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Abstract

In the last few years many formalisms, originally developed by computer scientists to
model systems of interacting components, have been applied to Biology. Moreover, some
new formalisms have been proposed to describe biomolecular and membrane interactions.
All these formalisms can describe biological systems at different levels of abstraction.

The first advantage of using formal models to describe biological systems is that they
avoid ambiguities. In fact, ambiguity is often a problem of the notations used by biologists.
Moreover, the formal modeling of biological systems allows the development of simulators,
which can be used to understand how the described system behaves in normal conditions,
and how it reacts to changes in the environment and to alterations of some of its com-
ponents. Furthermore, formal models allow the verification of properties of the described
systems, by means of tools (such as model checkers) which are well established and widely
used in other application fields of Computer Science, but unknown to biologists. It must
be noticed that the development of simulators for these formalisms may not be easy, in
particular also the definition of a stochastic semantics for those formalisms may not be
trivial.

In this thesis we propose an extension of multiset rewriting, called String MultiSet
Rewriting (SMSR), in which multiset elements are strings and left hand sides of rewrite
rules may contain an operator, called maximal matching operator, which allows represent-
ing the multiset of all strings having a common given prefix.

SMSR can be used as an intermediate language for simulation of higher level languages;
here with the term high we refer to their ability of describing biological systems at different
level of abstraction. On the one end, it is easy to develop simulators for SMSR, for
instance by extending the GBS simulator. On the other hand, the maximal matching
operator facilitates the translation of higher level languages, in particular those based on
term rewriting. The idea is that a term can be seen as a tree, a tree can be seen as a set of
strings representing all paths from root to leaves, and the replacement of a subtree becomes
the replacement of a set of strings having a common prefix. As an example we start giving
intuitions on the encoding of P-Systems and then we show how a formalism based on
term rewriting, CLS+, can be translated into SMSR, and prove translation correctness
and completeness.

Higher level formalisms could be translated into SMSR directly or via their translation
into CLS+. In both cases one would have the possibility of using the simulator for SMSR
to simulate high level descriptions.
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Chapter 1

Introduction

1.1 Motivation

Biochemistry, often conveniently described as the study of the chemistry of life, is a multi-
faceted science that includes the study of all forms of life and that utilizes basic concepts
derived from Biology, Chemistry, Physics and Mathematics to achieve its goals. Biochem-
ical research, which arose in the last century with the isolation and chemical characteri-
zation of organic compounds occurring in nature, is today an integral component of most
modern biological research.

Most biological phenomena of concern to biochemists occur within small, living cells.
In addition to understanding the chemical structure and function of the biomolecules that
can be found in cells, it is equally important to comprehend the organizational structure
and function of the membrane-limited aqueous environments called cells. Attempts to do
the latter are now more common than in previous decades. Where biochemical processes
take place in a cell and how these systems function in a coordinated manner are vital
aspects of life that cannot be ignored in a meaningful study of biochemistry. Cell biology,
the study of the morphological and functional organization of cells, is now an established
field in biochemical research.

Computer Science can help the research in cell biology in several ways. For instance, it
can provide biologists with models and formalisms able to describe and analyze complex
systems such as cells. In the last few years many formalisms originally developed by
computer scientists to model systems of interacting components have been applied to
Biology.

Among these, there are Petri Nets [31], Hybrid Systems [1] and the m—calculus [33,
15, 43]. Moreover, some new formalisms have been proposed to describe biomolecular
and membrane interactions: among these we mention the xk—calculus [18], the biochemical
Stochastic m—calculus [40], the Brane Calculi [10] and CLS [5].

Others, such as P-Systems [35], have been proposed as new biologically inspired com-
putational models and have been later applied to the description of biological systems. For
some of the mentioned formalisms specific simulators exist (e.g. SPiM [45] based on the
Stochastic m—calculus, CytoSim and PSym [47] based on P-Systems, and SCLSM based
on CLS [44, 46]). We refer to these formalisms as high level languages; with the term high
we refer to their ability of describing biological systems at different levels of abstraction.
Other formalisms have been recently proposed to take into account topological properties
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of biological systems, LCLS [2] and TCLS [34] based on CLS, and SpacePi [22] base on
the m—calculus.

The m—calculus and new calculi based on it, namely Beta Binders [39] and BioAm-
bients [41] have been particularly successful in the description of biological systems, as
they allow describing systems in a compositional manner. Interactions of biological com-
ponents are modeled as communications on channels whose names can be passed. Sharing
names of private channels allows describing biological compartments. An example of di-
rect application of a model for concurrency to biochemical systems has been introduced by
Regev and Shapiro in [43, 42]. Their idea is to describe metabolic pathways as m—calculus
processes and in [40] they showed how the stochastic variant of the model, defined by
Priami in [38], can be used to represents both qualitative and quantitative aspects of the
systems described. In [22] Ewald, John and Uhrmacher present a spatial extension to the
m—calculus, the SpacePi calculus.

Moreover, Regev, Panina, Silverman, Cardelli and Shapiro in [41] defined the BioAm-
bients calculus, a model inspired by both the m—calculus and the Mobile Ambients calculus
[11], which can be used to describe biochemical systems with a notion of compartments
(as, for instance, membranes). However, these calculi offer very low—level interaction
primitives, and this causes models to become very large and difficult to be read.

More details of membrane interactions have been considered by Cardelli in the defini-
tion of Brane Calculi [10], which are elegant formalisms for describing intricate biological
processes involving membranes. Moreover, a refinement of Brane Calculi has been intro-
duced by Danos and Pradalier in [19].

A pioneering formalism in the description of biological systems is the x—calculus of
Danos and Laneve [18]. It is a formal language for protein interactions, it is enriched
with a very intuitive visual notation and has been encoded into the m—calculus. The x—
calculus idealizes protein-protein interactions, essentially as a particular restricted kind of
graph-rewriting operating on graphs with sites. A formal protein is a node with a fixed
number of sites, and a complex (i.e. a bundle of proteins connected together by low energy
bounds) is a connected graph built over such nodes, in which connections are established
between sites. The k—calculus has been recently extended to model also membranes [29].
Brane Calculi, the k—calculus and the formalism proposed in [14] give a more abstract
description of systems and offer special biologically motivated operators. However, they
are often specialized to the description of some particular kinds of phenomena such as
membrane interactions or protein interactions.

In the tradition of automata and formal language theory, a more recent formalism are
P-Systems, proposed by Paun [35, 36, 37]. P-Systems introduce the idea of membrane
computing in the subject of natural computing. They represent a new computational
paradigm which allows solving NP-complete problems in polynomial time (but in expo-
nential space). The study of P-Systems has given rise to a huge amount of scientific works,
recently P-Systems have been also applied to the description of biological systems (see [47]
for a complete list of references). P-Systems have a simple notation and are not specialized
to the description of a particular class of biological systems, but are still not completely
general. For instance, it is possible to describe biological membranes and the movement
of molecules across membranes, and there are some variants able to describe also more
complex membrane activities. However, the formalism is not flexible enough to allow
describing easily new activities observed on membranes without defining new extensions.

Moreover, Barbuti, Maggiolo—Schettini, Milazzo and Troina in [5] defined CLS; it is
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a term rewriting language with many variants. The terms of CLS are constructed by
starting from basic constituent elements and composing them by means of operators of
sequencing, looping, containment and parallel composition. Looping allows tying up the
ends of a sequence, thus creating a circular sequence of the constituent elements. Elements
of a circular sequence can rotate. A looping sequence can represent a membrane and
the containment operator allows representing that some element is inside the membrane.
Behavioral equivalence expressed by using bisimilarity for CLS systems has been defined
in [6]. Moreover, a stochastic semantics of CLS has been proposed in [3]. Spatial extensions
of CLS have been proposed by the same authors in [2] and by Pardini in [34]. Some well-
established formalisms for the description of biological systems have been translated into
CLS [32].

Finally, we mention some works by Harel [26][28], in which the challenging idea is
introduced of modeling a full multi—cellular animal as a reactive system. The multi—cellular
animal should be, specifically, the C. elegans nematode worm [8], which is complex, but well
defined in terms of anatomy and genetics. Moreover, Harel proposes to use the languages
of Statecharts [25] and Live Sequence Charts (LSC) [16], which are visual notations with
a formal semantics commonly adopted in the specification of software projects. Harel
applies the same formalisms also to cellular and multi—cellular systems related to the
immune systems of living organisms in [27] and [21].

From this discussion we conclude that there is a huge number of formalisms, most
of them are suitable to describe different biological phenomena at different levels of ab-
straction; the implementation of simulators based on those formalisms is not trivial, in
particular also the definition of their stochastic semantics may not be easy. In this thesis
we present, through a process of refinement of a very simple modeling language, an in-
termediate language for the description of biological systems. Our goal is the definition
of a general purpose language able to support the encoding of the previously mentioned
formalisms. We would like that adding a stochastic semantics to this language would be
easy, moreover a simulator based on this formalism should be efficient and, finally, this
language should be suitable to support the encoding of as many formalisms as possible.

1.2 Main Contributions

Stochastic simulation of biomolecular systems traditionally is based on Gillespie’s frame-
work [24] which describes a system as a multiset of elements representing molecules. A
system transformation due to a chemical reaction among molecules is described as the
replacement in the multiset of the elements representing reactants with those representing
products of the reaction.

Multisets and their transformations are easily implemented and many tools exist to
the purpose. Moreover, multisets and their transformations are formalized as multiset
rewriting systems [30].

In the last years the need has arisen to describe biological phenomena at system level,
namely by ignoring structural and behavioral details of individual system components and
by taking into account organization of components in compartments and their interaction
capabilities.

