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Abstract Whenemploying Petrinetsto modeldistributedsystems,onemustbe
aware that the basicactivities of eachcomponentcanvary in durationandcan
involve smallerinternalactivities, i.e., that transitionsare conceptuallyrefined
into transactions. We presentanapproachto themodelingof transactionsbased
on zero-safenets. They extend ordinary PT netswith a simple mechanismfor
transitionsynchronization.We show thatthenettheorydevelopedunderthetwo
mostwidely adoptedsemanticinterpretations(collectivetokenandindividual to-
ken philosophies)canbe uniformly adaptedto zero-safenets.In particular, we
show that eachzero-safenet hastwo associatedPT netsthat representthe ab-
stractcounterpartsof the modeledsystemaccordingto thesetwo philosophies.
We show several applicationsof the framework, a distributedinterpreterfor ZS

netsbasedon classicalnetunfolding(hereextendedwith acommitrule)anddis-
cusssomeextensionsto othernetflavoursto show thattheconceptof zero place
providesa unifying notionof transactionfor severaldifferentkindsof Petrinets.

Intr oduction

A distributedsystemcanbe viewedasa collectionof severalcomponentsthatevolve
concurrently, by performinglocalactions,but thatcanalsoexchangeinformation,e.g.,
accordingto suitablecommunicationprotocols.Operationalmodelsfor distributedsys-
temsareoftendefinedusingsuitablelabeledtransitionsystems.Place/transitionPetri
nets[41,43] (abbreviatedasPT nets) canbe viewed asparticularstructuredtransition
systems,wheretheadditionalalgebraicstructure(i.e., monoidalcompositionof states
andruns)offersa suitablebasisfor expressingtheconcurrency of local actions.In fact
PT netshave beenextensively usedbothasa foundationalmodelfor concurrentcom-
putationsand as a specificationlanguage,due to their well studiedtheory, a simple
graphicalpresentationandseveralsupportingtools.

Whendesigninglarge andcomplex systemsvia PT nets,the moreconvenientap-
proachis to startby outlining a very abstractmodelandthento refineeachtransition
(thatmight representacomplex activity of thesystem)into anetthatoffersamorepre-
ciserepresentationof theassociatedactivity. For example,communicationprotocolsfor
passingandretrieving valuescannotignorethatagentsynchronizationis built on finer
actions(e.g.,for sendingdatarequestsandacknowledgments).Moreover, suchactions�
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mustbeexecutedaccordingto certainlocal/globalstrategiesthatmustbecompletedbe-
fore theinteractionis closed.Hencetheabstracttransitionis seen,at therefinedlevel,
asa distributedcomputation(thatwe call a transaction) which succeedsonly if all the
involved componentaccomplishtheir tasks.In particularthe commitof the transac-
tion synchronizesall the terminal operationsof local tasks.For the refinementto be
correct,wemustassumethatthetransactionis executedatomically, asif it werea tran-
sition.Thus,theexecutionstrategy canbeonly partially distributed,sincecertainlocal
choicesmustbe globally coordinated.However, this is alsothe casein ordinary(non
free-choice)PT nets.In fact, let us considera genericinterpreterfor PT nets,where
eachtransitionsynchronizesthe consumptionandproductionof its pre- andpostset.
This assumptionrequiresthata local activity caninfluencethebehavior of othertran-
sitions:Beforeexecutingany transitiont, the interpretermust lock all the distributed
resourcesthat t will consumeandthis mustbe doneatomically;otherwisea different
transitiont � couldlock someof theresourcesneededby t. Thereforetheinterpretercan
afford only a certaindegreeof distribution. This originateswhat canbe called‘place
synchronization.’

Severalapproacheshaveappearedin theliteraturethatpresentdifferentrefinement
techniquesfor top-down designof a concurrentsystem(e.g.,Petri Box calculus[7,6]
andrule-basedrefinement[39]). Many referencesto thesubjectcanbefoundin [8,26].
Typically at eachstepa single transition(say t) of the actualnet N is refinedinto a
suitablesubnetM, yielding thenetN � t � M � . This approachis somehow relatedto the
notionof general netmorphismproposedby Petri,thatcanbeusedto maptherefined
net into its abstractrepresentative by collapsingthe structureof M into the transition
t. In generalsomeconstraintsmust be assumedon the net M for its behavior to be
consistentwith thatof t, ase.g.in [49,48,47]. Ourapproachis slightly different,because
all transitionsof theabstractnetarerefinedby runsof ‘the same’zero-safenet.

Zero-safenets(ZSnets)havebeenintroducedin [13] to provideabasicsynchroniza-
tion mechanismfor transitionsasabuilt-in feature.In fact,PT netsallow for ‘placesyn-
chronization’only, whereas‘transitionsynchronization’is anessentialfeatureto write
modularandexpressiveprograms,andto modelsystemsequippedwith synchronization
primitives(to achievemodularityin definingthenetassociatedto thesynchronouscom-
positionof two programs,the translationspresentedin the literatureinvolve complex,
andoftenadhoc,constructions[50,28,38,22,30,7]).

Besidestransitionsandordinaryplaces(herecalledstableplaces),ZS netsinclude
adistinguishedsetof zero placesfor modelingidealizedresourcesthatremaininvisible
to external observers,whilst stablemarkings, which just consistof tokensin stable
places,definetheobservablestates.Any operationalstepof aZSnetstartsatsomestable
marking,evolvesthroughhiddenstates(i.e.,markingswith sometokensin zeroplaces,
called non-stablemarkings) and eventually leadsto a stablemarking.All the stable
tokensproducedduringa certainsteparereleasedtogetheronly at theendof thestep,
i.e., they are‘frozen’ until the commit is executed.Thesynchronizationof transitions
canthusbeperformedvia zerotokens.Thetoy examplein Figure1 illustratesthisbasic
mechanism.First,notethatweextendthestandardgraphicalrepresentationfor nets—
in which boxesstandfor transitions,circles for places,dots for tokens,anddirected
weightedarcsdescribetheflow relationwith unaryweightsomitted— by usingsmaller
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Figure1. A ZS netandits abstractcounterpart.

circlesto representzeroplaces.In therefinedmodel(Figure1, left), theinitial marking�
a � b  is stableandenablesthetransitiont0 whosefiring producesa‘frozen’ stabletoken

in c anda zerotoken in z. Hence,after thefiring of t0 we reacha non-stablemarking.
But now t1 is enabledandits firing consumesthestabletokenin b andthezerotokenin
z, andproducesafrozentokenin d. Sincethereachedmarkingis stable,thetransaction
is closedandfrozentokensarereleased.At theabstractlevel, we arenot interestedin
observingthehiddenintermediatestate

�
b � c � z . In factwe just considerstableplaces

plustheatomicactivity thattakes
�
a � b  andproduces

�
c � d  (Figure1, right). Pursuing

this view, a ‘refined’ ZS netandan‘abstract’PT netmodelthesamesystem.Thelatter,
whereonly stableplacesareconsidered,offersthesynchronizedview, which abstracts
away theproductionandconsumptionof zerotokens.

In this paperwe survey theoperationalandabstractsemanticsof ZS nets,together
with several applicationsto the modelingof distributedsystems.It is worth remark-
ing thatboththeoperationalsemanticsof ZS netsandtheconstructionof their abstract
PT netsarecharacterizedastwo universalconstructions,following theso-called‘Petri
netsaremonoids’ approach[32]. Moreprecisely, theformercanbecharacterizedasan
adjunctionandthelatterasacoreflection. Theuniversalpropertiesof thetwo construc-
tionswitnessthatthey arethe‘optimal’ choices.In particular, by expressingtheabstract
semanticsvia coreflectionwe fully justify the choiceof abstractPT netsascanonical
representatives.

We stressthat the synchronizationmechanismof ZS netscanfavor a uniform ap-
proachto concurrentlanguagetranslation.For instance,in thecaseof CCS-likeprocess
algebras,the parallelcompositionof two netsmodelingcommunicatingprocessesin-
volvesthe combinatorialanalysisof all the admissiblesynchronizations,whereaswe
have shown in [17] that usingzeroplacesfor modelingcommunicationchannels,the
parallelcompositionof two netscanjust mergethecommonchannels.As an original
contribution, herewe show how to modeldistributedchoicesin a compositionalway
anddiscusshow thebasicconceptof ‘zeroplace’canbeexploitedin othernetflavours,
still preservingsomedistinguishingfeaturesof theapproach.

For what concernsZS netsimplementation,onehasto specify the computational
machineryfor performingonly correcttransactions,recoveringdeadlocksandtreating
infinite low-level computations.We illustrateourproposalin [17] for equippingZS nets
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with sucha distributedoperationaltool and then extend it to deal with readarcs in
contextual (zero-safe)nets.

Sincethe notion of zero safeplaceis to someextent orthogonalw.r.t. the differ-
ent kinds of Petri netsconsideredin the literature(e.g.,contextual, coloured,timed,
probabilistic)we think that it canprovide a unifying basisfor developinga theoryof
concurrenttransactionsin Petrinets.Notethatweemploy theterminology‘transaction’
with ameaninganalogousto theoneit findsin databases:a(sortof) programthatwhen
appliedto a consistentstatestill leadsto a consistentstate,thoughnot necessarilythe
consistency of thestateis preservedby all stepsin theprogram.

Origin and structur eof the paper. Theoperationalandabstractsemanticsof ZS nets
accordingto thetwo morewidely adoptednetphilosophies(calledcollectivetokenand
individual token) have beenpresentedin [13,14] togetherwith theassociateduniversal
constructions.A comparisonbetweenthe two approacheshasbeendiscussedin [17],
in the Ph.D.Thesisof thefirst author[10], andin the tutorial overview [15]. Thedis-
tributedinterpreterfor ZS netshasbeenproposedin [16]. Themodelingof distributed
don’t knowchoiceandthe extensionsof the zerosafeapproachto othernet flavours
(e.g.,readarcs)havenot appearedelsewhere.

In Section1 we recallPT netsandtheir semantics.Section2 illustratesZS netsand
their operationalandabstractsemanticsandusestwo examplesto motivatethe usage
of zeroplaces.In Section3 we givea compositionalrepresentationof a simpleprocess
algebraequippedwith actionprefix, parallel composition,restrictionanddon’t know
nondeterministicchoice.Thedistributedinterpreterfor ZS netsis definedin Section4.
Weconcludein Section5 by extendingtheZS netformalismto dealwith readarcs.For
detailedproofsof mostresultswe referto [17,16,10].

Acknowledgements.We thankPaoloBaldanfor severalinterestingdiscussionsoncon-
textual netsandfor his carefulreadingof a preliminaryversionof this work. We also
thankJośe Meseguerandthe anonymousrefereesfor their suggestionsthathelpedus
in improving thepresentationof thematerial.

1 Place/transition Petri nets

Definition 1 (Net). A net is a triple N ��� SN � TN � FN � , where SN is the set of places
a � a��������� , TN is thesetof transitionst � t ��������� (with SN � TN ��� ), andFN � � SN � TN ���� TN � SN � is calledtheflow relation. Theelementsof theflow relationare called arcs,
andwewrite x FN y for � x � y��� FN.

We shall denoteSN � TN by N when no confusioncan arise.Subscriptswill be
omittedif they areobviousfrom thecontext. For x � N, theset  x � � y � N ! y F x  is
calledthepresetof x, andthesetx "� � y � N ! x F y  is calledthepostsetof x. Weonly
considernetssuchthatfor any transitiont,  t #�$� . Moreover, let % N � � x � N !& x �$�'
andN %(� � x � N ! x (�)�' denotethesetsof initial andfinal elementsof N respectively.
A placea is isolatedif  a � a "�*� .
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Definition 2 (PT net). A marked place/transitionPetri net (PT net) is a tuple N �� S� T � F �W � uin � such that � S� T � F � is a net, the functionW:F �,+ assignsa positive
weight to each arc in F, andthefinite multisetuin:S �-+ is the initial markingof N.

We find convenientto view F as a function F : � S � T �.� � T � S� � �
0 � 1  , with

x F y /10 F � x � y� #� 0. Then,for PT netswereplace
�
0 � 1  by + andabandonW. Thus,

theflow relationbecomesa multisetrelationF : � S � T �2� � T � S� �-+ .
A markingu:S �,+ is a finite multisetof places.It canbe written eitherasu ��

n1a1 ���3�4�4� nkak  whereeachni dictatesthenumberof occurrences(tokens) of theplace
ai in u, i.e., ni � u � ai � (if ni � 0 then the niai is omitted),or asthe formal sumu �5

ai 6 Sniai denotinganelementof thefreecommutativemonoidS7 on thesetof places
S(themonoidaloperationis definedby � 5 i niai �28 � 5 i miai � �9� 5 i � ni : mi � ai � with 0
astheneutralelement).Themonoid � µ � S� � � �;� � of finite multisetson S(with multiset
unionasmonoidaloperationandtheemptymultisetasunit) is isomorphicto S7 .

For any transitiont � T, let pre� t � and post� t � be the multisetsover S suchthat
pre� t � � a� � F � a � t � andpost� t � � a� � F � t � a� , for all a � S. A PT netcanbeequivalently
definedasthe (marked)graph � S7<� T � pre� post� uin � , with nodesin the monoidS7 and
edgesin T, wherepre� � � post� � :T � S7 definethe sourceandtarget of transitions,
respectively. As usualwewrite t:u � v for atransitiont with pre� t � � u andpost� t � � v.
This definitionemphasizesthealgebraicstructureof PT netsandallows us to definea
categoryof netsby consideringtheobvioushomomorphismspreservingsuchstructure.

Definition 3 (Category Petri). A PT net morphismh:N � N � is a pair of functions
h �=� f :T � T ��� g:S7>� S� 7 � with g a monoidhomomorphismand with g � pre� t ��� �
pre� f � t ��� and g � post� t ��� � post� f � t ��� for each t � T. That is, h is a graphmorphism
whosenodecomponentg is a monoidhomomorphism.(For marked nets,morphisms
mustalso preserveinitial markings,i.e., g � uin � � u�in.) The category Petri has (un-
marked)PT netsasobjectsandPT netmorphismsasarrows.

Definition 4 (Firing). Givena PT net N, let u and u� be markingsof N. A transition
t � T is enabledat u if pre� t � � a�@? u � a� , for all a � S. Moreover, wesaythatu evolvesto
u� underthefiring of t, writtenu � t A u� , if t is enabledat u andu� � a� � u � a�CB pre� t � � a� :
post� t � � a� , for all a � S.

A firing sequencefrom u0 to un is a sequenceof markingsandtransitionssuchthat
u0 � t1 A u1 �3�4� un D 1 � tn A un. Besidesfirings andfiring sequences,stepsandstepsequences
areusuallyintroduced.

Definition 5 (Step).Givena PT netN, wesaythata multisetX:T �-+ is enabledat u
if ∑t 6 T X � t �FE pre� t � � a�"? u � a� for all a � S.

Moreover, we say that u evolvesto u� under the stepX, written u �X A u� , if X is
enabledat u andu��� a� � u � a� : ∑t 6 T X � t �FE � post� t � � a�.B pre� t � � a��� for all a � S.

