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Abstract. The concurrent constraint pi-calculus (cc-pi-calculus3 been intro-
duced as a model for concluding Service Level Agreements.cERpi calculus
combines the synchronous communication paradigm of psocasuli with the
constraint handling mechanism of concurrent constraiogy@mming. While in
the original presentation of the calculus a reduction se¢ite@has been proposed,
in this work we investigate the abstract semantics of ca-@igsses. First, we de-
fine a labelled transition system of the calculus and a natfapen bisimilarity
a lapi-calculus that is proved to be a congruence. Next, we gaygabolic char-
acterisation of bisimulation and we prove that the two sdiosgoincide. Essen-
tially, two processes are open bisimilar if they have theesatares of constraints
- this can be statically checked - and if their moves can baialiytsimulated. A
key idea of the symbolic transition system is to have ‘contak labels, i.e. la-
bels specifying that a process can evolve only in presencertdin constraints.
Finally, we show that the polyadic Explicit Fusions calailotroduced by Gard-
ner and Wischik can be translated into monadic cc-pi andghelt a transition
preserves open bisimilarity. The mapping exploits fusiand tuple unifications
as constraints.

1 Introduction

Service Oriented Computing is an emerging paradigm thatd®uwipon the notion of
services as interoperable elements that can be describelished, searched and com-
posed. Services may expose both functional propertiesvihat they do) and non-
functional properties (i.e. the way they are supplied). A/®e Level Agreement (SLA)
is a contract between two parties, usually a service proadé a customer, that records
non-functional properties about a service like perforneaawailability, and cost.

The concurrent constraint pi-calculus (cc-pi calculug)i$sa model of SLA ne-
gotiations that combines two main programming paradigmmexpassing calculi (see
e.g. [9]) and concurrent constraint programming [14, 13). tBe one side, cc-pi in-
herits from the Pi-F calculus [16] a symmetric, synchronmeshanism of interaction
between senders and receivers, where the sent name is’‘{useddentified) to the
received name and su@xplicit fusionallows to use interchangeably the two names.
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On the other side, cc-pi generalises explicit fusions torbérary constraints and intro-
duces primitives for creating, removing and making logacks on constraints. For
instance, a cc-pi procefs= c|tell ¢'.Q can place a constraiet corresponding to a
certain SLA parameter and then evolve to the parallel coitippof c® ¢ andQ, if
c®C is consistentA processP = c|ask ¢’.Q makes a transition tQ if the constraint
¢ is entailedby c. As another example, a procé3s- (x=vav=Y)|X(2).P’|y(w).Q/,
with X(z) an output actiony(w) an input action andx = v® v =y) a combination
of constraints, can make a synchronisation because théfidation of the names
andy is entailed by the constraints in parallel. Moreover, sutimgeraction yields the
name fusiorz = w, which is consistent with the other constraints. In fact,oas think
about this synchronisation as a simultaneous executiom akR X = y action and a
tell z= w action. From this viewpoint, cc-pi calculus combines ptiveis borrowed
from different paradigms in a coherent way. Another featifréhe cc-pi calculus is to
include a restriction operatiofx) a la pi-calculus that allows for local stores of con-
straints. Synchronisations may have the effect of compitaoal stores of interacting
processes into a global store.

The constraint systems adopted in cc-pi relynamed c-semirings.e. c-semirings
[3] enriched with a notion oBupportto express the relevant names of a constraint.
These structures can specify networks of constraints fiimidg constraint satisfaction
problems and to model fuzzy or probabilistic values, as a®MHerbrand unifications.

A main contribution of this work is to characterise cc-pi pesses that have the
same behaviours. Not surprisingly, as a notion of behawiogquivalence we take
bisimulation which is a key idea in the context of process calculi. Roygio pro-
cesses are bisimilar if they are able to match each othengma@\ desirable property
of behavioural equivalences is that two processes are @&guivin all contexts. Indeed,
this feature allows for compositional reasoning about demimteractive systems. Nev-
ertheless, the universal quantification over all contexakes this definition of a little
use in practice. Open bisimulation [12] has been introdumedhe pi-calculus as a
behavioural equivalence that has a coinductive definitrmhia guaranteed to be a con-
gruence. In fact, the term ‘open’ is meant to emphasise théii$ bisimulation names
can be identified at any time and, so, the relation is pregdsyename substitutions.

In this paper we show that open bisimulation naturally tfarssto cc-pi processes
and it is still a congruence. In our setting, constraintsing in parallel with a process
have an effect on the names of that process as they can alldigailow transitions.
Hence, the parallel contexts consisting of constraintsardiscriminating as arbitrary
contexts and the natural adaptation of open bisimilaritgagi is to replace substitu-
tions with constraints in parallel. For instance, the pssg&z).0|y(w).0 that tries to
synchronise on channels with different names and the imedgs<0 are not bisimilar
since, in the context = y|_, the first one can make a move while the second one is
stuck. Beside the dynamic behaviour of processes, themrepen bisimilarity takes
into account the knowledge exposed by a process to its emaeat, that is expressed
by the store of constraints of the process. This notion rdmthe definition oftatic
equivalencehat has been defined for the applied pi-calculus [1] andriegaises to
constraints a similar concept used for open bisimulatioRiif [15]. Note that check-
ing whether two processes have the same static behaviobegagrformed at compile-



time. As an example, consider the processésand0. They are both inert but, in the
contextask c|_, the first process can make a transition while the second amsot.