Multiset rewriting does not allow descriptions at this high level and, consequently,
many formalisms already mentioned, sometimes adaption of existing ones, have been pro-
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posed. However, the development of simulators for high level descriptions may be not
easy. Moreover, also the translation from a high level formalism to multiset rewriting
which allows the use of existing simulators, may pose some difficulties.

In this thesis we propose an extension of multiset rewriting, called String MultiSet
Rewriting (SMSR), in which multiset elements are strings and left hand sides of rewrite
rules can contain an operator, called maximal matching operator, which allows represent-
ing the multiset of all strings having a common given prefix.

SMSR can be used as an intermediate language for simulation. On the one end, it is
easy to develop simulators for SMSR, for instance by extending the GBS simulator [23].
On the other hand, the maximal matching operator facilitates the translation of higher
level languages, in particular those based on term rewriting. The idea is that a term can
be seen as a tree, a tree can be seen as a multiset of strings representing all the paths
from root to leaves and the replacement of a subtree becomes the replacement of a set of
strings having a common prefix. As an example we start giving intuitions on the encoding
of P-Systems [35] and then we show how a formalism based on term rewriting, CLS+ [32],
can be translated into SMSR, proving translation correctness and completeness.

Higher level formalisms, such as those mentioned before, could be translated into SMSR,
directly or via their translation into CLS+ along the lines described in [32, 5]. In both
cases one would have the possibility of using the simulator for SMSR to simulate high
level descriptions.

1.3 Related Work

We start mentioning a work by Versari which proposes in [48] the 7@ calculus, an extension
of the m—calculus with priorities and polyadic synchronization that turns out to be suitable
to act as a core platform for the comparison of other calculi.

Polyadic synchronization is used to model localization of communication typical of the
majority of bio-inspired calculi, which usually formalize it by the explicit introduction of
compartments. Priority is exploited as a powerful mechanism for achieving atomicity, that
is the completion, without overlapping, of complex atomic operations by the execution of
several simple steps.

In the same work and in [49] are presented reasonable encodings of BioAmbients, Brane
Calculi and catalytic P-Systems. The term reasonable is used by Versari to express the fact
that the encoding functions have got to fulfill the notion of operational correspondence,
characterized by two complementary properties: completeness and soundness. Further-
more, it has to preserve the degree of distribution of the source language, for instance
the homomorphisms with respect to the parallel composition of terms must be preserved,
and should not depend on the channel or on the compartment names of the term to be
encoded.

As regards multiset rewriting systems, they have been already studied as formal mod-
eling of biological systems in [30]. In particular, Cervesato in [12] presents, within the
framework of linear logic, two multiset rewriting based formalisms: Propositional Multi-
Set Rewriting and First Order MultiSet Rewriting. The former is based on multisets of
atomic objects which are modified by the application of multiset rewriting rules. This
language strongly influenced the MSR, formalism we will introduce as a formal modeling
language for biochemical systems; the main difference between these languages are syn-
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tactic. In particular, the syntax of MSR is more similar to that of process algebras. The
latter, namely First Order MultiSet Rewriting, is based on multisets of objects that can
carry structured values and are rewritten by parametric rewrite rules. First Order Mul-
tiSet Rewriting has been extended with the possibility of generating fresh data in [13] by
Cervesato, Durgin, Lincoln, Mitchell and Scedrov.

Initially, we examined the possibility of using First Order MultiSet Rewriting as an
intermediate language for the simulation of biological systems. However, we proposed a
new formalism, namely the SMSR formalism, in which the structure of the objects is given
by a string. We believe that strings are suitable to describe biological objects that can
be modeled by using higher level languages and, furthermore, there exist many efficient
algorithms for manipulating string that we could use to implement an efficient simulator
based on SMSR. The syntax of SMSR, as it is based on MSR, is similar to that of process
algebras. Furthermore, SMSR with respect to First Order MultiSet Rewriting, is enriched
with a new operator, namely the maximal matching operator. With the use of maximal
matching operator, which has got two different forms of application, is possible to represent
multisets of objects with a given prefix. The use of the maximal matching operator
together with a well-known encoding technique for term—based languages, facilitates the
encoding of the previously mentioned formalisms.

1.4 Structure of the Thesis

The thesis is structured as follows.

- In Chapter 2 we recall some background notions of Biology, probability theory and
Computer Science that will be assumed in the rest of the thesis.

In Chapters 3 and 4 we introduce two formalisms for the description and the simulation
of biological systems, in Chapter 5, we show the encoding of two higher level formalism
into the intermediate language we will define in this thesis.

- In Chapter 3 we present a very simple language, namely the MultiSet Rewriting
formalism (MSR), for the simulation of mainly biochemical systems. This language is
based on multisets of atomic objects that are modified by the application of rewriting
rules; rewriting rules simply rewrite multisets. We examine its expressiveness with
respect to Turing Machines and we give a proof of non Turing completeness for the
formalism. Finally, we examine the possibility of adding a stochastic semantics to
the formalism.

- In Chapter 4 we propose the String MultiSet Rewriting formalism (SMSR) as an
intermediate language: SMSR is a natural extension of MSR. The choice of MSR as
a basis for SMSR has two main motivations: the simple and clear syntax of MSR to-
gether with the possibility of easily developing a simulator for this formalism. SMSR
is based on multisets of strings that are modified, as in MSR, by the application of
rewriting rules. As regard the implementation of SMSR, there exist many efficient
algorithms for manipulating string that we could use to implement an efficient sim-
ulator based on SMSR. The main features of SMSR are three: the possibility of
defining rules with variables, the possibility of generating fresh data in the process
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of application of the rules and the maximal matching operator. In particular this
operator can be very useful when higher level languages are encoded, accordingly to
a well-known encoding technique, into SMSR.. At the end of the chapter we examine
the expressiveness of SMSR with respect to Turing Machines and we give a proof of
Turing completeness for the formalism. Finally, we give intuitions on the possibility
of adding a stochastic semantics to the formalism.

- In Chapter 5 we discuss a general encoding technique to encode term-based lan-
guages into SMSR, in particular we give intuitions on the encoding of P-Systems,
an established formalism for the description of biological systems based on mem-
branes and contextual rules. We also encode the Calculus of Looping Sequences in
one of its variants, namely the CLS+ formalism, into SMSR using such a technique.
We formally define the required encoding functions for terms, patterns and rules of
CLS+ and give a proof of correctness and completeness of the defined encoding.

Finally, in Chapter 6 we give some conclusions and discuss further work.

1.5 Published Material

The main ideas presented in this thesis, namely the definition of SMSR. in Section 4.1 and
the encoding of CLS+ into SMSR in Section 5.2.2, have been presented at a conference
and can be found in [7]. All the published material is presented in this thesis in revised
and extended form.



Chapter 2

Background

2.1 Notions of Biochemistry and Cell Biology

There are two basic classifications of cell: procaryotic and eucaryotic. Traditionally,
the distinguishing feature between the two types is that a eucaryotic cell possesses a
membrane—enclosed nucleus and a procaryotic cell does not. Procaryotic cells are usually
small and relatively simple, and they are considered representative of the first types of
cell to arise in biological evolution. Procaryotes include, for instance, almost all bacteria.
Eucaryotic cells, on the other hand, are generally larger and more complex, reflecting an
advanced evolution, and include multicellular plants and animals.

In eucaryotic cells, different biological functions are segregated in discrete regions
within the cell, often in membrane-limited structures. Subcellular structures which have
distinct organizational features are called organelles. As an organelle, for example, the
nucleus contains chromosomal DNA and the enzymatic machinery for its expression and
replication, and the nuclear membrane separates it from the rest of the cell, which is
called cytoplasm. There are organelles within the cytoplasm, e.g. mitochondria, sites of
respiration, and (in some cells) chloroplasts, sites of photosynthesis. In contrast, procary-
otic cells have only a single cellular membrane and thus no membranous organelles. One
molecular difference between the two types of cells is apparent in their genetic material.
Procaryotes have a single chromosome (possibly present in more than one copy), while
eucaryotes possess more than one chromosome.

Proteins

A eucaryotic or procaryotic cell contains thousands of different proteins, the most abun-
dant class of biomolecules in cells. The genetic information contained in chromosomes
determines the protein composition of an organism. As is true of many biomolecules,
proteins exhibit functional versatility and are therefore utilized in a variety of biological
roles. A few examples of biological functions of proteins are enzymatic activity (catalysis
of chemical reactions), transport, storage and cellular structure.

Although biologically active proteins are macromolecules that may be very different
in size and in shape, all are polymers composed by amino acids that form a chain. The
number, chemical nature, and sequential order of amino acids in a protein chain determine
the distinctive structure and characteristic chemical behavior of each protein. The native
conformation of a protein is determined by interactions between the protein itself and
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its aqueous environment, in which it reaches an energetically stable three—dimensional
structure, most often the conformation requiring the least amount of energy to maintain.
In this three dimensional structure, often very complex and involving more than one chain
of amino acids, it is sometimes possible to identify places where chemical interaction with
other molecules can occur. This places are called interaction sites, and are usually the
basic entities in the abstract description of the behavior of a protein.

Nucleic Acids (DNA and RNA)

Similarly to proteins, nucleic acids are polymers, more precisely they are chains of nu-
cleotides. Two types of nucleic acid exist: the deozyribonucleic acid (DNA) and the
ribonucleic acid (RNA). The former contains the genetic instructions for the biological
development of a cellular form of life. In eucaryotic cells, it is placed in the nucleus and it
is shaped as a double helix, while in procaryotic cells it is placed directly in the cytoplasm
and it is circular. DNA contains the genetic information, that is inherited by the offspring
of an organism. A strand of DNA contains genes, areas that regulate genes, and areas
that either have no function, or a function yet unknown. Genes are the units of heredity
and can be loosely viewed as the organism’s “cookbook”.