Given a marking u of N, we denoteby � uA the set of all the markingsthat are
reachablefrom u via somefiring sequence.The reachablemarkingsof the net N �� S� T � F � uin � aretheelementsof theset � uin A .
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identities generators parallel composition basicstep sequentialcomposition

u G SH
u I N u

t:u J v G T

u I N v

u I N vK uLMI N vL
u N uL I N v N vL u I N v

u IPON v

u I ON vK v I N w

u IPON w

Table1. Theinferencerulesfor I N and IPON .

Thedynamicsof a netcanbeexpressedby theone-steprelation 0 N definedby
the threeleftmost inferencerules in Table1: identitiesrepresentidle resources,gen-
eratorsrepresentthefiring of a transitionwithin theminimal markingthat canenable
it, andparallelcompositionprovidesconcurrentexecutionof generatorsandidle steps.
Then,it is obviousthatu 0 N v /10RQ@� X:T �S+ � � u �X A v.

Theextensionof thisapproachto computationsu0 0 u1 0 E�E�E 0 un is notstraight-
forward.Indeed,concurrentsemanticsmustconsiderasequivalentall thecomputations
wherethesameconcurrenteventsareexecutedin differentorders,andwecannotleave
out of considerationthe distinction betweencollectiveand individual token philoso-
phies(noticede.g.,in [27], but seealso[11,12]).

Thesimplestapproachrelieson thecollective tokenphilosophy(CTph), wherese-
manticsdoesnot distinguishamongtokenswhich areavailableat thesameplace,be-
causeany suchtoken is regardedto be operationally equivalent to all the others.A
major drawback of this approachis that it leaves out of considerationthe fact that
operationallyequivalent resourcesmay have different origins and histories,carrying
differentcausalityinformation.Instead,accordingto the individual token philosophy
(ITph), causaldependenciesarecentralto net dynamics.As a consequence,only the
computationsthat refer to isomorphicGoltz-Reisigprocesses[29] can be identified,
andcausalityinformationis fully maintained(the CTph reliesinsteadon the commu-
tativeprocessesof BestandDevillers [5]). If oneis simply interestedin ‘reachability’
matters,thenthedistinctionbetweentheCTph and ITph is irrelevant,andtheobvious
two rightmostrulesin Table1 canbeintroduced(transitiveclosure).Otherwise,suitable
proof termsfor computationscanbe introducedandaxiomatizedto faithfully recover
thetwo differentphilosophies.In thissense,Best-Devillers andGoltz-Reisigprocesses
can be seenas concurrent computationstrategies for CTph (resp. ITph) and can be
shown to correspondto equivalenceclassesof proof termsmodulo naturalalgebraic
axiomatizations[23].

Commutativeprocessescanbecharacterizedby quotientingstepsequences.

Definition 6 (Diamond transformation). Givena PT netN, let

s � u0 � t1 A u1 E�E�E ui D 1 � ti A ui � ti T 1 A ui T 1 E�E�E un D 1 � tn A un

bea stepsequenceof N, whereti andti T 1 areconcurrentlyenabledbyui D 1, in thesense
that � pre� ti �.� pre� ti T 1 ��� � a�U? ui D 1 � a� for any a � SN. Let s� be the firing sequence
obtainedfromsbyfiring ti andti T 1 in thereverseorder, i.e.,

s� � u0 � t1 A u1 E�E�E ui D 1 � ti T 1 A u�i � ti A ui T 1 E�E�E un D 1 � tn A un �
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Then,thesequences� is calleda diamondtransformationof s.
Sincein stepsequencestransitionscan be fired concurrently, we let the stepse-

quenceu0 �X1 A u1 E�E�E ui D 1 �Xi � Xi T 1 A ui T 1 E�E�E un D 1 �Xn A un bea diamondtransformation
of u0 �X1 A u1 E�E�E ui D 1 �Xi A ui �Xi T 1 A ui T 1 E�E�E un D 1 �Xn A un with Xi and Xi T 1 concurrently
enabledbyui D 1 (andviceversa).

Diamondtransformationsdefineasymmetricrelationwhosereflexiveandtransitive
closuregivestheright equivalencew.r.t. theCTph interpretation.

The notion of (causal)processis due to Goltz andReisig [29] andgivesa more
preciseaccountof causaldependenciesbetweenfirings andtokens.

Definition 7 (Occurrencenet). A net K is a (deterministic) occurrencenet if (1) for
all a � SK , !V a ! ? 1 WX!a M! ? 1 and(2) F YK is acyclic.1

Definition 8 (Process).A processfor a PT netN is a netmorphismP:K � N, froman
occurrencenetK to N, such thatP � SK �"� SN, P � TK �Z� TN, % K � SK , andfor all t � TK ,
a � SN, FN � a � P � t ��� �=[[PD 1 � a�C�  t [[ andFN � P � t � � a� �=[[PD 1 � a�C� t  2[[ .

Two processesP andP� of N areisomorphicandthusidentifiedif thereexistsanet
isomorphismψ:KP � KP\ suchthatψ;P�]� P. Asusualwedenotethesetof origins(i.e.,
minimalor initial places)anddestinations(i.e.,final or maximalplaces)by O � K � �^% K
andD � K � � K % � SK , respectively. For concatenatingcausalcomputations,the notion
of concatenableprocesshasbeenintroducedin [23]. Concatenableprocessesareob-
tainedfrom processesby imposinga total orderingon theorigins thatareinstancesof
thesameplaceand,similarly, on thedestinations.Theorderingsaredefinedby means
of label-indexed orderingfunctions.Given a setS with a labeling function l :S � S� ,
a label-indexedordering function for l is a family β � � βa  a 6 S\ of bijections,where
βa: l D 1 � a� � �

1 ��������� [[ l D 1 � a� [[  . Thus,for x � y � l D 1 � a� welet x _ y /10 βa � x�Z? βa � y� .
Definition 9 (Concatenableprocess).A concatenableprocessfor a PT netN is a triple
C �`� P�@%bac�dae% � where P:K � N is a process,and %4a , ae% are label-indexedordering
functionsfor thefunctionP restrictedto O � K � andD � K � respectively.

Two concatenableprocessesC andC� areisomorphicif PC andPC\ areisomorphic
via a morphismthat preservesall the orderings.A partial binary operation ; (asso-
ciative up to isomorphismandwith identities)of concatenationof concatenablepro-
cesses(whencetheirnames)canbeeasilydefined:we takeassource(target)theimage
throughP of theinitial (maximal)placesof KP; thenthecompositionof C �f� P�g%bac�dae% �
andC���^� P���h%bai���dai� % � is realizedby merging, whenit is possible,the maximalplaces
of KP with the initial placesof KP\ accordingto their labelingandorderingfunctions.
Concatenableprocessesadmit alsoa monoidalparallel composition j (commuta-
tive up to a naturalisomorphism),which canberepresentedby putting two processes
sideby side.We refer the interestedreaderto [23] for the formal definitionsof C;C�
andC j C� , which make the concatenableprocessesof a PT net N be the arrows of a
symmetricmonoidalcategory kZlm� N � (whoseobjectsarethemarkingsof N). Thesym-
metriesof kZlm� N � aregiven by concatenableprocesseswith emptysetof transitions
(tokenpermutationis expressedby differentorderings %ba and ae% ).
1 F O denotesthereflexive andtransitive closureof relationF.
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u G SH
idu:u J u

t:u J v G T

t:u J v

α:u J vK β:uL J vL
α n β:u N uLcJ v N vL α:u J vK β:v J w

α;β:u J w

Table 2.

neutral: id o'N α=α,
commutativity: α N β=β N α,
associativity: p α N β qMN α L =α Nrp β N α L q , p α;β q ;α LMs α; p β;α L q ,
identities: α; idu=idv;α s α, idu N idv s iduH v,
functoriality: p α;β qMNtp α L ;β L3q = p α N α L3q ; p β N β L3q .

Table 3.

1.1 Petri netsaremonoids

Several interestingaspectsof net theorycanbe profitably developedwithin category
theory, see,e.g.,[52,32,9,24,40,35]. We focuson theso-called‘Petri netsaremonoids’
approachinitiatedin [32] (seealso[23,33,45,34,46,12]). Theideais to extend(partof)
the algebraicstructureof statesto the level of proof termsassociatedto the rules in
Table1 in sucha way to capturethebasiclawsof concurrentandcausalcomputations.
Theproof termswe considerareinductively definedin Table2. In [32,23] it is shown
thataxiomaticequivalencesonsuchproof termscanpreciselycharacterizeseveralstan-
dardsemanticconstructions.In particular, commutativeprocessescanbecharacterized
by lifting the multiset structureof statesto the level of computationsin a functorial
way, yielding a strictly symmetricmonoidalcategory uv� N � (it is called‘strictly sym-
metric’ becausethemonoidaloperationis commutative).For eachnetN, thecategoryuP� N � hasmarkingsof N asobjects,andproof termsmodulotheaxiomsin Table3 as
arrows.Abusingthenotation,in Table3 theparallelcompositionof arrows is denoted
by 8 , insteadof j , to emphasizethat it is commutative andcanbe viewed asmulti-
setunion.Thefunctoriality law is theanalogousof diamondtransformation.Denoting
by CMonCat the category of strictly symmetricmonoidalcategories(asobjects)and
monoidalfunctors(asarrows), u>� � extendsto a functorfrom Petri to CMonCat.

Proposition1 (cf. [32]). Thepresentationof uv� N � givenabovepreciselycharacterizes
thealgebraof commutativeprocessesof N, i.e., thearrowsin uP� N � arein bijectionwith
thecommutativeprocessesof N.

UndertheITph, for analogousresultstohold,onemustresorttosymmetricmonoidal
categories,whereparallel compositionis commutative only up to a natural isomor-
phism. In fact, suitableauxiliary arrows called symmetriesare present(seeTable 4)
that canmodelthe possiblereorganizationsof minimal andmaximalplacesof a pro-
cess.We recallherethedefinitionof thecategory lm� N � introducedin [23] andfinitely
axiomatizedin [45].

Definition 10. Let N be a PT net.Thecategory lm� N � is the monoidalquotientof the
freesymmetricmonoidalcategory wx� N � generatedby N, modulothe two axioms:(i)
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u K uL G SH
γu y uz :u N uLgJ uL{N u

Table 4.

neutral: id omn α=α n id o s α,
associativity: p α n β q|n α L =α ntp β n α L q , p α;β q ;α LMs α; p β;α L q ,
identities: α; idu=idv;α s α, idu n idv s iduH v,
functoriality: p α;β qMnrp α L ;β L}q = p α n α L3q ; p β n β L3q ,
naturality: p α n α L q ;γvy vz =γu y uz ; p α L n α q ,
coherence: γu y vH vz = p γu y v n idvz q ; p idv n γu y vz q , γu y v;γvy u s iduH v.

Table 5.

γa ~ b � ida j idb, if a � b � S, anda #� b; and(ii) s; t;s�c� t, if t � T ands� s� aresymmetries
(where γ ~ , id , j , and ; are, resp.,thesymmetryisomorphism,the identities,the
tensorproduct,andthecompositionof wx� N � ).

We remarkthatin wx� N � thetensorproductis not commutativeandthesymmetries
satisfythenaturalityaxiomandtheMacLanecoherenceaxioms[31]. For thereader’s
convenience,theaxiomsof w$� N � arerecalledin Table5.

Proposition2. Thepresentationof lm� N � givenabovepreciselycharacterizesthealge-
bra of concatenableprocessesof thePT netN.

The constructionsuv� N � and lm� N � provide a useful syntaxthat can be usedfor
denotingcommutativeprocessesandconcatenableprocesses,respectively.

2 Zero-safenets

We recall thenotionof safetyin PT nets.

Definition 11 (n-safenet).A placeis n-safeif it containsat mostn tokensin anyreach-
ablemarking. A netis n-safeif all its placesaren-safe.

Thus,theadjective ‘0-safe’ for netsmeansthatall placescannotcontainany token
in all reachablemarkings.Weusetheterminologyzero-safenet— usingtheword‘zero’
insteadof thedigit ‘0’ — to meanthatthenetcontainsspecialplaces,calledzero places,
whoserole is that of coordinatingthe atomicexecutionof several transitions,which,
from anabstractviewpoint, will appearassynchronized.However no new interaction
mechanismis needed,andthe coordinationof the transitionsparticipatingin a stepis
handledby the ordinarytoken-pushingrulesof nets,assuminglate delivery of stable
tokens(postponedto the endof the transaction).Theseplacesare ‘zero-safe’in the
sensethatthey cannotcontainany tokenin any observablestate.
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underlying horizontal composition commit

u N x I NB v N yK u K v G L H"K x K y G Z Hp u K xqF� B p vK yq p u K xqh� B p vK yq�K@p uLbK yqh� B p vLbK yL4qp u N uL K xqh� B p v N vL K yL q p u K 0qh� B p vK 0q
u � B v

Table6. Theinferencerulesfor � B .

Definition 12 (ZS net). A zero-safenet (ZS net) is a tuple B ��� SB, TB, FB, uB, ZB �
whereNB ��� SB, TB, FB, uB � is theunderlyingPT netof B andthesetZB � SB is theset
of zeroplaces. Theplacesin LB � SB � ZB arecalledstableplaces. A stablemarkingis
a multisetof stableplaces,andtheinitial markinguB mustbestable.

Stablemarkingsdescribeobservablestates,whereasthe presenceof oneor more
zero tokensin a given markingmakesit be unobservable. We call stabletokensand
zero tokensthetokensthatrespectively belongto stableplacesandto zeroplaces.Since
S7 is a freecommutativemonoid,it is isomorphicto thecartesianproductL 7 � Z 7 and
we canwrite t: � u � x� ��� v� y� for a transitiont with pre� t � � u 8 x andpost� t � � v 8 y,
whereu andv arestablemultisetsandx andy aremultisetsoverZ. In a way similar to
PT nets,ZS netscanalsobeseenassuitablegraphs,yielding thefollowing category.

Definition 13 (Category dZPetri). A ZS netmorphismbetweentwo ZS netsB andB�
is a PT netmorphism� f � g� :NB � NB\ whereg preservesthepartitioningof places(i.e.,
g � a��� L 7B\ if a � LB and g � a��� Z 7B\ if a � ZB) and satisfiesthe additional condition
of mappingzero placesinto pairwisedisjoint (nonempty)zero markings(i.e., for all
z #� z� � ZB, if g � z� � n1a1 8�E�E�E�8 nkak andg � z� � � m1b1 8�E�E�E�8 ml bl thenwehavethat
ai #� b j for i � 1 ��������� k and j � 1 �������{� l ), which is calledthedisjoint imageproperty. The
categorydZPetri hasZS netsasobjectsandZS netmorphismsasarrows.

SinceS7 is equivalentto L 7 � Z 7 , ZS netmorphismsbecometriplesof theform h �� f � gL � gZ � , wherebothgL andgZ aremonoidhomomorphismson thefreecommutative
monoidsof stableandzeroplaces,respectively.

Proposition3. ThecategoryPetri is a full subcategoryof dZPetri .