Checking open bisimilarity is hard since it involves a unsz quantification over
constraints. We provide an efficient version of open bisatiah and we prove that
the two notions coincide. The main idea behgynbolic bisimulation§8, 4, 12] is to
define specialised transition systems, whose labels seeiiminimum conditions that
must hold in order for a transition to take place. We adagtd¢bncept to our framework
by defining a transition system whose labels representdastlrestrictive’ constraints
that allow process moves. We exploit the division operater @-semiring values [2],
which is well defined under mild assumptions. According te sgmbolic semantics,
e.g., the process|ask d.0 can make a transition labelled by a constraint d +c,
which is the weakest constraint such that the combination’ entailsd.

The results of this work generalise to constraints analegotievements proved for
the Pi-F calculus [15]. To highlight this connection, wanskate polyadic Pi-F calculus
into monadic cc-pi and we prove that such a translation Ig Abstract with respect to
open bisimulation. This amounts to say that open bisintjlawer the instance of cc-
pi corresponding to Pi-F coincides with the analogous eajaice over Pi-F processes.
Note that the encoding of polyadicity exploits the fact thame tuples can be expressed
as Herbrand constraints and that tuple matching corresptortérm unification.

Diaz Friaset al.[6] introduce the pf-calculus, an extension of the pi-calculus with
constraint agents that can perforet | andask actions, and they define a barbed bisim-
ulation for the calculus. In contrast to our model, the craist systems are first-order
theories rather than algebraic structures and they do mpgostilocal stores. Gilbert
and Palamidessi [7] address the interplay between mohitityconstraints. Unlike our
approach, they enrich concurrent constraint programmitig thre notion of localities
and process migration rather than adding a channel-basechanication mechanism
a la pi-calculus.

2 Named constraints

Let A be an infinite, countable set omesand letx,y,z... range over names. We
define(name) fusionsas total equivalence relations 8¢ with only finitely many non-
singular equivalence classes. Byy we denote the fusion with a unique non-singular
equivalence class containingandy. bA substitutionis a functionc : AL — A. We
denote byjy/x] the substitution that mapdntoy. A permutatiorp is a bijective substi-
tution. Thekernel K(p) of a permutatiom is the set of names that are changegb
permutation algebra As defined by a carrier set and by a function defining how states
are transformed by the finite-kernel permutations. In osegacharacterises the set of
‘relevant’ names of each elemenof the c-semiring as the suppatipp(c) in A.

We now recall basic concepts about semirings and c-sersiri\g refer to [11,
3, 2] for a more detailed treatment. @mmutative semiring a tuple(A, &, ®,0,1)
such that: (lAisasetand A € A, and®,® : Ax A — A are binary operators mak-
ing the triples(A, ®,1) and(A, ®,0) commutative monoids (semigroups with identity),
satisfying the following axioms.

a®(bdc)=(a®b)® (a®c) Vab,ce A a®0=0VvacA



A constraint semiring (c-semiringA, @, ®,0,1) is a commutative semiring such that
@ is idempotent and such that> 1 =1 for alla € A (i.e. with top element). Typical ex-
amples are the c-semiring for classical constraint satisfa problems
({False, True}, V, A, False, True), the c-semiring for fuzzy constraint satisfaction prob-
lems([0, 1], max, min, 0, 1), and the c-semiring of weighted constraint satisfactiabpr
lems(R* U {4 o}, min,+, +,0). Note that the Cartesian product of two c-semirings
is a c-semiring, hence this framework is also suited to mou#ticriteria optimization.

Commutative semirings with top element are also known iditbeature asabsorp-
tive. Absorptiveness implies that the sum operator is idempoBamirings that satisfy
this last property are often calld@tbpical. Hence, c-semirings are tropical semirings
with top element. Next, we briefly overview some classicdlons and results on ab-
sorptive and tropical semirings that we rephrase for c-segs.

Let < be a relation oveA such thab <biff a® b= b. This relation gives us a way
to compare semiring values and constraints. Assume a aisgnil = (A, ®,®,0,1).
Then: (i) < is a partial order; (ii}» and® are monotone or; (iii) a® b=<a,b, for all
a,b; (iv) 0 is its minimum and 1 its maximum; and (v) for @lb € A, a@ bis the least
upper bound o& andb. Moreover, if® is idempotenta® b is the greatest lower bound
of aandb. C is invertible if there exists an elemermtc A such thath® c = a for all
elements, b € A such thata<b; C is completdf it is closed with respect to infinite
sums, and the distributivity law holds also for an infinitemher of summands. It can
be proved that ifC is complete then the sk € A|b® x=<a} admits a maximum for
all elementsa, b € A, denoteda -+ b. Note that the idempotency @ implies that the
invertibility property holds. However, for the purpose bis paper, we simply require
invertibility and completeness while not imposing idergraty of®.