Like DNA, most biologically active RNAs are chains of nucleotides forming double
stranded helices. Unlike DNA, this structure is not just limited to long double-stranded
helices but rather collections of short helices packed together into structures akin to pro-
teins. Various types of RNA exist, among these we mention the Messenger RNA (mRNA),
that carries information from DNA to sites of protein synthesis in the cell, and the Transfer
RNA (tRNA), that transfers a specific amino acid to a growing protein chain.

The Central Dogma of Molecular Biology

The description of proteins and nucleic acids we have given suggests a route for the flow
of biological information in cells. In fact, we have seen that DNA contains instructions for
the biological development of a cellular form of life, RNA carries information from DNA
to sites of protein synthesis in the cell and provides amino acids for the development of
new proteins, and proteins perform activities of several kinds in the cell. Schematically
we have this flux of information:

transcription A translation

DNA RN Protein

in which transcription and translation are the activities of performing a “copy” of a portion
of DNA into a mRNA molecule, and of building a new protein by following the information
found on the mRNA and by using the amino acids provided by tRNA molecules. This
process is known as the Central Dogma of Molecular Biology.

Enzymes

Enzymes are proteins that behave as very effective catalysts, and are responsible for the
thousands of coordinated chemical reactions involved in biological processes of living sys-
tems. Like any catalyst, an enzyme accelerates the rate of a reaction by lowering the
energy of activation required for the reaction to occur. Moreover, as a catalyst, an en-
zyme is not destroyed in the reaction and therefore remains unchanged and is reusable.
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The reactants of the chemical reaction catalyzed by an enzyme are called substrate. Sub-
stances that specifically decrease the rate of enzymatic activity are called inhibitors, and,
in enzymology, inhibitory phenomena are studied because of their importance to many dif-
ferent areas of research. Inhibitors can be classified mainly in two types, either competitive
or noncompetitive. The former are substances almost always structurally similar to the
natural enzyme substrates and they bind to the enzyme at the interaction site where the
substrates usually bind to. The latter are substances that bear no structural relationship
to the substrates and that cannot interact at the active site of the enzyme, but must bind
to some other portion of an enzyme.

Enzymes perform many important activities in cells. For example, DNA transcription
and RNA translation are performed by enzymes, and in the external membrane of the
cell there are enzymes responsible for transporting some molecules from the outside to the
inside of the cell or vice—verse.

2.2 Notions of Probability Theory

A probability distribution is a function which assigns to every interval of the real numbers
a probability P(I), so that Kolmogorov axioms are satisfied, namely:

- for any interval I it holds P(I) >0
- PMR)=1
- for any set of pairwise disjoint intervals I, Ia, ... it holds P(I;UloU...) =Y P(I;)

A random variable on a real domain is a variable whose value is randomly determined.
Every random variable gives rise to a probability distribution, and this distribution con-
tains most of the important information about the variable. If X is a random variable,
the corresponding probability distribution assigns to the interval [a,b] the probability
P(a < X <)), i.e. the probability that the variable X will take a value in the interval
[a,b]. The probability distribution of the variable X can be uniquely described by its
cumulative distribution function F(x), which is defined by

F(z)=P(X <)

for any = € R.

A distribution is called discrete if its cumulative distribution function consists of a
sequence of finite jumps, which means that it belongs to a discrete random variable X: a
variable which can only attain values from a certain finite or countable set.

A distribution is called continuous if its cumulative distribution function is continuous,
which means that it belongs to a random variable X for which P(X = z) =0 for all x € R.

Most of the continuous distribution functions can be expressed by a probability density
function: a non-negative Lebesgue integrable function f defined on the real numbers such
that

p(angb):/bf(x)dx

for all @ and b.
The support of a distribution is the smallest closed set whose complement has proba-
bility zero.
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An important continuous probability distribution function is the exponential distri-
bution, which is often used to model the time between independent events that happen
at a constant average rate. The distribution is supported on the interval [0,00). The
probability density function of an exponential distribution has the form

e ™™ >0

f(‘”’A):{ 0 x<0

where A > 0 is a parameter of the distribution, often called the rate parameter.
The cumulative distribution function, instead, is given by

1—e ™ >0
F(x”:{ 0 z<0

The exponential distribution is used to model Poisson processes, which are situations
in which an object initially in state A can change to state B with constant probability per
unit time A. The time at which the state actually changes is described by an exponential
random variable with parameter A\. Therefore, the integral from 0 to T over f is the
probability that the object is in state B at time T.

In real-world scenarios, the assumption of a constant rate (or probability per unit time)
is rarely satisfied. For example, the rate of incoming phone calls differs according to the
time of day. But if we focus on a time interval during which the rate is roughly constant,
such as from 2 to 4 p.m. during work days, the exponential distribution can be used as a
good approximate model for the time until the next phone call arrives.

The mean or expected value of an exponentially distributed random variable X with
rate parameter A is given by

In light of the example given above, this makes sense: if you receive phone calls at an
average rate of 2 per hour, then you can expect to wait half an hour for every call.

Exponential distributions are at the base of Continuous Time Markov Chains (CTMCs).
A CTMC is a family of random variables { X (¢)|t > 0}, where X (¢) is an observation made
at time instant ¢ and ¢ varies over non—negative reals. The state space, namely the set
of all possible values taken by X (t), is a discrete set. Moreover, a CTMC must satisfy
the Markov (memoryless) property: for any integer k > 0, sequence of time instances
to < t1 < --- <t and states sg, ..., s, it holds

P(X(tk) = Sk‘X(tkfl) = Skfl,...,X(tl) = 81) = P(X(tk) = Sk‘X(tkfl) = Skfl)

where P(E|E2) denotes the probability of event E; when it is known that event Es
happens (this is called conditional probability).

Intuitively, the memoryless property means that the probability of making a transition
to a particular state at a particular time depends only on the current state, not the previous
history of states passed through. The exponential distribution is the only continuous
probability distribution which exhibits this memoryless property, hence it is the only one
that can be used in the definition of CTMCs.

Formally, a CTMC is defined as follows.

Definition 2.1 (Continuous Time Markov Chain). A CTMC is a triple (S, R, 7), where
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- S is the set of states,
- R:Sx S+ IRZY is the transition function,
- m: S~ [0,1] is the starting distribution.

The system is assumed to pass from a configuration modeled by a state s to another one
modeled by a state s’ by consuming an exponentially distributed quantity of time, in which
the parameter of the exponential distribution is R(s, s’). The summation ) s R(s,s’) is
called the exit rate of state s. A transition from s to s’ happens with probability

Finally, the system is assumed to start from a configuration modeled by a state s € S
with probability 7(s), and ) .gm(s) = 1. If the set of states of the CTMC is finite
(S ={s1,...,8n}), then the transition function R can be represented as a square matrix
of size n in which the element at position (,j) is equal to R(s;, s;).

2.3 Stochastic Simulation of Chemical Reactions

The fundamental empirical law governing reaction rates in biochemistry is the law of mass
action. This states that for a reaction in a homogeneous medium, the reaction rate will
be proportional to the concentrations of the individual reactants involved. A chemical
reaction is usually represented by the following notation:

k
0151 + 025, = 0353 + €45,
-1

where S1,...,S4 are molecules, ¢1,...,¢, are their stoichiometric coefficients, and k, k_1
are the kinetic constants. We denote with L the sum of the stoichiometric coefficients,
that is the total number of reactant molecules. The use of the symbol = denotes that
the reaction is reversible (i.e. it can occur in both directions). Irreversible reactions are
denoted by the single arrow —.

For example, given the simple reaction

k
2A = B
k_1

the rate of the production of molecule B for the law of mass action is:

dBy 2
— =klA
o [A]
and the rate of destruction of B is:
dB_
—— =k_4|B
)

where [A], [B] are the concentrations (i.e. moles over volume unit) of the respective
molecules. In general, the rate of a reaction is:

S - 1,1



12 CHAPTER 2. BACKGROUND

where 51, ...,5, are all the distinct molecular reactants of the reaction.

The rate of a reaction is usually expressed in moles - s~! (it is a speed), therefore the
measure unit of the kinetic constant is moles—(E=1) . 71,

In [24] Gillespie gives a stochastic formulation of chemical kinetics that is based on the
theory of collisions and that assumes a stochastic reaction constant ¢, for each considered
chemical reaction R,. The reaction constant ¢, is such that c,dt is the probability that
a particular combination of reactant molecules of R, will react in an infinitesimal time
interval dt, and can be derived with some approximations from the kinetic constant of the
chemical reaction.

The probability that a reaction R, will occur in the whole solution in the time in-
terval dt is given by c,dt multiplied by the number of distinct R, molecular reactant
combinations. For instance, the reaction

Ry:51+5— 25 (2.1)

will occur in a solution with X; molecules S; and Xo molecules So with probability
X1Xsc1dt. Instead, the inverse reaction

Ry :251 — S1+ 55 (2.2)

will occur with probability w@dt. The number of distinct R, molecular reactant

combinations is denoted by Gillespie with h,, hence, the probability of R, to occur in dt
(denoted with a,dt) is
aydt = hye,dt .