As for PT nets,we can definethe behavior of ZS netsby meansof a steprela-
tion � B , definedby the inferencerulesin Table6. An auxiliary relation � B is
introducedfor modelingtransactionsegments. We cantake advantageof thesteprela-
tion 0 NB of the underlyingnet for concurrentlyexecutingseveral transitions(rule
underlying). Therule horizontal compositionactsasparallelcompositionfor stable
resourcesandassequentialcompositionfor zeroplaces.Wecall it ‘horizontal’ because
we prefer to view it asa synchronizationmechanismratherthanas the ordinaryse-
quentialcompositionof computations,which flows vertically from top to bottom.The
rulecommit selectsthetransactionsegmentsthatcorrespondto acceptablesteps:They
muststart from a stablemarkingandendup in a stablemarking.As a particularin-
stanceof the horizontalcompositionof two transactionsegments � u � 0� � B � v� 0� and� u�d� 0� � B � v��� 0� , wecanderive their parallelcomposition� u 8 u�b� 0� � B � v 8 v�b� 0� .
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�PhT1

Drop1 Drop2
� PhT2

Hungry1

PhE1 �Fk1
� Fk2

PhE2

Hungry2

PhH1

Take1 Take2

PhH2

Figure2. An abstractview for (two) dining philosophers.

2.1 Intr oductory example:Dining philosophers.

A simpleexamplethat illustratesthecoordinationrole playedby zeroplacesrelieson
the modelingof the well-known ‘dining philosophers’problem:Therearen philoso-
phers(with n � 2) sittingon a roundtable;eachhaving aplatein front with somefood
on it; betweeneachcoupleof platesthereis a fork, with a total of n forks on thetable;
eachphilosophercyclically thinksandeats,but to eatheneedsboththefork on theleft
andthaton theright of his plate;aftereatinga few mouthfuls,thephilosopherputsthe
forksbackon thetableandstartsthinkingagain.

ThePT netfor thecasen � 2 is illustratedin Figure2. A tokenin oneof theplaces
PhHi , PhEi , andPhTi , for 1 ? i ? 2, meansthat the ith philosopheris hungry, is eat-
ing, andis thinking, respectively. A tokenin theplaceFki meansthatthe ith fork is on
the table.The transitionsTakei , Dropi , andHungryi representthat the ith philosopher
takes the forks andstartseating,finisheseatinganddropsthe forks, feels his stom-
achhungryandpreparesto eat,respectively. Note that Takei requiresboth forks and
thuscannotbefired if theotherphilosopheris eating.Theinitial markingof thenet is�
PhT1 � PhT2 � Fk1 � Fk2  (i.e., both philosophersarethinking andboth forks areon the

table).
Of course,this model doesnot tell how the philosophersaccessthe ‘resources’

neededto eat,whereastheactionTakei is not trivial andrequiressomeatomicmech-
anismfor gettingthe forks. At a morerefinedlevel, for example,the strategy for ex-
ecutingthe actionTakei couldbe specifiedas‘take the ith fork (if possible),thenthe��� i mod2� : 1� th fork (if possible)andeat,’ henceit is not difficult to imaginea dead-
lock whereeachphilosophertakesonefork andcannotcontinue,sinceconflict arises.
The fact is that thecoordinationmechanismis hiddeninsidetransitionswhosegranu-
larity is too coarse.

The situationis completelydifferent if onewantsto model the systemusing free
choicenets,2 whereall decisionsarelocal to eachplace.To seethis, let usconcentrate

2 Werecallthata netis freechoiceif for any transitionst1 andt2 whosepresetsarenotdisjoint,
thenthepresetsof t1 andt2 consistof exactlyoneplace,or equivalently, a netis freechoiceif
for any places in thepresetof two or moretransitions,thenthepresetof any suchtransitionis
exactly � s� .
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(a) Centralizednondeterminism (b) Localnondeterminism:freechoice

�Fk1
� Fk2

Take1 Take2

PhE1 PhE2

�Fk1
� Fk2

Ch1 y 1 Ch1 y 2 Ch2 y 1 Ch2 y 2
Fk1 y 1 Fk1 y 2 Fk2 y 1 Fk2 y 2

Take1 Take2

PhE1 PhE2

Figure3. Globalvs (completely)local choices.�Fk1
� Fk2

Ch1 y 1 Ch1 y 2 Ch2 y 1 Ch2 y 2
	Fk1 y 1 	Fk1 y 2 	 Fk2 y 1 	 Fk2 y 2

Take1 Take2

PhE1 PhE2

Figure4. Atomic freechoice.

ourattentionto asubpartof thenetin Figure2, depictedin Figure3(a),whichwill suf-
ficeto illustratethepoint.Wecantranslateany netinto a freechoicenetby addingspe-
cial transitionsthatperformthe local decisionsrequired.For example,the freechoice
netin Figure3(b)correspondsto thenetin Figure3(a),but modelsasystemwheretwo
decisionscantake placeindependently:Onedecisionconcernsthe assignmentof the
first fork eitherto the first or the secondphilosopher, the otherdecisionconcernsthe
assignmentof the secondfork. Then,it might happenthat the first fork is assignedto
thefirst philosopher(Ch1 ~ 1) andthesecondfork is assignedto thesecondphilosopher
(Ch2 ~ 2), andin suchcasethetranslatednetdeadlocksandnoneof theTakei actionscan
occur. Thus,thetranslatednetadmitscomputationsnot allowedin theabstractsystem
of Figure3(a).
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�c t0

a 	z t2
2

t4 t1 t3

b MS

t0 s new
t1 s send
t2 s copy
t3 s receive
t4 s reset

Figure5. TheZS netMSrepresentinga multicastingsystem.

Zero-safenetsovercomethis deadlockproblemby executingonly certainatomic
transactions,wheretokensproducedin low-level resourcesarealsoconsumed.In our
example,the invisible resourcesconsistof placesFki ~ j for 1 ? i � j ? 2, that can be
interpretedaszero-places.In this way the computationperformingCh1 ~ 1 andCh2 ~ 2 is
forbidden,becauseit stopsin an invisible state,i.e., a statethat containszerotokens.
Figure4 representsthe low-level modelasa ZS net. (Recallthat smallercirclesstand
for zero-places.)

2.2 CTph vs. ITph: The multicasting systemexample

At anabstractlevel, the systemmodeledvia a ZS netB canbeequivalentlydescribed
via a PT net ��� B� suchthatS�(� B� � LB � SB � ZB and � 0���� B� � ��� � B � . Among
the several PT netsthat satisfy the above conditionswe would like to choosethe op-
timal one:Informally the transitionsof suchnet shouldrepresentthe proofsof trans-
actionstepsu � B v taken up to concurrentequivalenceandsuchthat they cannotbe
decomposedinto smallertransactionproofs.Whenthesetwo conditionsaresatisfied,
theconcurrentkernelof thepossiblebehaviorshasbeenidentified,andall thestepscan
begeneratedby it.

We have seenin Section1 that whendealingwith concurrency, thereis a real di-
chotomybetweenthe CTph andthe ITph. Accordingto the CTph, all thosefiring se-
quencesobtainedby repeatedlypermutingpairsof (adjacent)concurrentlyenabledfir-
ingsareidentified.Wecall abstractstabletransactionstheresultingequivalenceclasses
of ZS netbehaviours.However, actingin this way, causaldependencieson zerotokens
are lost, andthe classof computationscapturedby abstractnetsmay be too abstract
for someapplications.Accordingto the ITph, instead,causaldependenciesarea cen-
tral aspect.As a consequence,only the transactionswhich refer to isomorphicGoltz-
Reisigprocessesareidentified,andwe call connectedtransactionsthe inducedequiv-
alenceclasses.To illustratetheseconcepts,we recall the‘multicasting’ example,taken
from [14]. TheZS netMSdepictedin Figure5 is designedto modela multicastingsys-
tem: As in a broadcastingsystem,anagentcansimultaneouslysendthesamemessage
to an unlimited numberof receivers,but herethe receiversarenot necessarilyall the
remainingagents.
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�c t L0
2 3 i � 1
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���V�
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Figure6. Theabstractnetfor themulticastingsystemundertheCTph.

Eachtoken in placea representsa differentactiveagentthat is readyto commu-
nicate,while tokensin b representinactiveagents.The zeroplacez modelsa buffer
wheretokensaremessages(e.g.,data,values).Thetransitionnewpermitscreatingfresh
agents.Eachfiring of sendopensa one-to-many communication:A messageis put in
thebuffer z andtheagentwhich startedthecommunicationis frozenin b until theend
of thecurrenttransaction.Eachtime thetransitioncopyfires,a new copy of a message
is created.To completea transaction,asmany firingsof receiveareneededasthenum-
ber of copiescreatedby copyplus one.Eachfiring of receivesynchronizesan active
agentwith a copy of the messageandthenfreezesthe agent.At the endof a session,
all the suspendedagentsaremoved into placeb. The transitionresetactivatesan in-
active agent.The graphcorrespondingto the ZS netMS hasthe following setof arcs:
TMS � � t0: � c � 0� ��� a 8 c � 0� , t1: � a � 0� ��� b � z� , t2: � 0 � z� ��� 0 � 2z� , t3: � a � z� ��� b � 0� ,
t4: � b � 0� ��� a � 0�  .

In Figure6 we seethe infinite abstractPT net AMS for the refinedZS net MS, ac-
cordingto theCTph (seeDefinition 17). As it will beexplainedlater, the abstract net
AMS comesequippedwith a refinementmorphismεC

MS to therefinednetMS. Therefine-
mentmorphismmapseachplaceof AMS into thehomonymousstableplaceof MSand
definesa bijection betweenthe transitionsof AMS andthe abstractstabletransactions
of MS: The transitionσn of AMS representsa one-to-n transmission.By contrast,un-
dertheITph, differentcopy policies3 for aone-to-n transmissionmaybedistinguished.
The infinite causalabstract PT net IMS correspondingto the refinedZS net MS under
the ITph (seeDefinition 24) is displayedin Figure7. It comesequippedwith a causal
refinementmorphismεI

MS to therefinednetMS. Suchmorphismmapseachplaceof IMS

into thehomonymousstableplaceof MS, anddefinesabijectionbetweenthetransitions
of IMS andtheconnectedtransactionsof MS. We assumethat thegenerictransitionσk

n
correspondsto theone-to-n transmissionthatfollows thek-th codifiedcopy policy (we
denoteby cn thenumberof differentcopy policiesassociatedto theone-to-n transmis-
sion).

Zeroplacescanbeusedto coordinateandsynchronizein a singletransactionany
numberof transitionsof the refinednet.Thusit may well happenthat the refinednet

3 Wecall copypolicyany strategy (e.g.,sequential,with maximalparallelism)for makingcopies
of themessagesin thebuffer z.
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Figure7. Thecausalabstractnetfor themulticastingsystemunderthe ITph.

is finite while the abstractnet is infinite. This is the casefor this example,in which
communicationeventscaninvolveany numberof receivers.

2.3 Collective token approach

Operational semanticsunder the CTph. A stablestepof a ZS netB mayinvolve the
executionof severaltransitions.At thebeginning,thestatemustcontainenoughstable
tokensto concurrentlyenablethestablepresetsof all thesetransitions.As thecomputa-
tion progresses,thefirings canonly consumethestabletokensthatwerealsoavailable
at the beginning of the computationandthe zerotokensthat have beenproducedby
somefired transition.A stablestepwhoseintermediatemarkingsareall nonstableand
which consumesall theavailablestabletokensis calledastabletransaction.

Definition 14 (Stable step and stable transaction). Let B be a ZS net. A firing se-
quences � u0 � t1 A u1 ����� un D 1 � tn A un of theunderlyingnetNB is a stablestepof B if:

– ∑n
i � 1pre� ti � � a�"? u0 � a� for all a � SB � ZB (concurrentenabling);

– u0 andun arestablemarkingsof B (stablefairness).

We write u0
� � sA un to denotethestablesteps, andO � s� andD � s� to denotetheu0 and

un respectively. A stablesteps is a stabletransactionif in addition:

– themarkingsu1 ��������� un D 1 are notstable(atomicity);
– ∑n

i � 1pre� ti � � a� � u0 � a� for all a � SB � ZB (perfectenabling).

A stablestepsequenceis a sequenceof stablestepsu0
� � s1 A u1 ����� un D 1

� � sn A un. We
thensaythatun is reachablefrom u0. We recall thatstabletokensproducedduringthe
transactionbecomeoperative in thesystemonly afterthecommit.

Example1. ConsidertheZS netMSof Figure5.
The firing sequence

�
2a �� t1 A � a � b � zm� t4 A � 2a � z'� t3 A � a � b  is not a stablestep,

becausetheconcurrentenablingconditionis not satisfied.
Thesequence

�
4a <� t1 A � 3a � b � z<� t2 A � 3a � b � 2z<� t3 A � 2a � 2b � z<� t3 A � a � 3b  isastable

stepbut not astabletransaction,becausetheperfectenablingconditionis notsatisfied.
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Thefiring sequences�2� � 2a � b �� t1 A � a � 2b � z�� t3 A � 3b �� t4 A � a � 2b  is a stablestep
but not a stabletransaction,becausetheatomicityconstraintis not satisfied.

Thefiring sequences� � � � 2a � b U� t1 A � a � 2b � z�� t4 A � 2a � b � z�� t3 A � a � 2b  is a stable
transaction(compareit with thefirst sequenceof thisexample).

To obtaina moresatisfactorynotion of stablestep(transaction)in the concurrent
settingof CTph, wecanthenconsidercommutativeprocesses.

Definition 15 (Abstract sequence).Equivalenceclassesof sequences(w.r.t. diamond
transformation)are calledabstractsequencesandare rangedover by σ. Theabstract
sequenceof s is written � � s� � . We also write pre��� � s� � � � O � s� and post��� � s� � � � D � s� to
denoterespectivelytheoriginsandthedestinationsof � � s� � .
Definition 16 (Abstract stablestepand abstract transaction). Givena ZS netB, an
abstractstablestepis an abstract sequence� � s� � of the underlyingnet NB, where s is a
stablestep.An abstractstabletransactionis an abstract sequenceof NB that contains
onlystabletransactionsof B. WedenotebyϒB thesetof all abstractstabletransactions
of B.

Theequivalenceinducedby diamondtransformationpreservesstablesteps(because
thediamondtransformationpreservesthepropertiesof concurrentenablingandof sta-
ble fairnessrequiredby Definition14)but doesnotpreservestabletransactions.Gener-
ally speaking,theproblemis thattwo stabletransactionsthatareconcurrentlyenabled
couldbeinterleavedin suchawaythattheresultingsequenceis astabletransaction.Of
course,suchtransactioncannotbeconsideredasa representativeof anatomicactivity
of the system,becauseit canbe expressedin termsof two concurrentsub-activities.
Therefore,we take as representatives of abstractstabletransactionsall thosestable
transactionswhoseequivalenceclassescontainonly stabletransactions.

Abstract semanticsunder the CTph. It is now possibleto defineabstractrepresen-
tativesof thosesystemsmodeledby ZS netsin termsof PT netswhosetransitionsare
abstractstabletransactions.

Definition 17 (Abstract net). Givena ZS net B �^� SB � TB � FB � uB � ZB � , its abstractnet
is thenetAB ��� SB � ZB � ϒB � F � uB � , with F � a � σ � � pre� σ � � a� andF � σ � a� � post� σ � � a�
for all a � SB � ZB andσ � ϒB.