2.1 Named c-semirings

A named c-semiring is a complete and invertible c-semiringcked with a notion
of name fusions, a permutation algel#aand a hiding operatorv.) that makes a
namex local inc. Note that in certain named c-semirings the hiding opeiaorcides
with the homologous operatax defined incc programming. Formally, aamed c-
semiringC = (C,9,®,VX.,p,0,1) is a tuple where: (ix=y € C for all x andy in A/;
(i) (C,®,®,0,1) is a complete and invertible c-semiring; (i{i}, p) is a finite-support
permutation algebra such that every permutagiatistributes over and® and is in-
active on 0 and 1 ; (iv¥/x, vx. : C — Cis a unary operation; (v) for at,d € C and
for all p the following axioms hold.

X=y®c = x=yQ[y/Xc p(vx.c) =vx.(pc)if x¢ K(p)
vx.1=1 VX.VY.C=VY.VX.C vX.c=Vy.[y/Xc ify¢supp(c)
vX. (c®d) =c®vx.d if x¢ supp(c) vXx.(cod)=copvx.d if x¢supp(c)

The top left axiom above accounts for combining fusions agnkgic elements of c-
semirings According to the top right axiom, the ordepandv can be changed Kis
not affected by. The remaining axioms rule how tieoperation interacts with the op-
erations of the c-semiring and they are inspired by the guais structural congruence
axioms for restriction in process calculi. Note that theisrobf supporsupp(c) asso-
ciated with permutation algebras recalls the concept & frames in process calculi.



GivenC = (A,®,®,p,VX.,0,1), a(named) constraint &s an element oA. ForC C A,
C is consistentf (®C) # 0; moreover, foc € A, C entails cif (C) <c.

Herbrand constraints A Herbrand constraint systerwan be defined by considering
a signature along with an equational theoryge on the term algebras () plus the
additional rules:

f(tl,...,tn)ZEf(ti,...,té) ) X=gt t1=pgto
(SUB-TERM) i=1....n (REPLACE

ti =g ti/ [t/X]tl =E [t/X]tz

and with the restrictions that£g t(x) and f(ty,...,tn) £ 9(t1,...,tm), wheret(x) is
any term different tham which containscand f # g. Axiom (sus-TERM) above allows
to reduce the unification of two terms to the unification ofitsab-terms provided that
the outer function symbols are the same. Axi¢marLacg) reduces the unification of
two terms containing a terinsuch that =g x to the unification of the terms witkin
place oft. The restrictions prevents from unifying, respectivelyagsiable with terms
containing that variable, and two terms containing a distiruter function symbols.

We let Cy be the tupleGy = (C,®,®,vx.,p,0,1) where: (i)C is the set of the
above-defined equational theories plus a bottom elemert) E; & E; = E; N Ep;
(i) E1® E> is the unification ofE; andE, i.e. it is the smallest equational theory
largest than or equal tB; U Ep, if it exists, otherwisel; (iv) vx. E = E N E, where
ty =g to if t; =g t> or xdoes not occur iy, to; (V) pty =pe pt2if t1 =g to; (vi) 0= L and
1={(t,t)|t € Tx(A)}. Gu can be proved to be a named c-semiring with idempotent
product®.

Example 1 (pairs, tuplespairs of names can be expressed as elements of the named
c-semiringCy by assuming two sortsjames andlists, and by taking the signature

~ ={(,-),nil}, wherenil is a constant of sort-> lists’ and (_,-) is a binary opera-

tion of sort ‘names x lists — lists’. A tuple of arity n can be defined a&q,...,Xn) =

(X1, (X2, (... (%n—1,nil))...). Notice that, for instance, the unification of two theoriés o
different arities(x1, x2) and(y1,y2,ys) reduces to unifying the subterm# and(ys, nil)

hence leading td_, since the outer functions are distinct. On the other hdrelunifi-
cation of(xq, X2, x3) and(y1,Y2,ys) yields the identification of the components=y;.

