorem9. Zy(B,u) = {v|u %B,w v}.

Sincebothinterpretersaarebasedn thesameunfoldingnet U(B), it is evidentfrom
thetwo differentcommitrulesthat %y (B, u) C Z(B,u), as#y(B,u) hasanadditional
premise.

Conclusions

We have proposedhe framework of zero-safenetsasa basisfor modelingandimple-
mentingdistributedtransactionslin fact, zs netscanprovide both the refinedview of
the systemavhereactionshave finer grainandan abstractiew wheretransactiongre
seerjustastransitionsof anordinaryPT net.Working atthelevel of zs netsallowsone
to keepsmallerthe sizeof the systendescription(for exampletheabstrachetcanhave
aninfinite numberof transitionsalsowhentherefinednetis finite).

After surweying the operationabndabstracsemanticof the framework, we have
shavn how to encodemary featuresof concurrentsystemsase.g.distributedchoice,
in a compositionaimannerandhow to combinezeroplaceswith readarcs.It is worth
remarkingthatthe constructionof transactionganbe defined,in the languageof cat-
egory theory asan adjunction,i.e., it is a free constructionandthuspreseresseveral
net compositionoperationgdefinedas colimits in the cateyory of zs nets).The con-
structionof the abstracinet definesa coreflectionwhoseuniversalpropertiesconfirm
thatit is the optimal suchconstruction.Theseconstructionsanbe pursuedaccording
to eitherthe CTph or the ITph. The two approacheyield the samesteprelation but
differentabstrachets.The catgyorical semanticgsummarizedy the four adjunctions
in Figure20) recoverstheoperationahndabstracsemantic®f zs nets,introducingan
algebraiccharacterizatioof thewhole framework.

We have alsoillustrateda distributed interpreterfor computingon (ordinary and
contextual) zs nets.We wantto remarkthatthe resultingimplementatiordoesnot vi-
olatethelocality assumptionssinceit is completelyanalogougo the widely accepted
implementatiorfor PT nets.Thisinterpretersatishctorily answerghe questiongormu-
latedat the beginning of Sectiond: Backtrackingis not necessarycorrectnesss given
by Theorem?7, andcompleteness ensuredy our inferencesystemWe areconfident
thatformal halting criteriacanbefoundfor expressve classe®f zs nets.

As futurework, we planto extendthe conceptof ‘zero place’to othernetflavours,
ase.g.,colouredandtimed nets,netswith inhibitor arcs,andprobabilisticnets.In fact
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we conjecturghatour basicmechanisnior expressingtransitionsynchronizationtan
be helpful alsoin thesericher modelsfor a compositionamodelingof systemsandfor
describingexecutionprotocols. Anotherongoingline of researcttoncernghe studyof
hierarchical s nets whereonecanhave differentlevelsof abstractionFinally, it would
beinterestingo apply contextual zs netsto the modelingandstudyof serializabilityin
transactiorsystemsjn a way which is somehev analogoudo the researckconducted
in [44,21].
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