Example2. Considerthefollowingfiring sequencesof theunderlyingnetNMS of theZS

netMSin Figure5: snew � � c �� t0 A � a � c  , sres � � b �� t4 A � a  , s1 � � 2a �� t1 A � a � b � z � t3 A�
2b  , s2 � � 3a U� t1 A � 2a � b � zU� t2 A � 2a � b � 2zU� t3 A � a � 2b � z¡� t3 A � 3b  , . . . ,

si � � � i : 1� a  � t1 A � ia � b � zZ� t2 A E�E�E � t2 A¢ £¥¤ ¦
i D 1

�
ia � b � iz "� t3 A E�E�E � t3 A¢ £¥¤ ¦

i

� � i : 1� b g� E�E�E
We have ϒMS � � t �0 � t �4 � σ1 �������{� σi �������3 with t �0 ��� � snew � � , t �4 �§� � sres� � and σi �§� � si � � , for
i � 1. TheabstractnetAMS of MS is shown in Figure6. It consistsof threeplacesand
infinitely many transitions:One transitionfor creatinga new active process,one for
reactivating a processafter a synchronization,andonefor eachpossiblemulticasting
involving a differentnumberof receivers.

Proposition4. Thereachablemarkingsof AB andof B are thesame.
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Universal Constructions in the CTph. We recasttheoperationalandabstract(CTph)
semanticsof ZS netsin a categorical framework via two universalconstructions.The
first constructionstartsfrom thecategorydZPetri (whereZS netsareseenasprograms)
andexhibits anadjunctionto a category HCatZPetri consistingof machinesequipped
with suitableoperationson statesandtransitions(e.g.,parallelcompositionanda spe-
cial kind of sequentialcomposition,calledhorizontal). This adjunctioncorrespondsto
the operationalsemanticsof ZS nets,in the sensethat the transitionsof the machine¨ �B� associatedto a ZS net B are exactly the abstractstablestepsof B. Moreover,
abstractstabletransactionscanbe characterizedalgebraicallyasspecialtransitionsof¨ �B� , calledprime arrows. The secondconstructionstartsfrom a differentcategory
ZSN of ZS nets(strictly relatedto HCatZPetri ), having the ordinarycategory Petri
of PT netsas a subcategory, and yields a coreflectionthat recovers the abstractnet
constructionin Definition 17. We remarkthatZSN allows oneto maptransitionsof a
machineinto primearrows of anothermachine,yielding a very generalnotionof ‘im-
plementationmorphism.’

Definition 18 (CategoryHCatZPetri). A ZS graph

H ����� L � Z � 7 �{� T � 8 � 0 � id � E©� � pre� post�
is botha ZS netanda reflexivePetri commutativemonoid.4 In addition,it is equipped
with a partial function E , calledhorizontalcomposition, such that:

α: � u � x� ��� v� y� � β: � u��� y� ��� v��� z�
α E β: � u 8 u�3� x� ��� v 8 v�4� z� � (1)

Horizontal compositionis associativeandhasidentitiesid � 0 ~ x� : � 0 � x� ��� 0 � x� for any
x � Z 7 . Moreover, thecommutativemonoidaloperator 8 is functorialw.r.t. horizon-
tal composition.A ZS graphmorphismh �f� f � gL � gZ � :H � H � betweentwo ZS graphs
H andH � is botha ZS netmorphismanda reflexivePetri monoidmorphismsuch that
f � α E β � � f � α �CE f � β � . ZS graphs(asobjects)andtheir morphisms(asarrows)formthe
categoryHCatZPetri .

Horizontalcompositionactsasa sequentialcompositionon zeroplacesandasa
parallelcompositionon stableplaces.

Proposition5. If α: � u � 0� �ª� v� 0� andα � : � u��� 0� ��� v��� 0� are two transitionsof a ZS

graphthenα E α �«� α 8 α � .
Theorem1. Let ¬ :HCatZPetri � dZPetri be the functor which forgetsabout the
additionalstructure on transitions,i.e.,

¬��4��� L � Z � 7 ��� T � 8 � 0 � id � E©� � pre� post� �C��� L 7 � Z 7 � T � pre� post� �
Thefunctor ¬ hasa left adjoint

¨
:dZPetri � HCatZPetri .

4 A reflexivePetri commutativemonoidis aPetrinettogetherwith afunctionid:SH J T, where
thesetof transitionsis a commutative monoid p T KdNUK 0q andpre, postand id aremonoidho-
momorphisms,with prep id p xq�q s postp id p xqVq s x.
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p u K xq&G L HB  Z HB
id ® u y x̄ : p u K xqFJ°p u K xq&G�±x²B³ α: p u K xq.J°p vK yq�K β: p uL K xL q�J´p vL K yL qµG'±¶²B³

α N β: p u N uL K x N xL qhJ´p v N vL K y N yL q.Gm±x²B³
t: p u K xqFJ°p vK yq@G TB

t: p u K xq.J°p vK yq&G'±x²B³ α: p u K xqhJ°p vK yq�K β: p uLbK yqhJ·p vLbK zqµG�±x²B³
α � β: p u N uL K xqhJ°p v N vL K zq.G'±x²B³

Table7. Freeconstructionof ±¶²B³ .
Thefunctor

¨
:dZPetri � HCatZPetri mapsa ZS netB into the ZS graphwhich

is definedby theinferencerulesin Table7 modulosuitableaxioms:Transitionsform a
commutativemonoid(with 8 andid � 0 ~ 0� ); thehorizontalcomposition E is associative
andhasidentitiesid � 0 ~ x� ; finally, themonoidaloperator 8 is functorialw.r.t. horizontal
compositionandidentities.

Example3. Let MSbetheZS netdefinedin Section2.2.Thearrow t1 E t3 � ¨ �MS� has
source� 2a � 0� andtarget � 2b � 0� , while � t1 8 id � a ~ 0� �.E � id � b ~ 0� 8 t3 � goesfrom � 3a 8 b � 0�
to � a 8 3b � 0� . As anotherexample,thefollowing expressionsall denotethesamearrow
(i.e., theone-to-threecommunication):

t1 E t2 E � t2 8 t3 �.E � t3 8 t3 � � t1 E t2 E � t2 8 id � 0 ~ z� �.E � id � 0 ~ 2z� 8 t3 �.E � t3 8 t3 �� t1 E t2 E � t2 8 id � 0 ~ z� �.E � t3 8 t3 8 t3 �� t1 E t2 E � t2 8 id � 0 ~ z� �.E � t3 8 id � 0 ~ 2z� �.E � t3 8 id � 0 ~ z� �.E t3 �
Definition 19 (Prime arr ow). An arrow α: � u � 0� �ª� v� 0� of a ZS graphH is prime if
it cannotbeexpressedasthemonoidalcompositionof nontrivial arrows(i.e., α � β j γ
impliesthat β � id � 0 ~ 0� or γ � id � 0 ~ 0� ).

Thefollowing theoremdefinesthecorrespondencebetweenthealgebraicandoper-
ationalsemanticsof ZS nets.

Theorem2. Givena ZS net B, there is a bijection betweenarrows α: � u � 0� ��� v� 0�
in
¨ �B� and abstract stablestepsof B. Moreover, if such an arrow is prime thenthe

correspondingabstract stablestepis an abstract stabletransaction.

Example4. The primearrows in
¨ �MS� areτ0 � t0, τ4 � t4, α1 � t1 E t3, α2 � t1 E t2 E� t3 8 id � 0 ~ z� �µE t3, . . . , αi � t1 E t2 E � t2 8 t3 �µE ����� E � t2 8 t3 �µE � t3 8 t3 � , andso on, wherethe

expression� t2 j t3 � appearsexactly i B 2 timesin αi .

To characterizethe abstractsemantics,we introducea category ZSN of ZS nets,
wherethemorphismsmaymapa transitioninto a transaction.

Definition 20. An abstracttransitionof a ZS netB is eithera primearrow of
¨ �B� or

a transitionof B (seenasan arrow in
¨ �B� ).

Definition 21 (Category ZSN). Giventwo ZS netsB andB� , a refinementmorphism
h:B � B� is a ZS net morphism � f � gL � gZ � :B ��¬=� ¨ �B� �4� such that the function f
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mapstransitionsinto abstract transitions.ThecategoryZSN hasZS netsasobjectsand
refinementmorphismsasarrows.Thecompositionbetweentwo refinementmorphisms
h:B � B� andh� :B� � B� � is definedastheZS netmorphism¬§� ¸h� �]¹ h:B �º¬=� ¨ �B� � �3� ,
where ¸h� : ¨ �B� �h� ¨ �B� �©� is theuniqueextensionof h� to a morphismin HCatZPetri .

Theorem3. TheCategory Petri is embeddedinto ZSN fully and faithfully asa core-
flectivesubcategoryandtheright adjoint functor »�� � is such that »=�B��� AB for any
ZS net B. Furthermore, the counit componentεC

B mapstransitionsof the abstract net
into appropriateabstract transactions.

Theuniversalpropertyof thecoreflectionwitnessesthatAB is thePT netthatbetter
approximatestheabstractCTph behaviour of B.

2.4 Indi vidual tokenapproach

In this section,thebasicactivities of ZS netsaredefinedaccordinglyto the ITph. This
choicehasa greatimpacton theresultingnotionof transaction.

Operational semanticsunder the ITph. In the ITph, a markingcanbethoughtof as
an indexed(over theplaces)collectionof orderedsequencesof tokensandeachfiring
mustexactly specifywhich tokensareconsumed.

In [14], inspiredby [44], we presenteda stack basedapproach to the implemen-
tation of ITph states.The ideawasto choosea canonicalinterpretationof the tokens
thathave to beconsumedandproducedin a firing andto introducepermutationfirings
with the taskof rearrangingorderedtokens:A markingis representedasa collection
of stacks,onefor eachplaceandthustheextractionandtheinsertionof tokensfollow
the LIFO policy. However, permutationfirings canmodify the token positionsin the
stacks.Causalfirings wereessentiallyintroducedasa concretemeansto describethe
tokenflow, providing anintuitivegraspof theunderlyingmechanism.In this presenta-
tion, we preferto resortto the morecompactalgebraicnotationgiven in Section1.1,
that preciselydenotesconcatenableprocesses.For the interestedreader, causalfiring
sequencescanbethoughtof asarrowsin lm� NB � having theform

ω � s0; � t1 j idu1 � ;s1; � t2 j idu2 � ;s2; ����� ; � tn j idun � ;sn �
wherethe si arepermutations,the ti aretransitions,andthe ui aresuitablemarkings.
In the following, we shall keepthe terminologyof causalfiring sequencesfor such
arrows.For ω acausalfiring sequence,we denoteby pr � ω � theconcatenableprocessit
represents(consideredup to isomorphism).

Example5. Let NMS betheunderlyingnetof theZS netMSdefinedin Figure5 (i.e., in
NMS wedonotdistinguishbetweenstableandzeroplaces).Theconcatenableprocesses
associatedto thesequences

ω ��� t0 j idb � ; � t4 j ida7 c � ; � t1 j ida7 c � ; � t3 j idb7 c � :b 8 c � 2b

ω � ��� t4 j idc � ; � t0 j ida � ; � t1 j ida7 c � ; � t3 j idb7 c � :b 8 c � 2b

ω � � ��� t0 j idb � ; � t4 j ida7 c � ; � γa ~ a j idc � ; � t1 j ida7 c � ; � t3 j idb7 c � :b 8 c � 2b
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Figure8. Theconcatenableprocessesfor ω, ω L , andω L L of Example5.

arepresentedin Figure8. Weusethestandardnotationthatlabelstheplacesandtransi-
tionsof theoccurrencenetK with their imagesin N. A superscriptfor eachinitial place
andasubscriptfor eachfinal placedenote,respectively, thevalueof % a and a % .

Beforecontinuing,let us introducesometerminologythatwill beusedin defining
the ITph semanticsof ZS nets.A processis full if it doesnot containidle (i.e., isolated)
places.A processis activeif it includesat leastonetransition,inactiveotherwise.An
active processis decomposableinto parallel activities if it is the parallelcomposition
of two (or more) active processes.If sucha decompositiondoesnot exist, then the
processis calledconnected.A connectedprocessmayinvolveidle places,but it doesnot
admitgloballydisjointactivities (i.e., theadjectiverefersto activitiesandnot to states).
Finally, the setof evolution places(that representresourceswhich arefirst produced
andthenconsumed)of a processC is thesetEC � � P � a� ! a � K �½!� a !]��! a c!e� 1  .

To forgetabouttheorderingfunctionsof originsanddestinationswe canquotient
concatenableprocessesmodulotheunderlyingGoltz-Reisigprocesses.

Definition 22. LetN bea net.Twocausalfiring sequencesω andω � arecausallyequiv-
alent, written ω ¾ ω � if pr � ω � ��� P:K � N �¿%�ac��ae% � and pr � ω � � �f� P� :K �C� N �2%bai����ai� % �
with processP isomorphicto P� . Theequivalenceclassof ω is denotedby � �ω � �bÀ . Weuse
ξ to range over equivalenceclasses.Sincetherelation ¾ respectsthe initial andfinal
marking, weextendthenotationlettingO � ξ � � O � ω � andD � ξ � � D � ω � , for ξ ��� �ω � ��À .

In the ITph, statechangesare given in termsof connectedsteps, which may in-
volve theconcurrentexecutionandsynchronizationof severaltransitions.A connected
transactionis a connectedstepsuchthatno intermediatemarkingis stable,andwhich
consumesall theavailablestabletokensof thestartingstate.
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Figure9. Theconcatenableprocessespr p ω1 q (left) andpr p ω2 q (right).

Definition 23 (Connectedstepand transaction). Givena ZS netB, let ω bea causal
firing sequenceof theunderlyingPT netNB. Theequivalenceclassξ ��� �ω � �bÀ is a con-
nectedstepof B, writtenO � ξ � � � ξ A D � ξ � , if:

– O � ω � andD � ω � arestablemarkings(stablefairness);
– Epr � ω � � ZB (atomicity).

Furthermore, theconnectedstepξ is a connectedtransactionof B if:

– pr � ω � is connected;
– pr � ω � is full.

We denoteby ΞB (rangedby δ) thesetof connectedtransactionsof B.

A connectedstepsequenceisasequenceu0 � � ξ1 A u1 ����� un D 1 � � ξn A un of connectedsteps,
andwe thensaythatun is reachablefrom u0. Connectedstepsdiffer from stablesteps
in that they allow for a finer causalrelationshipamongevents.Fullnessensuresthe
absenceof idle resourcesin connectedtransactions.Note thatall conditionsin Defini-
tion 23 imposeconstraintsonly over theGoltz-Reisigprocessassociatedwith pr � ω � .
Example6. Let usconsidertheZS netMS in Figure5 andthecausalfiring sequences

ω1 � t1; � t4 j idz� ; t3:a � b

ω2 �§� t1 j id3a � ; � t2 j id3a7 b � ; � t3 j id2a7 b7 z� ; � t3 j ida7 2b � :4a � a 8 3b

ω3 �§� t1 j ida7 c � ; � t3 j idb7 c � ; � t0 j id2b � :2a 8 c � a 8 2b 8 c �
Theequivalenceclass � �ω1 � � À is not a connectedstepsincethe‘atomicity’ requirement
is not fulfilled (Figure9, left). Theequivalenceclass � �ω2 � � À is a connectedstepbut not
aconnectedtransactionsincetheassociatedprocessis connectedbut not full (Figure9,
right). Likewise, � �ω3 � � À is aconnectedstepbut notaconnectedtransactionsincetheas-
sociatedprocessis notconnected(Figure10).Theequivalenceclassof thecausalfiring
sequence� t1 j id4a � ; � t2 j id4a7 b � ; � t2 j id4a7 b7 z� ; � t2 j id4a7 b7 2z� ; � t3 j id3a7 b7 3z� ; � t3 j
id2a7 2b7 2z� ; � t3 j ida7 3b7 z� ; � t3 j id4b � :5a � 5b is aconnectedtransaction.
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a1 a2 c1

t1 	z t3 t0

b2 b1 a1 c1

Figure10.Theconcatenableprocesspr p ω3 q .
Abstract semanticsunder the ITph. In the ITph basedapproachit is alsopossibleto
defineanabstractview of thesystemsmodeledvia ZS nets.Sincetransactionsrewrite
multisetsof stabletokens,PT netsareagaina naturalcandidatefor theabstractrepre-
sentation.