Soft constraints Given a domairD of interpretation for the set of name¥ and

a c-semiringS= (A, @, ®,0,1), a soft constraintc can be represented as a function
c= (A — D) — A associating to each variable assignmgnrt A’ — D (i.e. instan-
tiation of the variables occurring in it) a value & which can be interpreted e.g. as
a set of preference values or costs. Soft constraints canrobined by means of the
operators ofs. AssumeCsot is the tupleCeort = (C, @', ®’,vx.,p,0, 1) such that: (i)C

is the set of all soft constraints ovéf, D andS; (ii) name equalitiex=y are defined
as(x=y)n =1if n(x) =n(y), (x=y)n = 0 otherwise; (iii)(c1 &' c2)n = c1n b coN;
(V) (c1®' c2)n =cin@czn; (V) (VX.C)N = Sgep (en{9/x}), wheres 4op denotes the c-
semiring sum operator and the assignmgiit/x} is defined, as usual, agd/x}(y) =d

if x=1y, n(y) otherwise; (vi)(pc)n = cn with N(x) = n(p(x)); (vii) 0'n =0 and



1'n = 1 for all n. It is possible to prove thafst is indeed a named c-semiring and
that the product?’ is idempotent provided thap is idempotent. Remark that for
S= ({False, True}, V, A, False, True), the named constraints ¢t leads to solutions
consisting of the set of tuples of legal domain values.

3 The cc-pi calculus

The concurrent constraint calculus (cc-pi calculus) fe=dsymmetric non-binding in-
put and output actions like in Pi-F calculus along with ptivas for constraint han-
dling. The syntax and reduction semantics of the calculeslefined in Fig. 1. Unlike
the original presentation of cc-pi [5], here we give a monaairsion of the calculus.
Moreover, we disregard theheck andretract operators. In factcheck is irrele-
vant for the purpose of this paper but it could be easily idetly by contrast, adding
retract would not be trivial since it would require dealing with a rm@omplex con-
straint theory. The cc-pi calculus is parametric with respe named constraints. We
letc,d,e... range over constraints of an arbitrary named c-semigingjhe notions of
bound namedree namesanda-conversion of a process are as usual apart that the oc-
currence of the namgin a process with an input prefiy).U is free and that the set
of free names is extended to constraints by adding the foligpwlauses:

fn(rtU) = supp(c) Ufn(U) if t=tellc,askC fn(c) = supp(c)

The last three structural axioms in Fig. 1 state the cornedpoce between parallel
composition and semiring product, restriction and comstiasiding, the inert process
0 and the top element of c-semiring 1, respectively. Usingcstiral congruence, every
procesd can be rewritten into theormal form P= (X) (c|U), wherec is a constraint,
U can only contain restrictions under prefixes, ez (Y)U’, and ifx; € supp(c) then
x € fn(U). Roughly, the rules move each namé¢ fn(U) close toc and then apply x.
toc.

The idea behind the reduction relation is to proceed asvslld-irst, to put pro-
cesses into the normal form by applying the rule for struataongruent processes.
Next, applying the rules for dealing with primitives on ctraits or for synchronising
processes. Afterward, closing with respect to summatiarglfel composition of un-
constrained processes, and restriction. For instance, pidwallel composition
x=2z|X(y).U | z(w).V can evolve tx=z&y=w|U |V since the equality of the names
X andz is entailed by the constraimt= z and the storex = z®y = w is consistent.
Remark that it is legal to treat name equalities as congsrailover C because, by
definition, named c-semirings contain fusions. Note also tie rule for parallel com-
position intentionally allows to add only unconstrainedqess. For this reason, several
rules like those for’s and summation must include the constraiin parallel.

4 A labelled semantics for cc-pi

We now come to the first contribution of this work. We propotsbelled semantics that
coincides with the reduction semantics when restrictinglésed processes. We start
by introducing the notion o$toreof constraints of processes, that represents the static
knowledge exposed by a process to its environment. Roughhg(P) is the constraint



The syntax oprefixesrt, unconstrained processesandconstrained processesis:

moo= 1 | Xy | Xy | tellc | askc
U == 0 | Uu | minU |[xu | 1
P == U | ¢ | PP |(xP

Thestructural congruence=, is the smallest congruence over processes closed withaetsp
a-conversion and satisfying the following axioms:

PIR=QP (PIQR=PIQR) (XyP=yMXP PXQ= X(P|Q) if x¢Zfn(P)
I§) = [f/AU 1LY cd=ced ®c=vxc 0=1
Thereduction relationover processes- is the smallest relation satisfying the following rules:
cjtU—c|U cltelldU —c®d|U ifc®d#0 clask d.U —c|U if c=<d
cl(X(y)U +3m.U)[(zZw).V +31.V)) —cay=w)|U|V ifco(y=w)#0Ac=x=2
clm.Ui—P PP PP P=P P—-Q Q@=Q
c|ym.Ui—P P|U— P'|U (X)P— (X)P P—Q

Fig. 1. The cc-pi calculus

which is obtained by replacing each unconstrained progeagong inP with 0 and by
applying the structural axioms on constraints to compuedisulting constraint. More
formally, for P a processstore(P) is inductively defined as follows:

store(c) =c store(P|Q) = store(P) ® store(Q) store(U) =1 store((x) P) = vx.store(P)

For example, ifP = (X)(y = X|x = z|¢(x,V) | (W)y(w).U), store(P) =y = z® c(y,V).
Note that the concept of store is close to the notion of ‘fragieen in applied pi-
calculus [1] and it generalises to constraints the equieelation that characterises
the explicit fusions of a process in Pi-F calculus [15].

