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Abstract. We present an algebra for graphs with nesting and restriction
features as a handy linear syntax for denoting a class of hierarchical
graphs. We discuss how such graphs can be encoded into term graphs,
showing that through this translation we can borrow definitions and
results from the established theory of term graph rewriting.

The use of graphs or diagrams of various kinds is pervasive in Computer Science,
as they come handy for describing in a two-dimensional space either the logical or
the topological structure of systems, models, states, behaviours, computations,
and other entities of interest; examples include the graphical presentation of
entity-relationship diagrams, of finite state automata, of static and behavioural
UML diagrams, of computational formalisms like Petri nets, and so on.

The advantage of using graphs or diagrams, rather than a linear syntax based
on terms or strings, lies in the fact that graphs can easily convey the attention
to relevant topological features of the systems or models they describe, such
as nesting, hierarchies, sharing of structures, communication capabilities, causal
dependencies, and pointers or links, making these features easily understandable
also to non-specialists. In several cases graphs provide a representation of models
or systems at the “right” level of abstraction: often a single graph corresponds to
an equivalence class of terms, up to an axiomatic specification equating systems
considered as topologically indistinguishable. For example, the order in which the
states or the transitions of an automaton are listed is inessential. Furthermore, as
drawings are usually understood “up to isomorphism”, if the concrete identities
of certain syntactical entities are irrelevant (for example, the name of the states
of a finite automaton; or the name of bound variables), it is sufficient to avoid
depicting them in the drawing (a state is uniquely identified by the graphical
components it is represented by; a bound variable is represented by an unlabeled
node and the references to it with edges, making α-conversion unnecessary).

Unfortunately, though, graphical representations are much more difficult to
handle and to analyse than linear ones. In general, a graphical model needs to
be encoded into a linear syntax, in order to exploit tools like theorem provers
or model checkers to verify certain properties on it. Clearly, the set-theoretical
presentation of a graph, made of a tuple including the sets of nodes and of edges
and various functions involving them (connection, labeling, . . . ), does provide
a linear syntax, but it is very hard to parse and manipulate for human beings.
A much handier syntax can be defined by introducing an equational signature,



whose operator symbols are interpreted as operations on graphs and where the
axioms formalise suitable properties of such operators: then the terms of the
initial algebra can be interpreted as graphs and manipulated algebraically.

In recent works [3, 5, 4] we explored graphical notations that treat as first-
class citizens the sharing of possibly bound names, as well as the nesting of
structures, a feature that emerges as a recurrent pattern in the conceptual mod-
eling of systems. We introduced a class of hierarchical graphs and a correspond-
ing equational algebra, that we proved to be sound and complete. The algebra
for hierarchical graphs has been used to encode several process calculi featur-
ing sophisticated notions of nesting and restriction (including π-calculus [13],
Sagas [6], and CaSPiS [1], among others). However, a proper definition of con-
current rewriting over this algebra is still missing. The recent theory of rewriting
in adhesive categories [11, 12], which lifts the realm of graph transformation to
more general structures, cannot be applied here, as adhesivity fails for graphs
with nesting. Other models of hierarchical graph transformation (as those pro-
posed in [7, 10, 14]) are also not directly applicable, because of evident differences
in the graphical models. Instead of defining a notion of rewriting over graphs with
nesting from scratch, we propose to exploit a faithful encoding of such graphs to
term graphs, as illustrated in [2] by exploiting an already known axiomatization
of them [9]. In fact, term graph rewriting [15] is an established research field with
a well-understood theory, and through this encoding we expect to borrow not
only an adequate definion of rewriting for our hierarchical graphs, but possibly
also results concerning termination, confluence, concurrency, as well as power-
ful analysis techiques. All the concepts will be illustrated by showing how the
Calculus of Mobile Ambient [8] can be conveniently encoded into our framework.
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