Definition 24 (Causalabstractnet).LetBbea ZSnet.ThenetIB ��� SB � ZB � ΞB � F � uB � ,
with F � a � δ � � pre� δ � � a� and F � δ � a� � post� δ � � a� for all a � SB � ZB and δ � ΞB, is
thecausalabstractnetof B.

Proposition6. Thereachablemarkingsof IB andof B are thesame.

Example7. Let MS be the ZS net in Figure5. Its causalabstractnet IMS is shown in
Figure7. Transitiont �0 is thebasicactivity whichcreatesanew communicatingprocess
andit correspondsto � � t0 � � À . Similarly t �4 ��� � t4 � � À . Eachσk

i describesadifferentone-to-i
communication.Theindex k identifiesthecopy policy underconsideration.For eachi,
we denoteby ci thenumberof differentcopy policiesfor thecommunicationone-to-i
andwe have a bijective correspondenceamongcopy policiesandthecompletebinary
trees5 with exactly i leaves.

Universal Constructions in the ITph. In this section,analogouslyto what hasbeen
donefor theCTph, wepresentthecategoricalconstructionsthatcharacterizetheopera-
tional andabstractsemanticsof ZS netsunderthe ITph. Thefirst adjunctiongoesfrom
dZPetri to acategoryZSCGraph of morestructuredmodels,calledZS causalgraphs,
equippednotonly with parallelandhorizontalcompositionsasin HCatZPetri , but also
with a family of swappingsplayingtheroleof zerotokenpermutations.Again,thecon-
nectedtransactionsarecharacterizedasprimearrows of ZS causalgraphs.Thesecond
constructionstartsfrom acategoryZSC of ZS netsandmorecomplex morphisms,hav-
ing the ordinarycategory Petri of PT netsasa subcategory, andyields a coreflection
thatrecoversexactly theconstructionof thecausalabstractnet.

Definition 25 (CategoryZSCGraph). A ZS causalgraph

E ����� L � Z � 7 ��� T ��jm� 0 � id ��Á�� e ~ � � pre� post�
5 We recall thata binary treeis completeif any internalnodehasexactly two childrenandwe

donot distinguishbetweenleft andright children.
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p u K xq&G L HB  Z HB
id ® u y x̄ : p u K xqhJ°p u K xq&G�ÂUÃ'²B³ zK zL G ZB

dzy zz : p 0 K z N zL q�J°p 0 K zL N zqµG�ÂUÃ'²B³
t: p u K xqhJ°p vK yq&G TB

t: p u K xq.J°p vK yqµG�Â�Ã�²B³ α: p u K xqhJ°p vK yq�K β: p uLbK yqhJ·p vLbK zqµGUÂ�Ã�²B³
α Ä β: p u N uL K xqFJ´p v N vL K zq&GUÂUÃ'²B³

α: p u K xqFJ°p vK yq�K β: p uL K xL q�J´p vL K yL qµGUÂUÃ'²B³
α n β: p u N uL K x N xL qhJ°p v N vL K y N yL q.GUÂ�ÃÅ²B³

Table8. Freeconstructionof Â�ÃÅ²B³ .
is both a ZS net and a reflexive Petri monoid.In addition, it comesequippedwith a
partial function Á calledhorizontalcomposition,

α: � u � x� ��� v� y� � β: � u��� y� ��� v��� y� �
α Á β: � u 8 u� � x� �,� v 8 v� � y� � �

and a family of horizontalswappings,
�
ex ~ y: � 0 � x 8 y� ��� 0 � y 8 x�  x ~ y 6 Z Æ . Horizontal

compositionis associativeandhasidentitiesid � 0 ~ x� for all x � Z 7 . Themonoidaloper-
ator j is functorial w.r.t. horizontalcomposition.The(horizontal)naturalityaxiom,
ex ~ x\ Á�� β j α � �Ç� α j β � Á ey~ y\ holdsfor any α: � u � x� �ª� v� y� and β: � u� � x� � �ª� v� � y� � .
Furthermore, thecoherenceaxiomsex ~ y Á ey~ x � id � 0 ~ x7 y� andex ~ y7 y\ �f� ex ~ y j id � 0 ~ y\ � � Á� id � 0 ~ y� j ex ~ y\ � mustbesatisfied.A morphismh betweentwo ZS causalgraphsE andE �
is a ZS netmonoidalmorphismwhich in additionrespectshorizontalcompositionand
swappings.ThisdefinesthecategoryZSCGraph.

Again,horizontalcompositionis thekey featureof theapproach:It avoidsthecon-
structionof stepswhich reusestabletokens.

Proposition7. If α: � u � 0� �ª� v� 0� andα � : � u��� 0� ��� v��� 0� are two transitionsof a ZS

causalgraphthenα j α �«� α �¥j α andα Á α �«� α j α � .
Thenext theoremdefinesthealgebraicsemanticsof ZS netsby meansof auniversal

property.

Theorem4. Theobviousforgetfulfunctor ¬ :ZSCGraph � dZPetri hasa left adjointÈmÉ
:dZPetri � ZSCGraph.

The functor
ÈmÉ

mapsa ZS net B into the ZS causalgraph
È1É �B� whosearrows

aregeneratedby the inferencerules in Table8 modulosuitableaxioms(see[17] for
details).The ZS causalgraph

ÈÊÉ �B� is still too concretew.r.t. the operational(ITph)
semanticsof ZS nets.Morepreciselyweneedtwo moreaxioms.

Definition 26. Givena ZS net B, we denoteby
ÈÊÉ �B��Ë Ψ the quotientof the free ZS

causalgraph
È1É �B� generatedbyB in ZSCGraph modulotheaxioms

dz~ z\ � id � 0 ~ z7 z\ � � if z #� z� � ZB � (2)

d Á t Á d � � t � if t � TB andd � d � areswappings� (3)
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The quotient
È1É �B��Ë Ψ is suchthat for any k:

ÈÊÉ �B�@� E � ZSCGraph which
respectsaxioms(2) and(3), thereexistsa uniquearrow kΨ:

ÈÊÉ �B��Ë Ψ � E suchthat
kΨ ¹ QΨ � k in ZSCGraph, whereQΨ:

ÈÊÉ �B�.� È1É �B�dË Ψ is the obvious ZS causal
graphmorphismassociatedto the(least)congruencegeneratedby theimposedaxiom-
atization.

Proposition8. For any morphismh:B � B� in dZPetri there is a uniqueextension
ĥ:
ÈÊÉ �B�dË Ψ � È1É �B� ��Ë Ψ of h in ZSCGraph.

Example8. Let MSbetheZS netdefinedin Section2.2.Thearrow t1 Á t3 � È1É �MS�dË Ψ
hassource� 2a � 0� andtarget � 2b � 0� , while � t1 j id � a ~ 0� � Á�� id � b ~ 0� j t3 � goesfrom � 3a 8
b � 0� to � a 8 3b � 0� . As anotherexample,all thefollowing expressionsdenotethesame
arrow:

t1 Á t2 Á�� t2 j t3 � Á�� t3 j t3 � � t1 Á t2 Á�� t2 j id � 0 ~ z� � Á�� t3 j t3 j t3 �� t1 Á t2 Á dz~ z Á�� t2 j id � 0 ~ z� � Á�� t3 j t3 j t3 �� t1 Á t2 Á�� id � 0 ~ z� j t2 � Á�� t3 j t3 j t3 �� t1 Á t2 Á�� t3 j t2 � Á�� t3 j t3 � �
To give theexpectedcorrespondencebetweenalgebraicandoperationalsemantics

we reusein thecurrentsettingthenotionof primearrows.

Theorem5. Givena ZS net B, there is a one-to-onecorrespondencebetweenarrows
α: � u � 0� �,� v� 0�"� ÈÊÉ �B��Ë Ψ andtheconnectedstepsof B. Moreover, if such anarrow
is prime(and is not an identity) thenthecorrespondingconnectedstepis a connected
transaction.

Example9. In our runningexample,someprimearrows of
ÈÊÉ �MS� aret0, t1 Á t3, and

t1 Á t2 Á�� t2 j t2 � Á�� t3 j t2 j t3 j t3 � Á�� t3 j t3 � , while thearrow � t1 j t1 � Á dz~ z Á�� t2 j t3 � Á� t3 j t3 � is not prime.

To recover theabstractsemanticsof ZS netsin the ITph, we definea categoryZSC
whoseobjectsareZS netsandwhosemorphismsallow for therefinementof atransition
into anabstractconnectedtransaction.

Definition 27. Givena ZS net B, a causalabstracttransitionof
È1É �B��Ë Ψ is either a

primearrow of
ÈmÉ �B�dË Ψ or a transitionof B (seenasarrow).

Definition 28 (Category ZSC). Giventwo ZS netB andB� , a causalrefinementmor-
phism h:B � B� is a ZS net morphismh �§� f � gL � gZ � from B to (the image through
the forgetful functor of)

È1É �B� �dË Ψ, such that function f mapstransitionsinto causal
abstract transitions.Thecategory ZSC has ZS netsas objectsand causalrefinement
morphismsasarrows,with compositiondefinedsimilarly to that in ZSN.

Theorem6. Category Petri is embeddedin ZSC fully and faithfully asa coreflective
subcategoryandtheright adjoint functor Ì9� � is such that Ì9�B�2� IB for anyZS netB.
Furthermore, the counit componentof the coreflectionεI

B mapseach transitionof the
abstractnetinto theappropriateconnectedtransaction.
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2.5 Onemoreexample

Weremarkthattheimpactof differentphilosophiesonthemodeledsystemis consider-
able.Thishasbeenalreadysuggestedby themulticastingsystemexample,but thereare
many otherexampleswherethedichotomyis immediate.Let usconsidertheZS netCR
in Figure11.Then,accordingto theCTph theabstractnetACR hasonly two transitions
that correspondto t0 andt1 E t2, whereas,accordingto the ITph the causalabstractnet
ICR hasinfinitely many transitions:t0, t1 Á t2, � t1 j t1 � Á dz~ 3z Á�� t2 j t2 � , andsoon. Note
theanalogybetweenICR andtheabstractnetAMS of themulticastingsystemexample.

We endthis sectionby observingthatall PT netscanbeconstructedusingZS nets
whosetransitionshave four fixed ‘shapes.’ The neededcomponentsare illustratedin
Figure12.We leave to thereader, asaneasytask,to combinetheseshapesfor building
a generictransition,thoughof courseseveralothersetsof building blockscouldhave
beenchosen.

3 Translation of languageswith synchronization primiti ves

In thissectionwegivesomegeneralhintsfor modelingCCS-likecommunicationvia ZS

nets.Theideais to representeachchannelby apairof zeroplaces,onefor inputandone
for output,andto modeleachinput (output)actionon a channelwith a transitionthat
producesa tokenon theinput (output)zeroplaceassociatedto thatchannel.A special
transition,alsoassociatedto thechannel,is enabledby a tokenin theinput anda token
in theoutputzeroplace.If thechannelis restricted,this is theonly transitionthatcan
consumethosetokens,thussynchronizingthe input andoutputactionsthat produced
thetwo tokens.If thechannelis not restricted,two additionaltransitionscanconsume
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Figure13.TheZS netZa.

λ Í p λÎ J p

p
µÎ J q

p Ï r µÎ J q Ï r p
λÎ J q K pL λ̄Î J qL
p Ï pL τÎ J q Ï qL p

µÎ J q

r Ï p µÎ J r Ï q p
µÎ J q µ

¼GÅ� a K ā �
pÐ a µÎ J qÐ a

Table 9. SOS rulesfor thesimpleprocessalgebraSPA.

thetokensseparately. Thus,for every channelnamea we definea ZS netZa consisting
of two zeroplacesa! anda?, andthreetransitionsina, syna, andouta (seeFigure13).
For a setA � � a1 ���3�4�4� an  of channelnames,we denoteby Z � A � theZS netobtainedas
thedisjoint unionof Za1 �������{� Zan.

Definition 29 (Interfaced net). Givena setA � � a1 ���3�4�3� an  of channelnames,an A-
interfacednet is a triple Ñ B � A � PA , where B is a ZS net— in our translationthe initial
markingwill alwaysbea set— andP is an injectivemappingfromZ � A � to B, which
preservestheZS netstructure. ThesetA is calledthe interfaceof thenet.

Two A-interfacednets Ñ B � A � PA and Ñ B� � A � P� A are isomorphicif thereexists a ZS

net isomorphismψ from B to B� that ‘preservesinterfaces’(in the sensethat it must
preserve theinjective imagesof Z � A � ).

Thesimpleprocessalgebra (SPA) consideredin [17] is equippedwith theoperations
of inactionnil , input andoutputactionprefix a � andā � , parallelcomposition ! , and
restriction Ò a, whoseassociatedSOS rulesaregiven in Table9. (We let µ rangeover
input (a), output(ā) andsilent (τ) actions,andlet λ rangeover input/outputactions.)
We will show laterhow to dealwith distributednondeterministicsum.

Eachagentp is modeledby anfv � p� -interfacednet � � p� � zs, wherethesetfv � p� is the
setof thefree(i.e.,non-restricted)channelnamesin p. Thedefinitionof � � p� � zs is given
by initiality (i.e., it is the uniqueSPA-algebrahomomorphismfrom the termalgebra),
andthusit is enoughto definethecorrespondingoperationson interfacednets.

Inaction. The inactive net nil is a � -interfacednet Ñ B ���m�;�ÓA , whereB consistsof a
singleplacethatcontainsonetokenin theinitial marking.

Actionprefix. Theinterfacedneta �bÑ B � A � � a ¿� PA is givenby addinganew stableplace
b andanew transitiont to B. Theinitial markingconsistsof a tokenin b. Thetransition
t takesa tokenin b andproducestheinitial markingof B plusa tokenin thezeroplace
P � a?� . If thenamea is not containedin theinterfaceof thegivennet,thenalsoa copy
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of Za hasto beadded,andthe injective mappingP is extendedin theobviousway. A
similarconstructionis definedfor anoutputactionprefix ā � p (wesubstitutea! for a? in
thepostsetof thenew transitiont).

Parallel composition.We let Ñ B1 � A1 � P1 A]!}Ñ B2 � A2 � P2 A��ÇÑ B � A1 � A2 � PA , with B given
by theunionof B1 andB2 whereonly P1 � Z � A1 � A2 ��� andP2 � Z � A1 � A2 ��� areidentified,
andwith themappingP givenby theunionof P1 andP2. Theinitial markingof B is the
unionof theinitial markingsof B1 andB2.