Assume a set of actiom® = {1, X(y), X(¥),X(2),x(2) }, wheret is a silent actiorx(y)
andx(y) arefree actionsandx(z) andx(z) arebound actionsWe leta, 3 range overA.
The labelled transition semantics of processes is the egtaklationP N Q, defined
by the rules in Fig. 2 plus a ruleren-o) for output and the symmetric counterpart
of rule (comm). The operational rules that deal witktransitions are analogous to the
reduction rules given in the previous section. The additionles are standard apart
that the usual side conditiott£ z of the rule(oren-1) is replaced by the condition that

X = zcannot be entailed by the store of constraints of the promssl* we refer to a
sequence of transitions.

Proposition 1. Let P be a process. P Q iff P 5 Q.

4.1 Example: modelling Service Level Agreements

We now consider a variant of an example introduced in [5]dloats not includeetract
operations. Consider a service that offers computing ressuike units of CPUs of a



(PREP (TELL)

clmU Dcju  m=1,%(y),x{y) cltell dU 5 cod|U if cod #0
(sum) (PAR)
(Ask) T ] clm.u v’ PLP bn@)nfnU)=0
claskdU —c|U ifc=d 5 5
¢l smU U PIUZ P U
(comm) (RES)
clu X(—yzc|U’ c\Vﬂ—WZc|V’ cRYy=w)#0 c=<x=2z PSP x¢n(a)
clUIV S ca(y=w)|Uu' |V ()P = ()P
(OPEN) (sTRUCT)
P pr store(P) Ax=z P=P PLQ Q@=Q
P p PQ

Fig. 2. Labelled Transition System of the cc-pi calculus

given power and suppose the service provider and a client twareach a SLA. The
provider and the client can be described by the followingicgrocesses.

Clientreq(r) = (Y) (tell Creq(Y)-T(Y))
Providerof,n () = (Xo) (tell (Xo = N).Ac_Requs(Xo,r))
Ac_Requg(X,1) = (V) (X) (tell (X =x—v@X > 0).tell dyg (V). r(v). Ac_Requg(X,r))

The client starts by placing a constragp, (y) that specifies that the requested re-
sourcey must be at leastq, then it contacts the provider on channdf the synchro-
nisation succeeds, the negotiation is concluded. On tter sttie, the provider initially
fixes the maximum number of total available resoufgethen starts to accept requests
by imposing two constraints on the number of resouvdist will be allocated to each
client: (X =x—v)®@x > 0 states that must be less than the total available resourges (
is initially N) and that the remaining resources #re> 0; dor (V) specifies thay must
be less than a fixed maximum number of resourdeshat are offered to every client.
Finally, the provider tries to reach an agreement with axtlier channel and, in case
of success, is ready to offer the remaining resouxtes other clients. The negotiation
between a clien€lient,.q(r) and a provideProviderqs n(r) can be modelled in cc-pi
as follows. First, each party consumestigs| prefixes:

(1) (Providerogr (1) | Clientreq(r)) = (1) (¥) (X0) (V) (X) (Creq () © dofr (v) & (0 = N) @
(X =xo— V&X' > 0)|r(y) [r(v). Ac_Reqq (X.1))
If the fusiony = v yields a consistent store of constraint, the synchromigainr can
take place and the two parties have reached an agreemeassg&gtby the constraint

Creq () @ doff (V) @ (X0 = N) @ (X =X —V) ® (X > 0) @ (y = V) €y
As mentioned in the previous section, the cc-pi calculusimmetric with respect to
named constraints. Hence, in cc-pi we can capture diffe@mtraint satisfaction prob-
lems by changing the underlying named c-semiring of a givengss while keeping the
same process specification. To highlight this feature, wesamsider two instantiations



of the constraint system adopted in the above negotiatiemes and we show that they
lead to different solutions. In both cases, we assume agrassint : A’ — N of names
to non-negative integers and we take the constraints torsifinsc: (Al — N) — A
that map each name assignment to a value of a c-senfyiagdA, @, ®,0,1). Con-
straints are combined by using the operation§aéis shown in §2.1. The two cases
below correspond to different choices of the c-semifing

Crisp constraint interpretationConsiderS = ({False, True}, V,A,False, True) that
leads to solutions consisting of the set of tuples of legataio values. For instance, the
interpretation of the constraint= (a > x) ® (y > b), wherex,y are namess andb are
in N, and> stands for ‘greater than or equal’ oWy is thatcn = True if a > n(x) and
n(y) > b, while cn = False otherwise. We define the constraiots, andd,s as follows:

Creq(Y) d:efy > req Aot (V) % off >v.
Assuming the interpretation of name equalities is as exuethe store of constraints
(1) has a solution if mifoff,N} > req. For instanceProvider; 15 can reach an agree-
ment withClients, but not withClientg. Moreover, the constraint system resulting from
the negotiation between a provider amdlients has a solution if

req; < off and ZreqigN for i=1,....n
I

For example, if there are three clients and each of them stga least 6 units of
resources, a provid@roviderz 15 can only reach an agreement with two of them.