Now, assuming that Si,...,S, are the only molecules that may appear in a chemical
solution, a state of the simulation is a tuple (X7, ..., X)) representing a solution contain-
ing X; molecules S; for each i in 1,...,n. Given a state (X1,...,X,), a set of reactions
Ri1,..., Ry, and a value t representing the current time, the algorithm of Gillespie per-
forms two steps:

1. The time t 4+ 7 at which the next reaction will occur is randomly chosen with 7
exponentially distributed with parameter Z,]jw: 1 ay;

2. The reaction I, that has to occur at time ¢ + 7 is randomly chosen with probability
a,dt.

The function Py(7, jt)dt represents the probability that the next reaction will occur in the
solution in the infinitesimal time interval (¢ 4 7,¢ 4 7 + dt) and will be R,,. The two steps
of the algorithm imply

Py(7, p)dt = PY(7) - a,dt

where PgO(T) corresponds to the probability that no reaction occurs in the time interval
(t,t+ 7). Since P;(T) is defined as

M
PgO(T) = exp ( Z CLVT>

we have, for 0 < 7 < o0,
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Finally, the two steps of the algorithm can be implemented in accordance with Py (7, 1)
by choosing 7 and u as follows:

1 1 = M a
T = <2:M> In () 1 = the integer for which Z a, <To Zal, < Z ay
T1

v=1 ay v=1 v=1 v=1

where 71,72 € [0,1] are two real values generated by a random number generator. After
the execution of the two steps, the clock has to be updated to ¢ + 7 and the state has
to be modified by subtracting the molecular reactants and adding the molecular products
of R,. Notice that there exist also variants to the Gillespie’s algorithm and it is worth
mentioning [4].

2.4 Transition Systems

In this section we present some basic notions of process description language theory that
are needed in the remainder of the thesis. In particular we recall the definitions of Tran-
sition System (TS), Labeled Transition System (LTS) and we show how a LTS can be
specified by means of inference rules.

A TS is a mathematical model describing something having a notion of state (or
configuration) which may evolve by performing steps from one state to another. A TS is
formally defined as follows.

Definition 2.2 (Transition System). A Transition System (TS) is a pair (S,—) where S
is the set of states ranged over by s, sg, $1,..., and —C § X S is the transition relation.
We write s; — s; when (s;, sj) €—.

In a TS, the nature of the elements of S usually depends on what the TS describes.
For instance, if the TS is used to describe the execution of programs written in some
imperative programming language, its states will be pairs (C,0) where C is a program
and o is its store. Instead, if the TS is used to describe the evolution of chemical solution
in which reactions may occur, its states will be multisets M describing the multitude
of molecules that are present in the chemical solution. The transition relation, instead,
represents the steps that can be performed by the system from one state to another one. In
fact, s) — s1 means that a system in state sy in one step can change its state to s;. In the
example of the imperative programming language one step corresponds to the execution
of a single command of the program, and in the chemical example one step corresponds
to one occurrence of a chemical reaction in the chemical solution.

In a TS, a state s is reachable from another one sq if a system in state sg can perform
a finite (and possibly empty) sequence of transition at the end of which the state of
the system is s. More precisely, s is reachable from sq if either sy = s, or there exist
$1,...,8, € S such that ss — 51 — ... — s, — s.

An LTS is a TS in which transitions are enriched with labels.

Definition 2.3 (Labeled Transition System). A Labeled Transition System (LTS) is a
triple (S, L,—) where S is the set of states (or configurations) ranged over by s, sg, s1, - - -,
L is a set of labels ranged over by [, 1o, l1,... and =C S x L x S is the labeled transition

. . l
relation. We write s) — s1 when (so,1,$1) €—.
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In an LTS the label of a transition usually denotes the event that has caused the tran-
sition. LTSs may describe the behavior of the modeled system in great detail. Relations
on states of a LTS can be defined to compare the behavior of two modeled systems. In
particular, behavioral equivalences are reflexive, transitive and symmetric relations that
relate systems that are not distinguished by any external observer, according to a given
notion of observation. There exist many notion of behavioral equivalence, it is worth men-
tioning the bisimulation equivalence in both its strong and weak definition; however, we
omit to define these equivalences in this thesis.



Chapter 3

MultiSet Rewriting

3.1 Definition of MSR

In this section we introduce MultiSet Rewriting (MSR); already exist some formal defini-
tions of this formalism, for instance the Propositional MultiSet Rewriting in [12], although
we will introduce a new one with a syntax similar to process algebras. We will define the
syntax of terms, a structural congruence relation over terms, rewriting rules and an op-
erational semantics. At the end of this chapter the expressiveness with respect to Turing
Machines will be investigated, and, in the last section, we will discuss the possibility of
adding a stochastic behavior to MSR. Some examples will be shown in this chapter to
make the exposition clearer.

A state of the system will be represented by a term of MSR;; in order to define terms we
assume a infinite set of atomic objects A = {a,b, ¢, ...} and we define multisets of atomic
objects in A with the following syntaz:

Definition 3.1. (Terms)
Multisets M over a infinite set of atomic objects A are defined by the following grammar:

M= A | M|M | e
A = a ‘ b ‘ c!

where | is the usual union on multisets and € is the empty multiset. The universe of all
multisets is denoted by M.

Multisets of atomic objects can be constructed by means of the union operator |. We use
the notation | for multiset union instead of the more usual notation U to have a notation
similar to that of process calculi.

Well formed multisets can be used to represent aggregation of elements with repetitions.
As an example, the aggregation of three objects a and two objects b is denoted by the
multiset a | a | a | b | b. Of course the order of appearance of the objects inside the multiset
is meaningless, in particular any permutation of the ordering of objects represents the same
multiset, for instance a | b is the same as b | a for any a or b. There are also other properties
of operators defined in the syntax of MSR; all these properties are endowed in a structural
congruence relation on terms of MSR stating which syntactically different terms represent
the same multiset.
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Definition 3.2. (Structural congruence) The structural congruence relation = is the
least congruence relation on multisets satisfying the following axioms:

M1’M2 = MQ’Ml Mﬂ(MQ’Mg) = (MllMg)’Mg M‘E =M

Axioms of the structural congruence simply state the associativity and commutativity of
| and the neutral role of e. With this relation is now clear that the commutativity of |
provides the property that we previously stated; in particular, referring to the previous
example we have that

alala|b|b=bla|bla|la=€|lalala|b|b=...

Notice that, due the neutral role of € with respect to |, given a multiset M there exist
infinite multisets structurally congruent to M.

We can formally define the algebraic multiset operations €, C, \, U and N for MSR
terms as follows

given a € A and M € M we have that a € M < IM' e M. M =a | M’;

given M, M’ € M we have that M C M' < Va € M.a € M’;
given M’ M" € M we have that M\ M" =M < M = M' | M";

given M, M' € M we have that M UM’ = M | M’;

given M, M" € M we have that M' " M" =M < M =ay | ... | a, and Vi =
1,...,n.a; € M'" Na; € M".

Example 3.3. A simple chemical solution containing one molecule of water (H20), one
molecule of hydrogen two (Hz) and one molecule of oxygen (O) can be represented using
the multiset

H>O | Hy | O

built over the alphabet { HoO, H2, O}.

We can now define rewriting rules for MSR: intuitively each rule will consist of two
multisets, the former will be referred to as the multiset of reactants, and the latter as the
multiset of products. Formally we define rewrite rules as follows:

Definition 3.4. (Rewrite Rules) A rewrite rule is a pair (M, M), denoted by M +— M’,
where M, M' € M, M # e¢. With R we denote the set of all possible rewriting rules.

Intuitively the rule a | b — ¢ states that whenever it would be applied to a multiset
the reactants a and b will be replaced with the product c¢. If in the multiset to which the
rule is applied there is more than one a or b object, then the objects to be replaced will
be chosen non-deterministically.

Formally, as regards the application of a rule M — M’ to a multiset NV, we have that:

- the rule can be applied if and only if all the reactants in M appear in N, namely
M C N;

- whenever the rule can be applied to N = M|N’ then the result of its application is
the multiset M'| N’ obtained by computing the multiset (N\M)U M’.
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Example 3.5. A simple chemical reaction stating that one molecule of hydrogen two
and one molecule of oxygen reacting together are transformed into a molecule of water is
described by the MSR rule

H2 | O+ HQO

The result of applying this rule to the multiset given in Example 3.3, namely H20O | Hy | O,
is

H,0 | HyO

Notice that the same rule cannot be applied any more to the new multiset because Hy |
O ¢ Hy0 | H20.

After these considerations on rules and multisets we can define an operational semantics
for MSR providing the required features.

Definition 3.6. (Semantics) Given a finite set of rewriting rules R C R, the seman-
tics of MSR is the least relation — closed with respect to = and satisfying the following

inference rule:
M— M e€R

MI/|M4)MI/|MI

Notice that the closure of — with respect to = implicitly yields the following inference

rule
T=M->M=T

T—1T
We show now a simple example of derivation of the semantics.

Example 3.7. Given a multiset M and a single rule R such that
M=albla|c R:blarc
we show one application of the semantics of MSR to M:

blaw—c

bla |a|lc— _c Jalc
~— ~

inserted

removed products

reactants

Notice that there are two ways of applying the rule to M because it contains two occur-
rences of a, however, independently from the chosen occurrence, we get always the same
resulting multiset modulo the structural congruence relation =.

Having defined the syntax and the semantics of MSR, we can now define an MSR
system as follows:

Definition 3.8. (MultiSet Rewriting System)

Given a multiset M € M and a finite set of rules R C R we define an MSR system as the
pair (M, R). The time—evolution (an MSR computation) of such a system is described by
the closure of the transition relation — when applied to M and R.

An MSR model of a biological system is represented using an MSR system having, as
initial state, a multiset representing the initial solution, and, as rewriting rules, the events
that may happen in the biological system.
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3.2 Expressiveness of MSR

In this section we examine the possibility of using multiset rewriting as an intermediate
language for their simulation.