Restriction. If a doesnot appearin the interface,then Ñ B � A � PA�Ò a ��Ñ B � A � PA . Oth-
erwise, Ñ B � A � � a ¿� PA�Ò a �ÔÑ B� � A � P� A , with B� � B � � P � ina � � P � outa �  and P� is P
restrictedto Z � A � .

The imageof Z � fv � p��� in B (via P) plays the role of the interface,since it is the
only partof thenet � � p� � zs that is modifiedby theconstructiondefinedabove: It canbe
increased(asin thecaseof actionprefix), it canbe mergedwith anotherinterface(as
in the caseof parallelcomposition)andit canalsobe restricted(asin the caseof the
restrictionoperator).It is worthnotingthatfor eachagentp, with � � p� � zs ��Ñ B � A � PA , we
haveAB � IB.

TherelationbetweenSPA agentsandtheirassociatedinterfacednetscanbeformal-
ized by addinga labelingfunction φ from the transitionsof abstractnetsto the setof
actions.

Definition 30 (Labelsof transactions).Let p beanagent.For each (connected)trans-
actionξ of � � p� � zs, wedefine

φ � ξ � def�
ÕÖ × ai if ai � fv � p� andP � inai � is firedin ξ

āi if ai � fv � p� andP � outai � is firedin ξ
τ otherwise

Thedefinitionof labelsis not ambiguous,becauseeachtransactionξ of � � p� � zs con-
tainsatmostonefiring of transitionsin P � Z � fv � p����� .
Definition 31 (Bisimilarity betweenagentsand markings). Let p be an agent, let
N be a net whosetransitionsare labeledby φ over the setof actions,and let u be a
markingof N. We saythat p is bisimilar to u in N if there existsa relation Ø between
agentsandmarkingsof N such that p Ø u, and: (1) for each transitionp

µB � p� there
existsa firing u � t A u� of N such that φ � t � � µ and p�¿Ø u� ; (2) for each firing u � t A u� of

N with φ � t � � µ thereexistsa transitionp
µB � p� such that p�«Ø u� .

Proposition9. Let p beanagent,and � � p� � zs ��Ñ B � A � PA , thenp isbisimilar to theinitial
markingof theabstractnetAB.

A comparisonwith othernetsemanticspresentedin theliteraturefor CCS-likealge-
brasis outof thescopeof thispresentation.Wejustremarkthelinearityof ourencoding
andthatit providesa reasonableconcurrentsemanticsfor SPA agents,asformalizedby
Proposition9 above.
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don’t know don’t care

p
λÎ J q

p Ù r
λÎ J q

p
λÎ J q

r Ù p
λÎ J q p Ù r

τÎ J p r Ù p
τÎ J p

Table 10.Two kindsof nondeterministicchoice.

�p1 Ù p2

	g1 Ú Ù Û
u1

Û 	g Ù�ÜÛ
u2

Û 	g2

go1 goL1 go goL2 go2

Figure14.

Restrictednameshaveonly localscopes,andagentsthatdiffer only for localnames
(i.e., agentsthat canbe obtainedonefrom the otherby α-conversion)canbe consid-
eredequivalent.We usethe symbol Ý α to denotesuchequivalence(e.g.,we have� a1 � a2 � nil ! ā2 � nil � Ò a2 Ý α � a1 � a3 � nil ! ā3 � nil � Ò a3 for any a3 #� a1). It is worth noting that
our translationsupportsα-conversion.

Proposition10. If p Ý α q, then � � p� � zs and � � q� � zs are isomorphic.

3.1 Distrib uted sum

Usually, onecandistinguishbetweentwo kinds of nondeterminism:don’t knowand
don’t care. In theformer, analternative is selectedvia a sortof ‘lookahead’(e.g.,only
if the associatedsubprocesscan move), whereasthe latter is ‘blind.’ The difference
betweenthetwo is evident just by looking at the SOS rulesin Table10, as‘don’t care
choice’is modeledvia axioms.In thenext werely ondon’t know choice,whichis more
complicateto dealwith.

To modeldon’t know choicein distributedimplementationsof CCS-like languages,
theclassicalapproachis to makeacrossproductof theinitial markingsof thesubcom-
ponentsin sucha way that whenonethreadr in onecomponentmoves,thenall the
threadsin the othercomponentwill never be enabledsincer consumessomeof their
premises.Of coursethis is anexpensiveconstructionthataddsa lot of auxiliary struc-
ture causingstateexplosion.Using ZS netsthe ‘interface’ approachdescribedabove
canbeexploitedfor accommodatingamorecompactsolution(thoughtheclassicalone
is still possible).

The idea is that besideschannel(zero)places,alsoa ‘genericaction’ zeroplace,
sayg, is addedthat receivestokensfrom all transitionsgeneratedby theactionprefix
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�a2 Í nil �a1 Í nil Ù a2 Í nil �a1 Í nil �ā1 Í nil

	a2! 	a2?
t2 	g1 Ú Ù 	g Ù�Ü 	g2

t1 	a1? 	a1!
t3

syna2

nil

goL1 go goL2
nil

syna1

nil

Figure15.Theinterfacednetfor theprocessp�p a1 Í nil Ù a2 Í nil qÞÏ ā1 Í nil q�Ð a1 Ð a2.

construction.Using this placewe can establishwhetheror not a threadcan evolve.
Normally, a transitiongo canconsumeexactly onetokenfrom g andproducenothing.
(Bothg andgoarepartof any interface).Sinceweareinterestedin catching‘top level’
actions,every time a processis prefixedby an actionwe remove from the interfaceg
andgo andaddnew instancesof themwhich becomeconnectedto theprefixedaction
only. The generalsituationis that we have two suchinterfacednetsandwe want to
modeltheir nondeterministicsum.Thefirst stepis to replacethetwo go transitionsby
transitionsthatarein somewaycontrolledby thechoice-point.Therelevantpartof the
constructionis illustratedin Figure14; for therestwe assumethat thetwo ‘argument’
netsareput in parallel,merging their interfacesexceptthat for g andgo components
(denotedby gi andgoi in figure) thatarecarriedout of theinterface,while freshg and
goareinsertedin thecomposednet.Wecall u1 andu2 themarkingsof thetwo argument
nets,that form, togetherwith a token in the place‘ p1 : p2’ the initial markingof the
composednet. To seehow the constructionbehaves,supposethat p1 can perform a
certainaction,thenazerotokenappearsin g1 thatcanbeconsumedonly by firing ‘ Ñ : ’
sincego1 hasbeendeletedandgo�1 is not yet enabled.Thefiring of ‘ Ñ : ’ consumesthe
only stabletoken in p1 : p2 andhence,all threadsin the secondnet cannotcomplete
any transaction(becausetokensin g2 canneverbeconsumed).We havedecidedto put! u1 ! tokensin the stableplacethat rule go�1, so that when other top level threadsof
p1 will be able to fire, thenenoughtokenswill be available to closeall transactions
asynchronously. Propositions9 and10 arestill valid for thisextendedframework.

Example10. The interfacednet for the agent ��� a1 � nil : a2 � nil � ! ā1 � nil � Ò a1 Ò a2 is pre-
sentedin Figure15.Notethatthepresenceof thearcfrom t3 to g is motivatedby thefact
thatg (andgo) arepartof the interfacesof thetwo netsassociatedwith a1 � nil : a2 � nil
and ā1 � nil andthusg becomessharedwhenthe two agentsarecomposedin parallel.
If t2 triesto fire, thenthezerotokenin a2? cannotbeconsumed.If t1 triesto fire, then
the only possibility is that also t3 fires producinga token in a1! so that alsosyna1

is
enabledandthetoken in a1? canbeconsumed.If this is thecase,thenonehasstill to
consumethezerotokensin g andg2 producedby thefirings of t3 andt1, respectively.
Thus, : A mustbe fired thatproducesanotherzerotoken in g. Then,transitiongo can
befired twiceto concludethetransaction.This transactioncorrespondsto thetransition��� a1 � nil : a2 � nil � ! ā1 � nil � Ò a1 Ò a2

τB ��� nil ! nil � Ò a1 Ò a2, andis theonly possibleone.
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�p1 Ù p2

ch

dc1 	
z

dc2

	 2

g1
Ú Ù Û

u1

Û 	g Ù�ÜÛ
u2

Û 	2

g2

goL1 go goL2
Figure16.

Note that since‘ Ñ : ’ and ‘ : A ’ take one token only from g1 and g2 respectively,
thenτ-movescannotforce the choice(becausesynchronizationsproducetwo tokens
in g1 or g2). This wasalso the reasonfor writing λ andnot µ in the rules for don’t
know choicein Table10.To dealwith this possibility, it sufficesto addtwo variantsof
‘ Ñ : ’ and‘ : A ’ that consumetwo tokensfrom g1 andg2 respectively. More generally,
onemight wantto synchronizeany numberof threadsastriggersof thesameleft/right
choice.This canbeeasilydoneby augmentingthecomposednetswith oneadditional
zeroplaceandthreetransitions,asillustratedin Figure16.Thetransitionsdci havethe
duty of sequentiallydecrementingthenumberof tokensin gi (takestwo andputsone
back)until only onetokenis left thatcanbeconsumedby go�i , thussynchronizingthe
choicewith all threadsof the ith componentthat tried to move. Sinceonly onetoken
is presentin the placep1 : p2, thenonly onetoken canbe producedin z andthe dci

preserve this invariantunderfiring. Therefore,only onetransitionbetweenÑ : and : A
canfire in thetransaction.As aconsequence,it is notpossiblethatbothdc1 anddc2 are
fired in thesametransaction,asotherwiseazerotokenwouldremainin oneof thezero
placesgi . NotethattheCTph andthe ITph canyield differentabstractnets,asthelatter
distinguishesbetweenthedifferentwaysfor dci to consumethetokensin gi . Onemay
arguethatthereis acentralizedchoicepointandthatthereforetwo threadsof p1 cannot
forceconcurrentlythe‘left choice’but mustbesynchronizedon it. We think thatthis is
by nomeansa limitation of theapproach,ase.g.theclassicalsolutionrequiresa ‘token
synchronization’betweeneachthreadof onecomponentandall other threadsof the
othercomponents,via a conflict resolutionsimilar to the oneillustratedin the dining
philosophersexample(herethetokensin thecrossproductof thetwo initial markings
of subnetsare‘forks’ andthethreadsarethe‘philosophers’thatwantto eat).

4 An Operational Definition for Transactions

The issuesthatwe want to addressin this sectionregardZS netsimplementation.The
problemis that theoperationalsemanticsrelieson somesortof meta-definition,where
onecomputeson theunderlyingnet,builds transactionsegments,andthencandiscard
‘bad’ behaviors andacceptthe‘good’ ones,actingasa filter. This meansthatthereare
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importantquestionswhich canbe asked for any actualinterpreter— Is backtracking
necessary?Is theimplementationcorrect?And complete?Doesamoreefficient imple-
mentationexist?We try to answerthesequestions(seetheConclusions)by defininga
machineryfor computingon ZS nets.The ideais to adaptthe classicalnet unfolding
to pursueconcurrentlyall thenondeterministicrunsof the ZS netunderinspection,in
sucha way that‘commit’ stablestatesarerecognizedandgenerated.

Whetheroneis interestedin distinguishingbetweendifferentconcurrentproofsor is
just interestedin thesteprelation � B is animportantissue.In particular, givena ZS

netB anda stablemarkingu we addresstheproblemof computingin a distributedand
efficientfashionthesetof markingsthatcanbereachedfromu via anatomictransaction
step,i.e., theset

�
v ! u � B v  (that is invariantundertheCTph andITph). Thesolution

relieson a modificationof the interpreterfor unfolding PT nets[37,51,33], which is
extendedwith acommitrule enforcingthesynchronousterminationof transactions.

4.1 PT Net Unfolding

The unfolding of a net givesa constructive way to generateall its possiblecomputa-
tions,offering a satisfactorymathematicaldescriptionof theinterplaybetweennonde-
terminismandcausality(andconcurrency). In facttheunfoldingconstructionallowsfor
bridgingthegapbetweenPT netsandprimealgebraic domains. Theobviousreferences
to this approachare[37,51,33], but we suggestalsothe interestingoverview [25]. It is
worthremarkingthatourpresentationis slightly differentfrom usualones(but reminis-
centof [51]), sinceit is presentedastheleastnetgeneratedby suitableinferencerules,
ratherthanby makingexplicit thechainof finite netsthatapproximateit.

Theconstructionprovidesa distributedinterpreterfor PT nets.We remarkthat the
unfoldingappliesonly to markednets,i.e., it requiresaninitial marking.

Startingfrom a net N, the unfolding producesa nondeterministicoccurrencenetß � N � (anacyclic net,wheretransitionpre-andpost-markingsaresetsinsteadof mul-
tisetsand whereeachplacehasat most one enteringarc), togetherwith a mapping
from

ß � N � to N thattellswhichplacesandtransitionsof theunfoldingareinstancesof
thesameelementof N. Hencetheplacesof

ß � N � representthetokensandthetransi-
tions(calledevents) theoccurrencesof transitionsin all possibleruns.For this kind of
netsthe notionsof causallydependent, of conflictingandof concurrent elementscan
bestraightforwardly definedandarerepresentedby thebinary relations à , # and
co� � � , respectively. Formally, therelation à is thetransitiveandreflexiveclosureof

the immediateprecedencerelation á 0 definedas á 0
def� � � a � t � ! a � pre� t �  � � � t � a� !

a � post� t �  , while thebinaryconflict relationis definedastheminimal symmetricre-

lation thatcontains #0 (definedby t1#0t2
defâ t1 #� t2 W pre� t1 �C� pre� t2 � #�9� ), andthat

is hereditarywith respectto à . Sincetheconflict relationmustbe irreflexive, thenà and # have empty intersection.The concurrency relationis definedby letting
co� o1 � o2 � if it is not thecasethat(o1 á o2 or o2 á o1 or o1#o2). In particular, therela-
tion co is usuallyextendedto setsof elementsby writing co� X � if for all o1 � o2 � X we
haveco� o1 � o2 � .

More concretely, theplacesof
ß � N � have theform Ñ a � n � H A , wherea � SN, n is a

positivenaturalnumberthatis usedtodistinguishdifferenttokenswith thesamehistory,
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Table11.Theunfolding òÓp N q .
andH is the historyof theplaceunderinspectionandthereforeeitherconsistsof just
oneevent (the onethat producedthe token) or is empty(if the token is in the initial
marking).Analogously, a generictransitionof

ß � N � hasthe form Ñ t � H A with t � TN,
sinceeachtransitionis completelyidentifiedby its historyH, whichin thiscaseconsists
of thesetof consumedtokens.ThesetH cannotbeemptysincetransitionswith empty
presetarenot allowed.The net

ß � N � is definedasthe minimal net generatedby the
rulesin Table11.