Weighted constraint interpretatio@onsider the c-semiring of weighted constraint sat-
isfaction problem&y = (R* U {+}, min, +, 0, + ), which associates a cost to each
domain tuple. In our example, this c-semiring allows to mdHe viewpoint of the
client that wishes to minimise the total cost of the propasadtion. Note that in this
case the associated orderiggover constraints reduces t over reals, i.e. a value is
preferred to another if it is smaller. The interpretatiomaofamed constraimt= (X =)

is that, forn an assignment of names to non-negative integers; 0 if n(x) = n(y),
while cn = + « otherwise. The constraings= 0, %o = N, X = Xo —V, andy = v, where 0
andN are values in the domal, can be interpreted similarly. We define the constraints
dor @andcreq as below.

dogt (v — n) Creq(y — )

+oo +oo

mreq

—m
neN nelN
off req 2req

The constraintlys is a simple translation of the analogous constraint givehencrisp
case, i.edy (Vv — n) = 0 if off > n, while dog (Vv — n) = + 0 otherwise. On the other
side, the constraint,.,(y) specifies that: (i) ify assumes a value that is less thag,
then the cost is maximum; (ii) if the value gfis betweenreq and Zeq, the cost de-
creases according to the slopen; (iii) for every value that is greater thame? the cost
is minimum, meaning that the client has no additional bemef#cquiring more than
2req resources. The possible solutions of the constraint sy&lgare as follows.



(@ (b)
+00 — +00
.
\\ min{off, N} \\
req 2req req  min{off, N}

If min{off,N} < req, the system has no solution. If n{isff, N} > 2req the system
yields a set of solutions which all have the maximum level &fgrence 0 (case (a)).
Finally, if req < min{off,N} < 2req the solution is selected by means of the c-semiring
@ operation (min over reals) in that interval, thus leadingiia{off,N} (case (b)).

Remark 1.The present semantics does not specify how to solve theradamstystem
generated at each step. In fact, the consistency checkrperfowhen placing new
constraints, either throughtal | action or by a synchronisation, only requires that the
resulting constraint is different from the bottom elemehth@ c-semiring 0. While in
the crisp case this choice amounts to take optimal solufiops name instantiations
that lead to constraint evaluating to the top element Lhérhore general setting of
soft constraints this semantics does not provide a way tadisnon-optimal solutions.

5 Open bisimulation

We now define a process equivaleda open pi-calculus bisimulation. In our setting,
the obvious counterpart of closing with respect to suhtititis is to close with respectto
constraints in parallel. We require that two equivalentpsses have the same static and
dynamic behaviour. Hereafter, by< (o = [3) we abbreviate: (it <X(x=y) ® (w=2), if

o =Xx(w) andp = y(2) (and analogously for input actions), (@x(x=Y), if o = X(w)
andp = y(w), where< and® are the partial order and the product operations of c-
semiringsc<T =1 stands foc< 1.

Definition 1 (open bisimilarity). Open bisimilarity(~°) is the largest symmetric rela-
tion S between processes such tha€Pmplies:

1. store(P) = store(Q);

2. 1fP S P withbn(a) Nfn(Q) = O then Q£> Q and P s Q/, for some Qandp such
thatstore(P) <a = ;
3. c|P S c|Q, for all constraints 6# 0.

The first item above states that two processes must exposathe stores. This
requirement does not take dynamic behaviours of proceasesaccount. From this
viewpoint, the equivalence of stores is a generalisati@moistraints of thetatic equiv-
alencedefined in applied pi-calculus [1]. The conditistore(P) < a = 3 in the second
item intuitively means that the label identification mustdrgailed by the constraints
of P, i.e. the labels must coincide in the ‘contextore(P). For instancex = y|X(z)
andx = y|y(2) satisfy this requirement. Finally, the third item of the abalefinition
is the counterpart of closing with respect to substitutimnepen bisimulation for pi-
calculus processes. As an example, the procesdes.U andO0 are not bisimilar be-
causec|ask c.U can make a move while| 0 is stuck. In fact, it is possible to show that



~° coincides with a classical notion of contextual equivaeie now state that® is
preserved by every operator of the calculus. The proof im&gdisation of the proofs
of the analogous results on open pi-calculus without r&gin and Pi-F calculus.

Theorem 1. ~2is a congruence.