As may it be intuitive MSR, is suitable for the simulation of biological systems based
on biochemistry or, more in general, those describing cell biology. There exist systems
that cannot be simulated by MSR computations, in particular we have that high—level
formalisms mentioned in Chapter 1 can describe a wider class of biological systems. The
greater expressiveness of the mentioned formalisms, from a computer science point of view,
can be seen as the fact that those formalisms are as expressive as Turing Machines [32].
The next theorem states the non Turing completeness of MSR. As we cannot expect to
be able to use in the simulations a language which is less expressive than the one we want
to simulate, we will have to define a more expressive formalism.

Theorem 3.9. MultiSet Rewriting is not Turing complete.

Proof. The main idea is the encoding of each MSR computation in a computation of a
Place/Transition Petri Nets. As Petri Nets has been proved to be non Turing complete ,
then also MSR will be proved to be non Turing complete.

A Petri Net P is a 5—tuple P = (S, T, F, My, W), where

- S is a set of places

T is a set of transitions

FC(SxT)U(T x S) is a set of arcs
- My : S — N is the initial marking for P
- W : F+ N7 is a set of arch weights

We show how to encode a generic MSR system (M, {Ry,..., Rx}) into a Petri Net P; in
particular starting from the MSR system we define the structure of the net, namely S and
T, we then encode the initial state M into the marking My, and, finally, we build the set
F and the weights W from rules in {Ry,..., Ri}.

Net structure: Let A C A denote the finite set of all symbols of the alphabet A that
appear in the whole MSR system we want to encode, that is all the atomic objects
that appear in both M and {Ry,..., R;}. We can define the set of places in the net
P as follows: for each a € A we define a place (), € S. We also enrich S with a place
representing the e symbol that is not included in A, thus (), € S. As regards rules,
starting from rules {R1, ..., R} we define the set of transitions 7' = {0y, ...,0x}.

Initial marking: Let N, denote, for any symbol a € A, the number of occurrences of a
that appear in multiset M (in other words the algebraic cardinality of a in M); then
we can define the marking My as My((O,) = N,. For all the other symbols @ € A
that appear in the rules but not in M, we define My(Og) = 0.

Ares: for each rule R, in the MSR system of the form a; | ... | ap — b1 | ... | by, where
a;,bj € A, we add to F the arcs (Oq,;, Dw) for any i = 1,...,m Aa; # € and the arcs
(0w, Op;) for any j = 1,...,n. Let M,,, denote, for any object in A, the number
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U T

s .y

O—1thE—0.
Figure 3.1: Example of encoding a MSR system into a Petri Net

of occurrences of a that appear into the multiset of reactants of rule R,,, and M(/z,w
the number of occurrences of a that appear in the multiset of products of rule R,,.
Then we can define W as W(a,0y) = My and as W(Oy,a) = M, .

The MSR system is now encoded into the Petri Net and the computation on the net
is able to emulate the behavior of the system. O

Example 3.10. Let M be the multiset a | a | b; given the rules {R1, Ra, R3, R4} such
that

Ri:a | b—c Ry:claw—c

Rs:cr— € Ry:b—c

with the MSR system (M, {R1, R, R3, R4}) we have that we can associate the following
Petri Net P = (S, T, F, My, W) where

- {Oas Ony, Ocy, Oe} is the set of places S
- {0, Oy, Os, Oy} is the set of transitions T'
the set of arcs given, for instance, by rule Ry is {(Oa, U1), (Op, O1), (O1, O¢)}

- Mo(Oa) =2, Mo(Op) =1 and My(O¢) = Mo(Oe) = 0 is the initial marking for P
- the set of arch weights given, for instance, by rule Ry is {((a, U;),1), ((b, 01),1), ((C4, ¢),1)}.
A graphical representation of the Petri Net P is show in Figure 3.1.

Summarizing, we introduced MSR as a formal language for the description of some
biological systems, we defined formally its semantics and proved an important result on
its expressiveness.

We proved the non Turing completeness of MSR; we will use this language as a basis
for the definition of an intermediate language for the description of biological systems.
The language that we define will have to be proved to be Turing complete.

We want to notice that, even if not suitable as an intermediate language, the MSR
formalism can be used in practice in the development of simulation softwares for bio-
logical systems; as example MSR as been used as the formal definition of the semantics
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of the Generic Biological Simulator [23, 9]. Such a simulator can describe a wide class
of biological systems, in particular in [9] has been used to simulate biochemical systems
and evolutionistic systems based on sexual selection (a phenomenon known as sympatric
speciation).

We conclude this section with a simple example of a biochemical system, the Lotka—
Volterra system, which can be easily modeled using a MSR system.

Example 3.11. The Lotka—Volterra equations, also known as the predator-prey equations,
are a pair of first order, non-linear, differential equations frequently used to describe the
dynamics of biological systems in which two species interact, one a predator and one its
prey. They were proposed independently by Alfred J. Lotka and Vito Volterra in the early
1900’s.

The differential equations can be seen as the following chemical reactions

Y1 =27 Y1 +Y, = 2Y5 Yo~ 7

whose can be easily encoded into the following multiset rewriting system by using alphabet
{}/17 Y27 Z}
Y1 = Y1|Y1 YﬂYQ — YQ‘YQ Y2 —

The initial state for such a simulation, defined by a generic aggregation where Y7 = nj,
Y5 = ny and Z = ng, can be encoded into the following multiset rewriting term

}/1><7’L1‘Y2><TIQ|Z><713

where with T x n we denote the repetition of T' for n times.

3.3 Stochastic MSR

In this section we examine the possibility of adding a stochastic semantics to MSR.

We recall that adding a stochastic behavior to a modeling language is necessary in
order to use a simulation algorithm to describe the time—evolution of a modeled biological
system. We examined in Section 2.3 the well established Gillespie’s algorithm [24] and in
this section we show how to enrich MSR with a stochastic semantics inspired by such an
algorithm. From the stochastic semantics a Continuous Time Markov Chain (CTMC for
short) can be easily derived. Given a CTMC associated to an MSR system we can use
model checking techniques to verify properties on the model and, furthermore, we can use
analytical tools to compute properties on the CTMC, for instance the steady states of the
system.

For most of the higher level languages there exist a stochastic semantics but, as we
previously said, adding such a semantic may not be trivial. In particular, we note that in
the process of computing the rate of a rule, the most frequent problem that must be solved
is represented by computing the number of occurrences of the reactants of the rule that
appear in the current state of the simulation. As higher level languages are term—based
formalisms, then both the state of the computation and the reactants of the rules are
expressed as terms or patterns of the language. In this case the problem of counting the
number of occurrences of the reactants becomes the problem of searching the number of
occurrences of a sub—term inside a term. Here the sub—term are the reactants of the rule
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and the term is the state of the computation. Alternatively, this problem can be seen as
the problem of searching a sub—tree inside a tree. In particular, the sub—term and the
term correspond to the sub—tree and to the tree, respectively.

Furthermore, as almost all the higher level languages are equipped with a structural
congruence relation, then the sub—trees we are going to search may change accordingly
to the equivalences introduced by such a relation. This last consideration may introduce
difficulties for both the definition and the implementation of the stochastic semantics of
the language.

Surely, the outlined problem can be solved using naive algorithms, although we can
note that, as it has to be solved at each step of a computation and for each rule of the
system, then would be very important to solve it efficiently.

We now focus on the problem in the context of multiset rewriting; in particular, we
will show that solving such a problem referring to multisets rewriting formalisms is quite
trivial.

In order to formally define the problem let us define a multiset M built over an alphabet
A as a cardinality function

m:A— N

For each object a € A the value m(a) represents the number of occurrences of a in M.
With this representation of multisets, a rule with reactants represented by the multiset m
can be applied to a multiset n if and only if Va € Sy;. m(a) < n(a).

Example 3.12. Given the multiset
M = alalalb|b
built over A = {a,b,c}, M can be represented as the set of pairs

m = {(a7 3)7 (b7 2)7 (07 0)}

because the distinct objects of A that appear in M are a and b with cardinality 3 and 2,
respectively. The cardinality function then states that m(a) = 3, m(b) = 2 and m(c) = 0.

We can note that, the problem of computing the number of occurrences of the reactants
inside the multiset representing the current state of a simulation, is immediately solved
computing the values of the cardinality functions.

Formally, with respect to the Gillespie’s algorithm we have that, given an MSR com-
putation in which the current state is represented by the multiset

N =n

then the rate of an MSR rule R : (M, M’ k) enriched with a kinetic constat k € R, is
given by

when M = m.
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Example 3.13. Given the multiset

n = {(a,3),(b,2),(c,0)}

the rate of a rule R : (M, M', k) where

m = {(a,1),(b,2),(c,0)}
is given by
rower X =k T () )=+ (e ) (o ) =4 (1) (3 ) =#am =2
ve{a,b}
We can now define the stochastic semantics of MSR with the following inference rule.
R:(M,M' k) M C M My = (M \ M)U M’

R, Rate(R,M1) M
5 M,

My

Here the labels on the transition represent the identifier of the applied rule, namely R,
and the rate of the transition, namely the result of computing the value Rate(R, My).

The CTMC associated to the transition system generated by this semantics can be
obtained trivially. Formally, given a state s of the transition system, let 7' = {(R;, 7;)} be
the set of labels of the transitions of the semantics that lead to the same state s’, namely
the set of transitions ~'% with ri = Rate(R;,s), then we can define in the CTMC a
transition from s to s’ with following rate.