We now give a computationalinterpretationof suchrules.Thefirst rule definesthe
initial markingof

ß � N � . Thesecondrule is thecoreof theunfolding:It searchesfor a
setΘ of concurrenttokensthatenablesa transitiont of N, atomicallylocksthem,fires
the event e (that is an occurrenceof t), andproducessomefreshtokensϒ according
to post� t � . Notice that the conditionco� Θ � dependsonly on the historiesHi for i � I ,
andthereforecannotbealteredby successive firings. In fact,asin memoizingfor logic
programming,or moregenerallyin dynamicprogramming, the history is completely
encodedin the tokens,so that it is not necessaryto computeit at every firing. Also,
note that historiesretainconcurrentinformationratherthan just sequential,therefore
eachtoken/event is generatedexactly once(thoughit can be later referredto many
times).Moreover, several occurrencesof the secondrule canbe appliedconcurrently
andthereforetheunfoldingcanbeimplementedasa distributedalgorithm.

4.2 ZS Net Unfolding

The unfoldingof the underlyingnet NB doesnot yield a faithful representationof the
behavior of B. In fact,wemustforbid theconsumptionof stableresourcesthatwerenot
insertedin thestartingmarking.Moreover, we mustbeableto applythecommitwhen
thetransactionstephasconsumedall thezerotokensproducedsofar.

Thenet
ß � B� is definedastheminimal netgeneratedby therulesin Table12.To-

getherwith theunfoldingnetwe computea setof (reachable)stablemarkingsó*� B � u�
for theinitial (stable)markingu of theunfolding.

Thefirst two rulesdefinethe unfolding,which remainssimilar to the classicalal-
gorithm,exceptfor the fact that stabletokensin the postsetof the fired transitionare
not releasedto thesystem.In fact,while thesetΘ mustcontainenoughtokensto pro-
vide boththestableandthezeroresourcesneededby t (asexpressedby thecondition
u 8 x � 5 i 6 I si), thetokensthatareproducedby theoccurrenceof t appliedto Θ (i.e.,
tokensin thesetϒ � post� e� ) justmatchthezeroplacecomponent

5
j 6 J n jzj of post� t �

andnot thestableplacecomponentv (it is not releaseduntil a commitrelatedto e will
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Table 12.Theunfolding òÓp Bq .
occur).The third rule is obvious.The fourth rule definesthe commit of a transaction
step.

To shortenthenotation,we introducethefollowing functionsthat,givenanevente,
returnthesetof zerotokensrespectively consumedandproducedby theancestorsof e
(andby e itself), i.e.,we let

ZCons� e� def�^ö'÷ t ~Θ ø�ù e
� Ñ z� k � H A � Θ ! z � ZB  , ZProd � e� def�^ö e\ ù epost� e� � ,

whereZCons� e� is the setof zero tokensthat have beenconsumedby somee�µà e;
similarly ZProd � e� representsthesetof zerotokensthathave beenproducedby some
e�µà e (notethat for any Ñ z� k � H A � ZCons� e� we have Ñ z� k � H A�à e, while ZProd � e�
canalsocontaintokensthat areconcurrentwith e or producedby e). We remarkthat
ZCons� e��� ZProd � e� , becausethemarkingu is stableandthereforeit doesnotcontain
zerotokenswith emptyhistories.For stableplacesthesituationis different,sinceweare
just interestedin knowing how many tokenshavebeenconsumedandwill beproduced
for eachplaceby theantecedentsof e, thus:

SCons� e� def� ú÷ t: � u ~ x�bû � v~ y��~Θ ø�ù e

u, SProd � e� def� ú÷ t: � u ~ x�bû � v~ y��~Θ ø�ù e

v.

The four functionsthatwe have definedareextendedto setsof eventsin the obvious
way. We remarkthat while ZCons� � andZProd � � returnsets(of zeroplacesin the
unfoldingnet),thefunctionsSCons� � andSProd � � returnmultisets(of stableplaces
in theoriginalnet).

The fourth rule takesa setΓ of concurrenteventsandchecksthat any zerotoken
producedby their antecedentsis consumedby an antecedentof someevent in Γ. The
latterconditioncanbeconvenientlyexpressedastheequalityZProd � Γ � � ZCons� Γ � .
In fact, if a certaintoken o is in ZProd � Γ � , thenthe conditionstatesthat thereexists
at leastanevente � Γ anda unique6 e��à e suchthato � pre� e� . If thesepremisesare
satisfied,thentherule extendsó*� B � u� with themultisetobtainedby subtractingfrom
u thestableresourcesconsumedby all theantecedentsof eventsin Γ, but addingthose

6 Otherwisea conflict wouldarise.
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that would have beenproducedduring the step.This rule definesa commit, sinceit
synchronizeslocal commits,asthefollowing resultshows.

Proposition11. If Γ � Tü � B� such thatco� Γ � andZProd � Γ � � ZCons� Γ � , thenfor any
e ��Ñ t � Θ A � Γ wehavethat t doesnot produceanyzero token.

Note the analogybetweenthe ‘commit’ rule that takesa setof concurrentevents
andthe ‘unfolding’ rule that takesa setof concurrenttokens:This is to someextent
relatedto our view of ZS netsasa formalismfor expressingtransitionsynchronization
ratherthatjust tokensynchronization.

The resultingalgorithmis asmuchdistributedas the classicalonewhenapplied
to the abstractnet of B. In fact all the useful relationsaredefinedby just looking at
thehistoryof theelementsin thepremises,which, undertheatomicityassumptionre-
duceto thestablepresetof theabstractstep.To improveefficiency, thesetsZProd � e� ,
ZCons� e� , SProd � e� andSCons� e� couldbealsoencodedin e moredirectly, although
they canbeeasilycalculatedfrom thehistorycomponent.Themainresultcanbefor-
mulatedasthefollowing theorem.

Theorem7. ó*� B � u� � � v ! u � B v  .
Sincetheunfoldingencodestheproof of thetransactionstep(via thehistorycom-

ponents),it is possibleto usethesameschemefor computingtheabstractnet(whatever
philosophyis preferred).However, for doingthis efficiently, we mustbeableto recog-
nize isomorphicprocesses.For example,notethat given a certaincomputedprocess,
any renamingof thestabletokensin theinitial marking(i.e.,any permutationof tokens
in thesameplace)yieldsadifferentbut isomorphicprocessthatis alsocalculatedduring
theunfolding.To solve this problem,we caneithertry to avoid having severalisomor-
phicprocessesin theunfoldingby somecleverconstruction,or checkatcommit-timeif
thefreshlycomputedtransactionis isomorphicto sometransactionalreadycomputed.

Sincea ZS net B can containcycles that producean unboundednumberof zero
tokens,the unfolding canbecomeinfinite. So an importantquestionconcernsthe de-
cidability of ó*� B � u� . In aprivatecommunicationto theauthors[20], NadiaBusiproved
thatsuchsetis indeeddecidable.Roughlyspeakingtheideais to simulatethebehaviors
of B by a PT netwith exactlyoneinhibitor arc,7 for which thereachabilityproblemhas
beensolvedin [42]. Theset ó*� B � u� is recursively enumeratedby theinferencesystem,
andif it is infinite we cannotdoany improvement.But when ó*� B � u� is finite, it would
bedesirableto find someconditionfor haltingtheexecutionof thealgorithm,thatother-
wisecouldcontinuecomputingtransactionsegmentsthatcannotbecompleted.Finding
somegeneralconditionfor haltingtheunfoldingof ZS is anopenproblemthatwe leave
for futureinvestigations.

7 Netswith inhibitor arcs,alsocalledwith negative arcs,have beenintroducedin [1,2] for mod-
elingsystemswherethepresenceof certainresourcescaninhibit thefiring of sometransitions.
We recall that thereachabilityproblemis undecidablefor theclassof netswith two or more
inhibitor arcs.
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5 Zero-safenetsand readarcs

We now show how to extendthe zero-safenet paradigmwith readarcs,in the style
of contextual nets[36]. The idea is to model transitionsthat can readcertaintokens
without consumingthem,so that multiple readingson the sametoken cantake place
concurrently(usingordinaryPT nets,thenaivewayof modelingreadingsvia self-loops8

is not appropriatebecausetheaccessesto readtokensaresequentialized).

5.1 Contextual nets

Definition 32. A marked contextual net (c-net) is a tuple ý)��� S� T � F ��þ<� uin � , where
Nÿm��� S� T � F � uin � is theunderlyingPT netand þ :S � T �-+ is thecontext relation.

We denoteby ctx � t � the multiset of placesdefinedby ctx � t � � a� �^þ�� a � t � for all
a � Sandby � u� theunderlyingsetof placesof amultisetu (i.e., � u�<� � a ! u � a��� 0  ).
Informally, theminimumamountof resourcesthatatransitiont requiresto beenabledis
pre� t �28 � ctx � t � � : Thetokensin pre� t � arefetched,while thosein � ctx � t � � arejust read,
andothertransitionscanaccessthem,concurrentlywith t. Theminimumrequirement
involves � ctx � t � � andnot ctx � t � becausethe sametoken canbe readmorethanonce.
However, t can also readdifferent tokensfrom the sameplace,up to the maximum
establishedby ctx � t � . For t � T with pre� t � � u, post� t � � v andctx � t � � w, we write
t:u

wB � v. In thefollowing,weshalloverloadthesymbol � to denotemultisetinclusion.

Definition 33. Let u and v be markingsof a c-net ý and let X be a finite multisetof
transitionsof ý . WesaythatX is enabledat u if � 5 t 6 T ctx � t � � 8 5 t 6 T X � t �CE pre� t ��� u.
Moreover, wesaythatu evolvesto vvia X, writtenu �X A v if X is enabledat u andu �X A v
is a stepof theunderlyingPT netNÿ .

Notethatif u hasenoughtokensto satisfyalsothe‘context’ of X, thenv is obtained
from u by removing

5
t 6 T X � t �µE pre� t � andthenadding

5
t 6 T X � t �&E post� t � . The step

relationcanbeequivalentlydefinedby the inferencerulesin Table13, that carryalso
informationaboutthe context usedin the step.The meaningof u

w�(0 ÿ v is that from
themarkingu thereis a stepthat leadsto v readingw — notethattheremustexist two
markingsu1 andv1 suchthat u � u1 8 w andv � v1 8 w. Idle tokensareseenaspart
of thecontext of a step.Transitionsyield basicsteps,whereonly theminimal context
is required.Whenbuilding larger steps,any part of the contexts of the two substeps

canbe shared.For example,from w
w��0 ÿ w andfrom the stepu 8 � w��� w���0 ÿ v 8 � w�

associatedto t:u
wB � v, we obtainu 8 w

w��0 ÿ v 8 w, because� w� � w, andtherefore
� w� canbeshared.

For sequentialcompositionof stepswehaveseveralalternatives:(1) to forgetabout
all the informationon context; (2) to arbitrarily forgetaboutpartof thecontext; (3) to
definethecontext of thecomposedsequencein acanonicalway.

Thethreecasesareillustratedin Table14,whereu � v denotesthemultisetof places
suchthat � u � v� � a� � min � u � a� � v � a��� , for all a � S. In particular, thethird setof rules
8 Given a net N, a self-loop consistsof two arcs p a K t q�K;p t K aq"G FN for a placea G SN and a

transitiont G TN.



36 RobertoBruni andUgo Montanari

identities generators parallel composition

u G SH
u

us I ÿ u

t:u
wÎ J v G T

u N�� w	�
 w�s I ÿ v N�� w	 u1 N w
w1 H ws I ÿ v1 N wK u2 N w

w2 H ws I ÿ v2 N w

u1 N u2 N w
w1 H w2 H ws I ÿ v1 N v2 N w

Table 13.Theinferencerulesfor s I ÿ .

basicstep sequentialcomposition

(1)
u

ws I ÿ v

u s I O ÿ v

u s IPOÿ vK v
ws I ÿ vL

u s I O ÿ vL
(2)

u
w1 H ws I ÿ v

u
ws I O ÿ v

u
ws I O ÿ vK v

w1 H ws I ÿ vL
u

ws I O ÿ vL
(3)

u
ws I ÿ v

u
ws I O ÿ v

u1
w1s I O ÿ v1 K v1

w2s I ÿ v2 K w s w1  w2

u1
ws I O ÿ v2

Table 14.Threesetsof inferencerulesfor s I O ÿ .

keepstrack of the maximalpossiblecontext of a sequence.The threedefinitionslead
to thesamesetof reachablemarkings.Though(2) and(3) aresimilar, in principlethe
former is moreappropriatefor the ITph (becausethesharedcontext is not necessarily
the maximal one), while the latter can deal well with the CTph (cf. the ‘maximum
sharinghypothesis’of [18,19]).

In a way analogousto PT nets,stepsequencesfor c-netscanbe consideredup to
diamondtransformation,originatingcommutativecontextualprocesses.Instead,for ac-
commodatingcausaldependencies,(causal)contextualprocessesareintroduced.

Definition 34. A deterministicoccurrencec-net is a finite, acyclic (w.r.t. the preorder
in which t precedest � if eitherpost� t �C� � pre� t � �C� ctx � t � ��� #�9� or ctx � t �C� pre� t � � #�9� )
c-net � such that: (1) for all t � T, pre� t � andpost� t � are sets(not multisets)and (2)
for all t0 #� t1 � T, pre� t0 �C� pre� t1 � � post� t0 �C� post� t1 � ��� .

The dependenciesbetweenevents in an occurrencec-net can be of two kinds:
‘causal’ and ‘temporal.’ When post� t �F� � pre� t � �F� ctx � t � ��� #�f� , then t causest � , be-
causet producesa token that is necessaryfor enablingt � . Whenctx � t �h� pre� t � � #��� ,
thent cannothappenaftert � , becauset � consumes(partof) thecontext neededby t and
sincewe aredescribinga deterministiccomputationwhereboth t andt � mustfire, we
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have that t temporallyprecedest � . In [4,3] it is shown that thesetwo notionsarepre-
ciselycharacterizedby a causaldependency relation � anda relation � calledasym-
metricconflict. The former is the transitive closureof the relation á definedby: (i) if
s � pre� t � , thens á t; (ii) if s � post� t � , then t á s; and(iii) if post� t �F� ctx � t � � #��� ,
thent á t � . Theasymmetricconflict relationis theunionof thecausaldependency re-
lation togetherwith thestrict asymmetricconflict relation � definedby letting t � t �
if ctx � t ��� pre� t � � #��� or t #� t �UW pre� t ��� pre� t � � #��� . Theconflict relation# is then
inducedby � and ? (thereflexiveclosureof � ) via therulesbelow:

t0 � t1 � ÍVÍ�Í � tn � t0

#� t0 K t1 K�ÍVÍ�Í�K tn � # p A �U� t �eq t � t L
# p A �U� t L �iq

whereA is a finite setof transitions.
Notethat# relatesfinite setsof transitionsandnot justpairsof transitions.However,

whenreadarcsarenotpresent,then# is just theclosureundersetunionof theordinary
binaryconflict relationof PT nets.It followsthatfor eachdeterministicoccurrencec-net
� therelation ��� is acyclic andthusthenet is conflict free.Thelastrelationwe shall
introduceregardsplaceconcurrency. A setU of placesis called concurrent,written
co� U � , if: (1) for any a � a� � U , it is not thecasethata � a� ; and(2) � is acyclic when
restrictedto the set �)� U � ��ö a 6 U �)� a� , where �$� x� � � t � T ! t ? x  is the setof
ancestorsof x.

Definition 35. A contextualprocess(c-process) � for a c-net ý consistsof a determin-
istic occurrencec-net � togetherwith a pair of functionsf � :T� � Tÿ andg� :S� � Sÿ
that respectsources,targetsandcontextsof transitions.