Example 2.Consider the example depicted in § 4.1. Suppose there arprowwiders
Providers 49 and Providers 49 that have the same amount of available resources but
that offer different units of resources to each client. @bely, these two providers
behave differently when interacting with other processes.instance, only the first
provider can reach an agreement with a client that requirésaat 4 resources, i.e.
Clienty | Providers 49 can make a-transition whileClients | Providers 49 is stuck. It can

be easily shown that the two processes are not open bisirAfi@r Provider, 49 and
Providers 49 place their own constraints, they both evolve to the praeess

(1) (%0) (v) (X) (X0 = 40 & X = %0~V ® X > 0® v < off |1 (v}.Ac_Reqq (X))

whereoff; are 4 and 3, respectively. Since the names are all boundtdhessare
both empty and, hence, the target processes cannot bagdistied. However, after the
processes ‘extrude’ the nameverr, their respective stores become

(r) (%) (X) (Xg =40®X = X9 —v@X > 0®V < off;)

which are equal tov < min{40, off;}. Thus, the stores of the two processes are now
distinguished and the first condition of Def. 1 does not h8ldnilarly, we can show
that the processé%ovider, 40 andProvidery 3, are not bisimilar.

5.1 Symbolic characterisation

We now give an efficient version of open bisimulation and wevprthat the two
notions coincide. For lack of space, we omit the proof of tiesult. Let = 4 U
{c|cis a named constraihtranged over by, be a set of labels, and assume the label
T coincides with the top element of the named c-semiring 1.

We define a transition system whose transitions are of tme IFOrA—> Q, whereA can
be either a standard label or a constraitttat is themaximalelement (according t&)
such thae|store(P) allowsP to evolve toQ. Recall that <d intuitively means thatl
is ‘less restrictive’ tharc. Hence, transitions that are labelled by maximal condsain
specify minimal conditions.

Thesymbolic transition semantiad processes is the smallest relatlami Q, de-
fined by the rules in Fig. 3 plus a ru{e-oren-o) for output and the symmetric version
of rule (s-comm). The symbolic transition system is the same as its ‘concretenter-
part but for rulegs-ask) and(s-comm). According to rule(s-ask), a procesask d.U
in parallel with a constraint can make a transition labelled by the least restrictive
constraint whose combination withentailsd, i.e. by the maximal element of the set
{x € A|c®x=d}. The assumption on the completeness of c-semirings enthaes
such an element, notetl- ¢, exists and is unique (see 8 2). Remark that, in general, it
does not hold thall - c® ¢ = d. Rule (s-comm) follows the same intuition, though in
this case the condition that must be entailedisz
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Fig. 3. Symbolic Semantics of the cc-pi calculus

Definition 2 (symbolic bisimilarity). Symbolic (open) bisimilarityf~) is the largest
symmetric relation S between processes such ti§ itnplies:

1. store(P) = store(Q);

2. 1fP.% P with # 1 andbn(a) Nfn(Q) = 0 then Q>E> Q and P $ Q, forsome Q
andp such thastore(P) <a = ;

d
3. If P+ P then Q— Q and /P S c|Q, for some Qand d such that &d.

The last condition above reminds the analogous clause dfsljoropen pi-calculus in
which a process that can evolve under a certain conditiorbeasimulated by another
process that can make a transition labelled with a weakatiton.

Example 3.Consider again the example shown in § 4.1. Assume two provide
Providerig.g and Providerys g that offer different amounts of resources to each client
but that have the same number of remaining resources. llyjwlaese two processes
are equivalent, because they can only satisfy clients #tatire maximum 8 resources.
However, proving that the two processes are open bisimelguires checking their be-
haviour in presence of any constraint. Let us see why thegyariolically bisimilar.
Initially, the two processes place their own constraintsevolve to processes that have
the same empty store of constraints. Next, when the numbefferied resources is
communicated the stores of constraints of the processesitac< min{off;, 8}, which
admit the same solutions regardlefsis 15 or 10.

Theorem 2. Symbolic bisimilarity~* and open bisimilarity~° coincide.

6 Embedding polyadic Pi-F calculus

We start by recalling the Pi-F calculus. For better relatimg calculus with cc-pi, we
present the Pi-F in the standard pi-calculus fashion rathen in the ‘commitment’



style [16]. Assume the set of labeld = {T,z(y),2(y), (X)zZ(W), (X)z(W) |[X C W} and let

u range overM. The syntax, structural congruence and labelled tramsitistem of
Pi-F processes are shown in Figure 4. The syntax (Fig. Za&)milar to the syntax of
cc-pi processes but for the fact that in Pi-F input and ouppetixes are polyadic, that
summationt el | , ask are missing, and that explicit fusiors=" replace constraints
Despite the original presentation of the calculus, this@yrules out processes contain-
ing name fusions under prefixes. This choice follows the@g@ls restriction applied
in cc-pi, which avoids that two processes synchronise antyl&neously, add some
constraints to the store, thus possibly yielding an incsiaacy. However, we can re-
lease this restriction in both calculi if we consider thegfreent of cc-pi with explicit
fusions rather than arbitrary constraints. To emphasisesymtactical analogy with cc-
pi, we have chosen also in this case to distinguish betweecepses) andP. The
structural axioms (Fig. 4(b)) are the same as in cc-pi buterfact that the axioms
dealing with constraints are replaced by the axioms forieifisions. The definition
of equivalence relatioq(P) (Fig 4(c)) specifies the explicit fusions of a procéss
We write ¢ U Y for the equivalence-closed union of the equivalence latp andy,

¢ \ x for whenx is a singleton class and all other names are related ¢sandld for
the identity relation. In [15] several bisimulations foetRi-F calculus are proposed,
including a symbolic bisimulation, and they are all provgdigalent. For convenience,
here we consider tHaside-outsiddisimulation that is the closest to open bisimulation.