R(s,s') = k Z Ti

(Ri,Ti)ET

Summarizing, we examined the problem of adding a stochastic semantics to multiset
rewriting formalisms and we discovered that there exist a representation of multisets which
is suitable to trivially solve the problem. Then we gave a stochastic semantics with respect
to the Gillespie’s algorithm and we showed how to derive a CTMC from such a semantics.
As already said, we will use the main ideas of MSR to formally define an intermediate
language for the simulation of biological systems.
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String MultiSet Rewriting

4.1 Definition of SMSR

In this section we introduce the String MultiSet Rewriting (SMSR) formalism as a natural
extension of the MSR formalism introduced in Chapter 3. We will define the syntax of
terms and a structural congruence relation on them; then we will introduce rewriting rules
and we will define an operational semantics describing the evolution of terms by means of
rewriting rules application.

SMSR, accordingly to the core of the MSR formalism, will be a multiset rewriting for-
malism based on multisets of objects that will be rewritten by the application of rewriting
rules. As regards the objects that we will store into the multisets we have an important
difference with respect to MSR; while in the case of MSR we used atomic objects, in the
case of SMSR objects will be strings built over an alphabet. The use of strings instead
of atomic objects provides an interesting feature; a string can represent a biological ob-
ject with a certain structure which can be encoded into the string itself, furthermore any
change on a string can be seen as a change in the structure of the object represented by
the string itself.

The rewriting rules of SMSR will be, as in the case of MSR, pairs of multisets; rules
will be enriched with variables and with a new syntactic operator, the maximal matching
operator. Furthermore, inspired by the possibility of generating fresh names as in some
process algebras [15, 43] and in First Order Multiset Rewriting [12], we will introduce
in SMSR the possibility of generating fresh data in the process of application of a rule
containing a certain kind of variables. In this section we will introduce, using a lot of
examples to make the exposition clearer, the formal definition of SMSR which will provide
the outlined features.

Finally, as regards the expressiveness of SMSR and the considerations made in Sec-
tion 3.2 about the expressiveness of MSR, we will prove in the next section the Turing
completeness of this new formalism.

In order to define strings we start with assuming an infinite alphabet & = {ej, e, ...}.
The objects we will store in the multisets will be strings built over the alphabet £.

We can now define the syntazr of SMSR terms representing the state of an SMSR
computation as follows:

Definition 4.1. (Terms) Multisets M and strings S over an alphabet £ are defined by
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the following grammar:

M:=S | M|M
S = ¢ | e ’ S-S

where € is the empty string, e is a generic element of £, - is string concatenation, and | is
multiset union. We denote the set of all multisets as M and the set of all strings as S.

Strings over £ can be constructed by means of the concatenation operator -, with e rep-
resenting the concatenation of zero elements. Multisets of strings can be constructed by
means of the union operator |; notice that this operator is the same used in MSR.

As we made for MSR, we endow SMSR with a structural congruence relation on terms;
in particular we express the associativity of - and |, the commutativity of the latter, and
the neutral role of e.

Definition 4.2. (Structural Congruence) The structural congruence relation = is the
least congruence relation on multisets satisfying following axioms:

S1-(Sy-S3)=(S1-85)-83 S-e=S
M1|MQEM2|M1 M1|(M2’M3)E(M1|M2)‘M3 M|€EM

Note that the definition of the canonical algebraic multisets operations €, C, \, U and
N on MSR terms given in Section 3.1 can be trivially extended to the domain of SMSR
terms.

Example 4.3. Given an alphabet such that
& =A{a,b,c}

there exist infinite different multisets that can built over £. For instance some of them
may be
M=a-b-cla-blale M'=a-cb-bla-a-c M" = alalc

In this simple example M" is both a term of SMSR and of MSR while, M and M’ are
only SMSR terms; in general given an alphabet £ every MSR term built over £ is also an
SMSR term, but not viceversa.

Now we are going to introduce SMSR patterns. Intuitively, patterns are terms enriched
with variables and with a maximal matching operator, this operator is the main novelty of
SMSR. Patterns will be used to define rewriting rules, and both variables and the maximal
matching operator will be instantiated in the process of application of a rule in order to
match a subterm of the term to which the rule is applied.

We assume an infinite set of variables V such that

V = Ve U Vs U VYV
where:

- Ve ={x,y, z,...} denotes the infinite set of element variables; in the process of instan-
tiating such a variable the instantiation value will be of type element, namely will
be an element of the set £ U {e}.
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- Vs ={z,9,z,...} denotes the infinite set of sequence variables; in the process of instan-
tiating such a variable the instantiation value will be of type string, namely will be
a string built over the set £ U {e}.

- YV ={X,Y,Z, ...} denotes the infinite set of multiset variables; these variables will be
used together with the maximal matching operator. In the following we will formally
explain their meaning.

We can now introduce SMSR patterns over the alphabet £ and the infinite set of
variables V as follows:

Definition 4.4. (Patterns) Multiset patterns M P and string patterns SP over an
alphabet € and an infinite set of variables V are defined by the following grammar:

MP == SP | MP|MP | {SP}yx | {SP}sp
SP == € ‘ e ‘ SP-SP ‘ x ‘ x

where € is the empty string, e is a generic element of £, T, x and X are generic string,
element and multiset variables, - is string concatenation, | is multiset union and {_[} is
the maximal matching operator. We denote the set of all multiset patterns as MP and
the set of all string patterns as SP.

We assume the algebraic multiset operations €, C, \, U and N to be trivially extended
to SMSR patterns. Patterns are used to define rewrite rules of SMSR. Analogously as in
MSR a rewrite rule is essentially a pair of multisets; in particular in the case of MSR a
rule was a pair of terms while in the case of SMSR a rule is a pair of multiset patterns.
As always the first describes the term that is modified by an application of the rule and
the second describes how the term changes after the application.

Definition 4.5. (Rewrite Rule) A rewrite rule R is a pair (M, M’), denoted by M —
M', where M,M' € MP and M # e¢. With R we denote the set of all possible rewrite
rules.

Before defining the semantics of SMSR we make some considerations on the syntax of
multiset patterns; in particular we focus on the meaning of variables and on the meaning
of the maximal matching operator.

Intuitively, variables in patterns allow a rewrite rule to be applicable to any term that
can be obtained by replacing such variables with proper elements or strings.

Example 4.6. Given the following rules
Ri:a-z—... Ry:a-Tr...
where x € Vg and T € Vs, we can point out that with respect to the following multisets
M=a-b M=a-a-c
the following propositions hold:

- R; can be applied to M when its element variable x is instantiated with value b
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- Ry can be applied to M when its sequence variable T is instantiated with value b
(an element is a string of length one)

- Rs can be applied to M’ when its sequence variable 7 is instantiated with value a - ¢

- Ry cannot be applied to M’ because its variable x cannot be instantiated to a string.
In general a rule of the form « - b — ¢ cannot be applied to the multiset a - b - b.

As regards the maximal matching operator we can notice that there exist two different
forms for its use, namely

{SPlx {SPhsp

where SP € SP and X € V,; intuitively both the forms represent a multiset of strings
which have as prefix the same instantiation of the string pattern SP.

In particular, as regards the first form, {|SP[} y, we have that, whenever we will apply
to a multiset M a rule containing such an operator, then this instance of the maximal
matching operator will represent the multiset of all the strings in M which have as prefix
the instantiation of the string pattern SP. This behavior justifies the name for the oper-
ator, in particular the word mazimal means that the operator represents the multiset of
all the strings with a given prefix; formally such an operator represents the multiset of all
the strings S’ of M satisfying the following proposition

SeM A 3S"es. =8-5"

where S is the instantiation for the prefix SP. Semantics of SMSR will guarantee such a
behavior for this form of the maximal matching operator.

Example 4.7. Given the following multiset
M=a-bla-b-ala-c-bla-c-c
and these two instances of the maximal matching operator

{la-blx {la-xfx

we have that, with respect to M, {ja - b[} y represents the multiset of all the strings with
prefix a-b, namely a-b | a-b-a. Differently, {|a-z|} y represents both the multiset a-b | a-b-a
and the multiset a - c¢-b | a- ¢ ¢ dependently from the instantiation of its variable z; in
particular will represent the former when z is instantiated with the value b, and the latter
when z is instantiated with the value c.

As regards the second form of the maximal matching operator, namely {SPi[}gp,,
there is a syntactic difference on the subscript with respect to the previously defined
form; in particular in the first one we had a multiset variable while in this one we have a
sequence pattern. With this form of the operator we want to express a proposition with
an existential quantifier, namely

3! Sl . SQ eM

where S7 and Sy are the instantiations of the patterns SP; and S Ps, respectively. In other
words this form of the maximal matching operator will represent the singleton of the only
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string 571 - S9 in M; note that if in M there will be 0 or n > 1 strings Sy - S then the rule
containing one instance of this form of the operator cannot be applied. In the case there
would be k syntactically equivalent occurrences of this form of the operator, then the rule
would be applied if and only if there exist exactly k strings S7 - So in M. As already
mentioned, the semantics of SMSR will provide the expected behavior for this operator in
both its forms.

Example 4.8. Given the following multiset
M=a-b-ala-c-cla-c-c
and these two instances of the maximal matching operator

{la- b, {la-cl,

we have that {la-b[}, will represent the singleton a-b-a of M while {ja - c[}, will represent
the singleton a - ¢- ¢ of M. Notice that, as we said, if we had a rule containing the pattern
{la - bl}, then that rule could be applied to M because the number of occurrences of the
singleton a - b - a in M is one; differently if the rule contained one pattern {la - cf}, then
it could not be applied to M because the number of occurrences of the singleton a - ¢ - ¢
is two. If a rule contained two instances of the pattern {a - c[}. to M, then it could be
applied to M.