5.2 Zero-safecontextualnets

Wenow mergethefeaturesof ZS netswith thatof c-nets,by allowing thecombineduse
of zeroplacesandreadarcsin ourmodels.

Definition 36 (ZS c-net). A ZS c-net is a tuple �P�^� S� T � F � C � Z � uin � such that ý����� S� T � F � C � uin � is a c-netand � S� T � F � Z � uin � is a ZS net.

Note that zeroplacescanbe usedascontext, becauseZ � S. In defining the dy-
namicsof ZS c-nets,we canfollow two mainalternatives.Thecrucialpoint is whether
to forbid or not thata stabletokenis read(possiblymany times)andthenalsofetched
duringthesametransaction.While therulesunderlying andcommit areidenticalfor
bothalternatives(seeTable15), thedifferencebetweenthetwo is expressedby therule
for sequentialcomposition.For simplicity, on zerotokensweconsiderthesteprelation
that forgetsaboutthe informationon contexts, asit is equivalentto theotherpossible
choicesfrom the‘reachability’ point of view.

In orderto allow consumptionof previously readstabletokensin thesametransac-
tion, weneedthecomplex rule below:

p φ q : p u1 N w1 N wK xq w1 H w� � p v1 N w1 N wK yq�Kµp u2 N w1 N wK yq w� � p v2 N wK yL3q
p u1 N u2 N w1 N wK xq w� � p v1 N v2 N wK yL q Í
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underlying commit

u N x
wH zs I ÿ�� v N yK u K vK w G L HZK x K yK z G Z Hp u K xq w� � p vK yq p u K 0q w� � p vK 0q

u
w� � v

Table 15.Thetwo commoninferencerulesfor � � .

The idea is that the secondstepcanconsumethe tokensin w1 that the first step
reads.Thecontext w is insteadsharedbetweenthetwo steps.

For not allowing consumptionof previously readstabletokensin thesametransac-
tion, it sufficesto introducethesimplerrule

p ψ q p u1 N wK xq w� � p v1 N wK yq�Kµp u2 N wK yq w� � p v2 N wK yL3qp u1 N u2 N wK xq w� � p v1 N v2 N wK yL q Í
Therulesequentializesonzerotokens,while composingin parallelonstabletokens

(sharingthe whole context w of the two substeps).We recall that w cancontainidle

tokens,andtherefore,given any two steps � u1 � x� w1 7 w� � � v1 � y� and � u2 � y� w2 7 w� � � v2 � y� �
wecanalways‘complement’suchstepswith markingsw2 andw1 respectively, to obtain� u1 8 w2 � x� w1 7 w2 7 w� � � v1 8 w2 � y� and � u2 8 w1 � y� w1 7 w2 7 w� � � v2 8 w1 � y� � , sothattherule
for horizontalcompositioncanbeapplied.

To distinguishbetweenthetwo interpretations,wewrite eitheru
w� � ~ φ vor u

w� � ~ ψ v,

dependingon which rule amongφ andψ is considered.Of courseu
w� � ~ψ v implies

u
w� � ~ φ v but notvice versa.
Thoughthe operationalandabstractsemanticscanbe definedeitheraccordingto

the CTph or to the ITph, we preferto follow the latter interpretationonly: in this way
it is possibleto distinguishthe placesthat areusedascontext during the transaction
and the abstractcounterpartis still a c-net,whereasthe CTph might introducesome
confusion.

For the ITph the transactionscorrespondto full and connecteddeterministicc-
processesof theunderlyingc-netsuchthat the originsanddestinationsarestableand
the evolution placesare zero places.Thus, the context of a transactionis the set of
placesthatarebothminimal andmaximal(transactionsdo not containisolatedplaces
but cancontainplacesthataresimply read).Theabstractnetassociatedto a ZS c-net �
is a c-netthathasthestableplacesof � asplaces,the transactionsof � astransitions
with preset,postsetandcontext definedin theobviousway(if weallow to first readand
thenconsumea stabletokenin thesametransaction,thenthetokenis put in thepreset
of thecorrespondingabstracttransition,not in thecontext).
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Figure17.TheZS c-netCMSfor multicasting.
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Figure18.Theabstractc-netfor themulticastingsystemCMS.

Example11 (Multicastingrevisited).To illustratetheuseof readarcsin thezero-safe
framework, we show animprovedspecificationof themulticastingsystem.Let uscon-
sider the ZS c-netCMS in Figure 17 (as usual,readarcsare depictedas undirected
lines).The ideais that copying canbe avoided,asall receiverscansimply ‘read’ the
samecopy. Thus,a firing of t1 opensthe sessionproducingthe messagein the buffer
z, thenmany receiverscanconcurrentlyreadthe informationby firing t3 andthenthe
sessionis closedby a firing of t2 that removesthemessagefrom thebuffer. Of course,
many multicastingsessionscantakeplaceconcurrently. At theabstractlevel thesystem
is thenrepresentedby the c-net in Figure18. Thoughthis time alsothe emptytrans-
missionτ1 is possible,theanalogywith theabstractnetAMS of themulticastingsystem
presentedin Section2 is evident(τi representstheone-to-� i B 1� transmission).

5.3 A distrib uted contextual interpreter

We concludeby showing that theinterpreterof Section4 canbemodifiedto dealwith
contexts by consideringtheunfoldingof ZS netsproposedin [4]. As a matterof nota-

tion, we write t: � u � x� � v~ y�B �ª� u�d� x� � for a transitiont with presetu 8 x, context v 8 y and
postsetu� 8 x� , with u � v� u� � � S � Z � 7 andx � y� x� � Z 7 . Therulesfor dealingwith the
casewherestabletokenscanbe first readandthenalsoconsumedin the sametrans-
actionare illustratedin Table16. Note that, to storethe context accessed,eventsare
encodedastriplesratherthanascouples.
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u ® āiã n y 1 ä k ä nå
a y k y o�æ|ç Sègé � ê

t: ® u y x̄ é v! yê" ë ® wy©ì j í J nj zj ¯ ç T� y Θ ã¡î å si y ki y Hi æ Û i ç I ïCð Sègé � ê y Φ ã î å szi y kzi y H zi æ Û i ç I z ï2ð Sècé � ê y
co® Θ # Φ ¯�y Θ $ Φ ã o y u H x ã�ì i í I si y 
 v H y�«ð�ì i í I z szi ð v H y

e ã å t y Θ y Φ æ]ç Tègé � ê y ϒ ã�î å zj y myñî eï æ Û j ç J y 1 ä m ä nj ï¿ð Sègé � ê y pre® ē¥ã Θ y post® ē¥ã ϒ y ctx ® ē¥ã Φ

u ç.ô φ
® � y ū Γ ð Tècé � ê y&%�'Vé Γ ê is acyclic y)( Γ ã o y ZProd ® Γ ¯¥ã ZCons® Γ ¯

u õ SCons® Γ ¯ H SProd ® Γ ¯ ç.ô φ
® � y ū

Table 16.Theunfolding òÓp+*.q with commitaccordingto (φ).

Themaindifferencesw.r.t. theinterpreterof Section4 concernthefiring ruleandthe
commitrule. In fact,heretheexecutionof a transitionhasto keeptrackof thecontext,
differentiatingit from the fetchedtokens.For this purpose,we have suppliedthe set
Φ. Note that we do not recordmultiplicities of readings,asthey arenot importantto
establishthecorrectnessof a transaction;hencewe just checkthatthecontext contains
enoughtokens(morethan � v 8 y� ), but lessthanthemaximumallowed(v 8 y). However,
if oneis interestedin computingtheassociatedprocesses,thenalsomultiplicitiesshould
beconsidered:They shouldbeassignedto thes�i soasto exactlymatchv 8 y. Of course,
for thetransitionto fire, boththecontext andthepresetmustbeconcurrentlyavailable
anddisjoint.Whenthepremisesaresatisfied,thentheevente andthezeroplacesin ϒ
areinsertedin theunfolding.For thecommit,we cannotjust assumethattransitionsin
Γ areconcurrent,asthefollowing exampledemonstrates.

Example12. Let us considerthe ZS c-net in Figure 19 (reminiscentof CMS in Fig-
ure 17). Therearetwo admissibletransactions:The first is givenby a firing of t1 fol-
lowedby afiring of t2 thatconsumesthetokenproducedin zby t1. Thesecondconsists
of a firing of t1, followedby a firing of t3 thatreadsthetokenin z, andthenby a firing
of t2. Theunfoldingprogressively introducesthefollowing tokensandevents:

– s1 ��Ñ a � 1 �;�ÓA , s2 ��Ñ a � 2 �;�ÓA ;
– e1 ��Ñ t1 � � s1 2���ÓA , z1 ��Ñ z� 1 � � e1 gA ;
– e2 ��Ñ t1 � � s2 2���ÓA , z2 ��Ñ z� 1 � � e2 gA ;
– e3 ��Ñ t3 � � s1 2� � z2 MA ande4 ��Ñ t3 � � s2 ¿� � z1 gA (notethat,e.g., Ñ t3 � � s1 2� � z1 MA cannot

beintroducedbecauses1 � z1);
– e5 ��Ñ t2 � � z1 2���ÓA ande6 ��Ñ t2 � � z2 ¿�;�ÓA .

If we requirethat the commit is given by concurrenttransitionsonly, then the only
admissibleΓ are

�
e5  , � e6  and

�
e5 � e6  . From thesesetswe cannotderive any in-

formationabouttheoccurrenceof e3 ande4. However, thereareasymmetricconflicts
betweene3 ande6 andbetweene4 ande5, andthereforetheseeventsarenotcompletely
unrelated.So the questionis, e.g.,‘how canwe distinguishbetweenthe deterministic
c-processthat involvese1 ande5 only from theonethat involvesalsoe4?’ Our answer
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u ç.ô ψ
® � y ū Γ ð Tègé � ê y&%�'Vé Γ ê acyclic y)( Γ ã o y ZProd® Γ ¯¥ã ZCons® Γ ¯by Spre® Γ ¯,$ Sctx® Γ ¯¥ã o

u õ SCons® Γ ¯ H SProd ® Γ ¯ ç.ô ψ
® � y ū

Table17.Thecommitof theunfoldingaccordingto (ψ).

amountsto takeΓ asconsistingof ‘compatible’(but not necessarilyconcurrent)events
thatarenot causallydependent.This is expressedby requiringtheasymmetricconflict
relationto beacyclic (whenrestrictedto theancestorsof eventsin Γ) andtheintersec-
tionbetween� andΓ � Γ tobeempty. Undertheseassumptions,thecommitcanhappen
underany of thefollowing Γ: Γ1 � � e5  , Γ2 � � e6  , Γ3 � � e3 � e6  , Γ4 � � e4 � e5  , and
Γ5 � � e5 � e6  .

Sincestablecontexts are left unchangedby the transaction,then the marking in-
sertedafter thecommit just computesthe tokensconsumedandthoseproduced.Note
thatall conditionscanbeverified‘locally’, justby lookingat theencodedhistoryof the
chosenpremises(Θ andΦ for thefiring rule andΓ for thecommitrule). It might hap-
penthatastabletokenis first readandalsoconsumedbeforetheendof thetransaction;
this makesclearthedifferencebetweenreadarcsandself-loops,asin thesecondcase
thestabletokencannotbereusedin thesametransaction.It canbeverifiedthatthesetó φ �-�½� u� computedin this way is exactly thesetof markingsthatarereachablein one
stepfrom u.

Theorem8. ó φ �,�½� u� � � v ! u w� � ~ φ v  .
The obviousalternative is to forbid stabletokensto be readandconsumedin the

sametransaction,accordingto therule � ψ � . In thiscase,therulesfor computingó φ �-�½� u�
mustbe changedasshown in Table17, whereSpre� � andSctx� � arethe pointwise
extensionsof thefunctions:

Spre� e� def�°ö'÷ t ~Θ ~Φ ø�ù e
� Ñ a � k � H A � Θ ! a � L � ¿�

Sctx� e� def�°ö'÷ t ~Θ ~Φ ø�ù e
� Ñ a � k � H A � Φ ! a � L � ¿�
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Figure20.Operationalandabstractsemanticsof zero-safenets.

NotethatSpre� � andSctx� � returnsetsof stableplacesin theunfolding,andwehave
SCons� e� � 5 ÷ a ~ k ~H ø 6 Spre� e� a.

Theorem9. ó ψ �,�½� u� � � v ! u w� � ~ψ v  .
Sincebothinterpretersarebasedonthesameunfoldingnet

ß �,� � , it is evidentfrom
thetwo differentcommitrulesthat ó ψ �-�½� u�Z� ó φ �,�½� u� , as ó ψ �-�½� u� hasanadditional
premise.

Conclusions

We have proposedtheframework of zero-safenetsasa basisfor modelingandimple-
mentingdistributedtransactions.In fact, ZS netscanprovide both the refinedview of
thesystemswhereactionshavefiner grainandanabstractview wheretransactionsare
seenjustastransitionsof anordinaryPT net.Workingat thelevel of ZS netsallowsone
to keepsmallerthesizeof thesystemdescription(for exampletheabstractnetcanhave
aninfinite numberof transitionsalsowhentherefinednetis finite).

After surveying the operationalandabstractsemanticsof the framework, we have
shown how to encodemany featuresof concurrentsystems,ase.g.distributedchoice,
in a compositionalmannerandhow to combinezeroplaceswith readarcs.It is worth
remarkingthat theconstructionof transactionscanbedefined,in the languageof cat-
egory theory, asan adjunction,i.e., it is a freeconstructionandthuspreservesseveral
net compositionoperations(definedascolimits in the category of ZS nets).The con-
structionof the abstractnetdefinesa coreflection,whoseuniversalpropertiesconfirm
that it is theoptimalsuchconstruction.Theseconstructionscanbepursuedaccording
to either the CTph or the ITph. The two approachesyield the samesteprelationbut
differentabstractnets.Thecategoricalsemantics(summarizedby thefour adjunctions
in Figure20) recoverstheoperationalandabstractsemanticsof ZS nets,introducingan
algebraiccharacterizationof thewholeframework.

We have also illustrateda distributed interpreterfor computingon (ordinaryand
contextual) ZS nets.We want to remarkthat the resultingimplementationdoesnot vi-
olatethelocality assumptions,sinceit is completelyanalogousto thewidely accepted
implementationfor PT nets.This interpretersatisfactorilyanswersthequestionsformu-
latedat thebeginningof Section4: Backtrackingis not necessary, correctnessis given
by Theorem7, andcompletenessis ensuredby our inferencesystem.We areconfident
thatformalhaltingcriteriacanbefoundfor expressiveclassesof ZS nets.

As futurework, we planto extendtheconceptof ‘zero place’ to othernetflavours,
ase.g.,colouredandtimednets,netswith inhibitor arcs,andprobabilisticnets.In fact
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weconjecturethatourbasicmechanismfor expressing‘transitionsynchronization’can
behelpful alsoin theserichermodelsfor a compositionalmodelingof systemsandfor
describingexecutionprotocols.Anotherongoingline of researchconcernsthestudyof
hierarchicalZS nets,whereonecanhavedifferentlevelsof abstraction.Finally, it would
beinterestingto applycontextual ZS netsto themodelingandstudyof serializabilityin
transactionsystems,in a way which is somehow analogousto the researchconducted
in [44,21].
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