Definition 3 (inside-outside bisimilarity). Inside-outside bisimilarity~°) is the largest
symmetric relation S between Pi-F processes such tlsgt inplies:

— Eq(P) = Eq(Q);

— I P 5¢ P with bn() Nfn(Q) = 0 then Q-5; Q and P S Q;

- Plx=y S Qx=y, forall fusions x=y.
We give below a translation of Pi-F processes into cc-pi whe take the underlying
named c-semiring to be the named c-semiring of Herbrandticinssystems with a
signature including the operations for tupling, as showBxample 1. Remark that in
this casex= (y1,...,Yyn) denotes the unification of the namwvith the term(y, ..., yn)
and that a name equalik=y, with X andy of the same arity, can be modelled as the
constrainz = (Xq,..., X)) ®W= (y1,...,Yn) ® Z=w. We abbreviatéxs,...,X,) by X.

Definition 4. Let[_] be the following translation of Pi-F agents:

[tUl=t[U] [x9).U]=@&32.[V]lz=y) [x©).U]=@x2.[U]Iz=Y)
[o)=0 [PIQI=[PII[Q] [(XP]=([P] M) =[y/u] if1x =y
Theorem 3. P ~© Q iff [P] ~° [Q].

Proof (Hint). By theorem 2 and by an analogous result proved in [15] for thE P
calculus, the theorem can be restated by replasifigand ~I° with their respective
symbolic versions. This fact greatly simplifies the prooficther key point is that the
instance of cc-pi that we consider includes more contexds Bii-F, i.e. the contexts
X =¥, where the arity ok andy is non-null and it is the same for both tuples. In fact,
the cc-pi processes that belong to the inverse infalye' of the translation cannot be



Mo=T|[XW [ x¥ Uz=0|UU|nU | XU |I(y) P:=U|X=y]|PP|(XP

(a) syntax

PIO=F P PIQ=r Q|P (PIQIR=F P|(QIR) )YP =F (Y)(x)P

PI0Q = ((PIQ) if x¢fn(P) 1) =¢ [§/9U if 10 E'U
x=X=p 0 (X)(x=y)=p0 X=Y = y=X X=y|y=2=f x=z|y=2
x=y|x(2).P =¢ x=y|y(2).P W=y |X(2).P =¢ w=y|X(@)[y/ WP if weZ
x=y|X(2).P =¢ x=y|y(2).P W=y |X(2).P =¢ w=y|X(@)[y/W]-P if weZ

(b) structural congruence

Eq(0) = Id Eq(x=Yy) = {(xY), (%,X)} UId Eq(TtU) = Id
Eq(P|Q) = Eq(P)UEq(Q) Eq((X)P) =Eq(P)\x Eq(I()) = Eq([y/xU) if 1) LU

(c) equivalence relatioBq(P)

(comm) (PAR)
oy PP QM qQ iy=w PP bn(Wnin(Q) =0
PIQ¢P[Q|y=W PIQ-5P|Q
(RE9) (oPEN-) (STRUCT)
PEP xgn  PUEYP (x2¢EqP).xey\w  P=P % Q@ =Q
(0P ¢ (0P (P " P P Q

(d) operational semantics (omitting a ruleREN-0) for output)

Fig. 4. Pi-F calculus

discriminated by these contexts. To see this point, notectiecking equivalence over

the above contexts corresponds to taking the symbolicitians{[P] g Q) tc

where[[P] ! = [Q]~* also holds. The first kind of transition is not maximal andaitc
be discarded since there is another transition that is melxim

7 Conclusions

In general our labelled transition system takes any namaritiation that leads to con-
straints not evaluating to the bottom element of the c-Semand it does not provide
a way to discard non-optimal solutions. We plan to genegdlie notion of consistency
to a-consistency, whera is a strictly non-negative threshold. Accordingly, we abul
study a variant of the present semantics in which, for irgathe consistency check



in the rules for placing constraints is substituted byoaconsistency check. We also
intend to enrich our semantics in order to model non-detastic timed behaviours
and to compare it to paradigms such as timed concurrentreamgprogramming [10].

It would also be interesting to further explore the expressess of cc-pi by pro-
viding fully abstract encodings of other calculi, such asdpplied pi-calculus and the
pi-calculus. The main idea behind embedding applied mitdas would be to charac-
terise a variant of the named c-semiring for Herbrand caimgl that models a generic
signature along with an equational theory. On the other, sidaslating the pi-calculus
into cc-pi seems harder. The main challenge in translatiegpt-calculus would be to
express in terms of named constraints the concept of ditirs; which are used to
define open bisimulation on the cc-pi calculus with redtsitbperator.
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