In order to formally define the behavior of the maximal matching operator we must
introduce an auxiliary function; we recursively define a pattern expansion function (_)_.
Such a function will be used to replace all the occurrences of the maximal matching
operator with a pattern which will not contain any instances of the operator. In particular
we will have that in the case of the first form of the maximal matching operator the function
transforms each maximal matching operator into the union of string patterns, all with the
same prefix S followed by different sequence variables. We call n-ezpansion of {|S|} v
the replacement of a maximal matching operator {|S[} y by a union of n string patterns
S-Zi|...| S Zp. The value of n for the expansion of each maximal matching operator
will be given by an auxiliary function p : Vs — N, which is a parameter of the pattern
expansion function. In the case of the second form of the maximal matching operator,
{SP1]}5p,, the expansion function gives SPy - SPs.

Definition 4.9. (Pattern Expansion Function) The pattern expansion function (_)- : MPx
(Vum — N) — MP is recursively defined as follows:

(SP), = SP
({SPlx )p= SP-z1| ... | SP-Z,x) wherez; € Vs
< {‘SP1|}SP2 >p = SP-5P
<MP1 | MP, >p: <MP1>,0 | <MP2>p

Notice that the pattern expansion function behaves as the identity function over string
patterns and also distributes over the operator _|_. Furthermore as the function will
compute the n—expansion of a maximal matching operator of the first form, then the
expanded pattern will represent exactly n strings given a prefix S; note that in the process
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of application of a rule which wants to rewrite all the strings with given prefix, then the
semantics of SMSR will provide the choice of the proper p function to be used in the
expansion.

Finally we can note that multiset variables are replaced using a finite set of sequence
variables during patterns expansion. From this consideration multiset variables can be
seen as placeholders which occur in the first form of the maximal matching operator.

Example 4.10. Given a multiset M =a -2 | {la-b[}x | c and p(X) = 3 we have that
(M)p=(a-z[{a-bly]|c)
=(a-2 )| (fla-bix)pl(c)
=a-T|la-b-r1|a-b-x3]a-b-x3|c

Notice that this multiset pattern obtained by the expansion represents only p(X) = strings
with prefix a - b.

Let us now define the following functions:

Var : MP — o(Ve UVs) such that Var(M) denotes the set of variables that appear in
multiset M, formally

Var(e) = Var(e)=10 Veef&

Var(v) = {v} VoeV
Var(S-S") = Var(S)uUVar(S")
Var({Styx) = Var(S)uU{z; |ie N}
Var({Slg) = Var(S)uUVar(s')

Var(M|M') = Var(M)U Var(M')

Note that, by the expansion of the maximal matching operator, we have that Var({SP[} ) =
Var(SP)U{z; | i € N} where {z; | i € N} is an infinite set of sequence variables.

This yields the fact that if there exist at least one occurrence of the first form of the
maximal matching operator in a pattern P, then the set Var(P) is infinite. This is

due to the fact that, by the definition of the expansion function, we know that a mul-

tiset variable X will be replaced with a finite set of sequence variables {Z1,...,Z,}

when p(X) = n; however we can note that even if the value of n is finite, it cannot be

known a priori because the p function we choose during a computation will change

over time dependently on the current state of the computation.

Symbols : MP — p(€) such that Symbols(M) denotes the set of elements of £ that
appear in multiset M, formally

Symbols(e) = {e} Veef&
Symbols(v) = 0 VoveV
Symbols(S - S") = Symbols(S) U Symbols(S")
Symbols({|S[}ty) = Symbols(S)
Symbols({|Sltg)) = Symbols(S) U Symbols(S")

Symbols(M|M') = Symbols(M) U Symbols(M')

We assume Symbols to be trivially extended to sets of SMSR terms and we define
the set of fresh symbols for a multiset M as the infinite set £\Symbols(M).
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An instantiation is a function o : Ve U Vs — M; we denote by ¥ the set of all possible
instantiations. Given M € M'P, with Mo we denote the multiset obtained by replacing
each occurrence of variable v appearing in M with the corresponding instantiation o(v),
for instance given a multiset M = a - x and a o such that o(z) =b-a then Mo =a-b- a.

We denote with o(V) the set {T' | o(v) =T, v € V}. A multiset M is ground if and
only if Var(M) = (); a rule M — M’ is ground if and only if both M and M’ are ground.
We write Var(R) for Var(M)UVar(M') and Symbols(R) for Symbols(M )USymbols(M').

Notice that, in a rewrite rule M +— M’ we have no constraints on Var(M) and
Var(M'). In particular, some variables may exist that appear only in M’ and not in
M. We call these variables free and the others, namely those appearing in M, bound.
Formally, FV : R+ p(V) and BV : R+ p(V) are the functions

FV(M— M) = {v|iveVar(M)Av g Var(M)}
BV(M — M') = Var(R)\ FV( (M,M")) = Var(M).
Free variables are related to the generation of fresh data, in particular their instan-
tiation in the process of application of a rule R to a multiset M will be such that

Symbols(o(FV(R))) N (Symbols(M) U Symbols(R)) = (). The semantics of SMSR will
provide the choice of the proper instantiation function.

Example 4.11. Given a multiset M and a rule R such that
M=a-blec R:a-T—a-y
we have that

Var(M) =10 Var(R) ={z,y} BV(R)={z}
Symbols(M) = {a,b,c} Symbols(R) ={a} FV(R)={y}

the result of the first application of R to M, when o = {(y,d), (Z,b)}, is
a-dlc
Note that the variable y is instantiated with a fresh symbol d which satisfies the constraint
{d} n({a,b,c; U{a}) =0
and that any further application of such a rule will need to generate again a fresh symbol.

We could get for example the multiset a - e | ¢ when applying again the rule Rtoa-d | ¢
with o' = {(y,e), (Z,d)}.

We can now define a formal operational semantics satisfying the required features.
Definition 4.12. (Semantics) Given a finite set of rewrite rules R C R the semantics

of SMSR is the least labeled transition relation £5, closed with respect to = and satisfying
the following inference rules:

R:M;— MyeR ocey E|p(M1>)O’EM/\(<M2>)UEM/
) (Symbols(c(BV(R))) U Symbols(R)) N Seymbols(a(FV(R ) =10
( ) M {SPo | {SP[} eM’'}, Symbols(c(FV(R))) M

MES M vSee AS'€S.(S-S)eM” (N Symbols(M") =0

(2) Tt
M//’M ? M//‘M/
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The semantics rules use the concepts of patterns expansion and instantiation.

As regards the behavior of the maximal matching operator, {{SP[} , we have that
semantic rule (1) expresses that each occurrence of such an operator in a rewrite rule must
be expanded and the instantiation of SP by o, SPo, must be recorded as the first label
of the transition in the conclusion of the semantic rule. Such a set of labels, denoted by &
in semantic rule (2), will be used to provide the maximality, in the previously explained
sense, required by the maximal matching operator; in particular the constraint

VSe¢ BS' eS. (S-S)eM"

when satisfied, guarantees that no strings with a prefix in £ have not been rewritten and
still are contained into multiset M”.
As regards the generation of fresh data, the constraint in semantic rule (1)

(Symbols(a(BV (R))) U Symbols(R)) N Symbols(c(FV(R))) =0

states that the symbols used in the instantiation of free variables cannot appear in either
the symbols used in the instantiation of bound variables or in the symbols that appear
in the rewriting rule. Notice that this constraint is not sufficient to guarantee that the
set of symbols used in the term representing the current state of the simulation is disjoint
from the set of symbols used in the instantiation of free variables. To solve this problem
semantic rule (2) uses the constraint

¢ N Symbols(M") =)

that, when satisfied, guarantees the required feature.
As for MSR systems we can now define SMSR systems as follows.

Definition 4.13. (String MultiSet Rewriting System)
Given a multiset M € M and a finite set of rules R C R we define an SMSR system as the

pair (M, R). The time—evolution (an SMSR computation) of such a system is described

by the closure of the transition relation &S, when applied to M and R.

Analogously to MSR, an SMSR model of a biological system will be represented by
using an SMSR system having as initial state a multiset representing the initial solution
and will have rewriting rules representing the events that may happen in the biological
system.

We show now one example of application of such a semantics to an SMSR system; in
particular in this example we show only how the semantics provides correctness of the
expansion of maximality operator.

Example 4.14. Given a multiset M and a single rule R such that
M=a-b|bla-al|c R:b|{alfx— €
we show now two different applications of the semantics of SMSR to M:

- the incorrect derivation is the following
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o={(1,a)} (OHalx),)o=bla-a ((¢),)o=¢
p={(X1)} ({a} U{a,b})n =90
a-ar—e VS e{a}.35.a-S €a-bblc OnNn{a,bec,} =0

a-blbla - alc — a - blblc

(1)

(2)

and is incorrect because, even if semantic rule (1) can be successfully applied, rule
(2) imposes constraints on £ and M"” that cannot be be satisfied with the choice in
(2) of M =b | a-a. In particular the constraint

VS €{a}.35.a-S" € a-blblc
is not satisfied when choosing S’ = b because a - b € a - blblc = M".
- the correct derivation is the following
o={(z1,0), (x2,0)} (({lalx),)o =0bla-ala-b ({),)0=¢
p=1{(X,2)} ({a, b} U{a,b})N =10

a-ala-br—e VS e{a}.35.a-5 €ble On{bc,}=0
a - blbla - alc — blc

(1)

(2)

and is the only correct one with respect to the semantics of SMSR because provides
all the required features for operator {|laf} y

4.2 Expressiveness of SMSR

We now examine the expressiveness of SMSR, in particular we show now the Turing
completeness of this formalism.

Theorem 4.15. String MultiSet Rewriting is Turing-Complete.

Proof. Let us assume a Turing Machine

Buiel, Q,5€Q, FCQ, dCQxXU{f} »QxXU{t} x{L,R —})
where
- Y is an alphabet of symbols enriched with two special symbols f and ©;

- (@ is the set of states in which the machine can be, in particular 5 is the initial state
of the machine and F' is a set of states of acceptance;

- 4 is the transition relation which describes the behavior of the machine; in particular,
given the state s the machine is currently in and the symbol ¢ it is reading on the
tape the relation ¢ tells the machine what to do. Formally, given 6(q,0) = (¢, o', M),
the machine behaves as follows:

1. it writes symbol ¢’ in place of o;

2. it moves the head in the direction described by M; in particular moves left if
M = L, right if M = R or makes a non-move if M = —;
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3. it updates the state of the machine to ¢'.

A computation of a machine will end successfully when in a state ¢ € F' and reading
a symbol o there are no transitions in §, namely ((¢,0), (¢',0’, M)) & 6 for any ¢,
o' and M.

The tape will have a sequence of elements in ¥ and will have an infinite sequence of
blank symbols § on the left and on the right of the first and of the last symbols of X,
respectively. The tape will have the following structure

ottt oro0 ..o o BHEEE ...

We now encode a computation of a Turing Machine encoding a configuration of the
machine, thus both the tape and the current state in which the machine is, and encoding
the transition relation §. In order to encode the machine we assume an alphabet

E=XU{ttuQuUirL, >c, bR}
and the machine is encoded as follows:
Tape: in the encoding of the tape we will use the following idea: we split the tape into

three different strings.

In particular suppose the current tape is

o BiftoL o ok—1 Ok kg1 o o BHREY L

with o; € 3 and with the current marker pointing oy, we will encode the tape into
the multiset

‘>L‘0'1"--'0'k71’[>C'0k|[>R'0'k+1'--"0'n

Notice that the alphabet is enriched with three new symbols >y, >¢ and > denoting
the encoding of the portion of tape to the left of current marker (>), the current
marker (>¢) and the portion of tape to the right of the marker (>g).

State: the current state ¢ € ( in which the machine is encoded into the multiset gq.

Summarizing, the encoding of the initial configuration of a Turing Machine with
input tape
o fttdtor . op1 Ok Okt - on HHEBRE ...

is the SMSR multiset

§|I>L'O'1‘...-Uk_1|l>C~0'k’l>R-Uk+1‘...-Un

Transitions: we show now how to encode the transition relation ¢§; in particular, given
((q,0), (¢',0',M) ) €, we we add to our SMSR system a rewrite rule accordingly
to this schema:

-if M =— weadd
qlvc-o=q |po-d
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- if M =L we add

<

qlvo-olvL-T-x|vp-y—dq |>oc-x|>L-T|>R-0-
- if M =R we add
qglvc-o|vL-Z|or-y-g—d |>c-ylor-T-0 |Pr-T

For all the transitions in which the required symbol or the rewritten symbol is £,
we encode those transitions accordingly to the given schema but the symbol f is
replaced by the empty symbol e.

The Turing Machine is now encoded into az SMSR system and the SMSR computation
is able to emulate the behavior of the machine. O

Example 4.16. Let T'= ({a,b} U {8}, {0,1}, 0, {1}, ) be a Turing machine such that

Ry :((0,a), (0,b,R)) €6
Ry : ((0,0), (1,b,—)) €4
Rs: ((1,b), (1,a,R)) €6

This machine given a tape of symbols a and b simply rewrites all the a—symbols with
b—symbols, and viceversa. Let the machine be in initial state 0 with the following tape

. ttaabbii ...

where the marker is on symbol a; we can encode this configuration in the following multiset
M=0|>p|bo-albr-a-b-b

With respect to the encoding of the transition relation of the machine we have the following
SMSR rewrite rules:

Ry :0|vp-Z|pc-al|lbp-y-g—0|pr-Z-b|vc-y|bR T
R12:0|I>C‘b'—>1|l>c-b

Ry:1|pp-Z|pe-b|br-y-g—1|p-Z-a|vc-y|br T
The only acceptance computation executed by the Turing machine is the following:

0= aabbgt ...
~p, 0: babbit ...
~p, 0: bbbbiY ...
~p, L: bbbbig ...
~p, 1:bbabf...
~pRy 1:bbabfff ...

where notation n : ¢t denotes the current state n of the machine and the tape ¢ and the
notation ~»p, denotes the application of the transition R; € 4.
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The corresponding SMSR computation emulated by the SMSR system (M, { R}, RS, R4 })
is the following:

M OIDL‘Dc-a‘DR'a'b'b

MRII 0|I>L-b|l>c‘a|l>R-b-b

%Rll 0|I>L~b-b|bc'b|l>R-b

g 1lonb-b|be-b|og-b

%Rg lipp-b-b-a|pc-b|>r

MRS 1|lpp-b-b-a-a|>c|>r

Notice that also the SMSR computation halts here because there are no rules that can
be applied to the resulting multiset.

Summarizing, we started introducing MSR as a formal language for the description of
some biological systems and then extended it introducing the SMSR, formalism.

We got interesting features for this formalism, in particular the possibility of dealing
with strings that may seen as structured objects, the use of variables in the rewriting rules,
the introduction of a new operator, namely the maximal matching operator, and, finally,
the possibility of generating fresh data during computation.

We also gave a proof of Turing completeness for this formalism. In the next chapter,
after presenting a general encoding technique for term—based languages, we will see at
different levels of details the encoding of two of the mentioned higher level languages: the
P-Systems and CLS+.

4.3 Stochastic SMISR

As we examined the possibility of adding a stochastic behavior to MSR systems in Section
3.3, we now examine the same possibility in the context of SMSR.

In the case of SMSR we have that, analogously to the case of MSR, the state of a
computation is represented by a ground multiset but, differently from MSR, rewriting
rules contain variables and instances of the maximal matching operator.

We must deal with both of these two differences; firstly we will examine the case of
variables and then the case of the operator.

As regards variables we have that a rule of SMSR will have to be instantiated whenever
it has to be applied; in particular, given an instantiation function o, we will have to
compute the related ground rule with respect to o. Intuitively, this can be seen as a
SMSR rule were a kind of meta-rule which represents all the possible ground rules that
can be obtained instantiating the meta—rule for all the possible instantiation function.

Example 4.17. Let M be the following multiset

M=al|a-bla-c



4.3. STOCHASTIC SMSR 35

and let R be the following rewrite rule
a-x|y—e

We have that, dependently on the instantiation function, there exist many ground rules
that can be applied to M:

a-blar—e when o(z)=0>b,0(y)=a
a-bla-c— e when o(z)=b,0(@y)=a-c

a-cla— e when o(z)=c ,0(y)=a
a-cla-b—e when o(x)=c,o(y)=a-b

Note that some of them, for instance the second and the forth, may represent equivalent
ground rewrite rules.

The process of generating all the ground rewrite rules that can be obtained from a
SMSR rule because is quite trivial; let us extend SMSR rules to triples (M, M’, f) where
f ¥ — R is a function which computes, dependently on the instantiation function o of
the variables that appear in the rule, a real value f(o).

Note that, while in the case of MSR where we had a kinetic constant for rules, in
this case as we have got meta—rules, we add a function which will compute the kinetic
constant dependently on the instantiation function. The kinetic constant used in the MSR,
stochastic rules can be embedded in the definition of the function f.

As regards the generation of all the ground rewrite rules we have that, given a meta—
rule, there exist a finite set of ground rules that can be generated with respect to the
current state of the simulation, to all the instantiation function and to all the pattern
expansions of the reactants. As already said we will not give a formal definition of this
process. Note that, when we have obtained all the ground rewrite rules from a meta—rule,
then we have a finite set of MSR rewriting rules in which the kinetic constant is given
be the value f(o). Then we can use the stochastic semantics of MSR to simulate the
evolution of the SMSR system.

We now make some considerations on the maximal matching operator, in particular
we examine, using a simple example, how it influences the rate of a rule. Let N be the
current state of a simulation such that

N=a-al|la-al|la-b alternatively N = {(a - a,2),(a-b,1)}

where the multiset, accordingly to the alternative representation introduced in Section3.3,
can be represented using a function from the language of the strings over £ U {e} to N.
Furthermore, let R = (M, M’ f) be a rule with reactants

M = {lal}x

where M represents the multiset of all the strings in N with a as prefix, namely all the
strings in N. If we have a p function such that p(X) = 3, then the expansion of M with
respect to p is

(M), =a-z1|a-T2|a-T3
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Let o be the following instantiation function
o ={(71,0), (22,a), (3,0)}
Then the instantiation of the expansion of M with respect to ¢ is the ground multiset
(M)y,)co=a-a|la-ala-b alternatively {(a - a,2),(a-b,1)}

We can note that, as we said into Section3.3, the rate is computed with respect to the
following formula:

o T (28 ron (e ) (2 )1 (3 (1)1

ve{a-a,a-b}

We can note, from this simple example, an interesting property for the operator: all the
binomial coefficients of all the strings obtained by the instantiation of the expansion of the
maximal matching operator are equal to one. This is quite intuitive because there exist
one way to pick n items from a set of n items.

This is due to the fact that the semantics of SMSR provides the correct behavior for
the operator, namely provides a maximality expansion for the pattern M. Furthermore
this property holds even in the case of the other form of the operator. For instance replace
M with the pattern {|af}, to see that the property holds. Note that it still holds if there
are multiple occurrences of the operators in both their forms.



Chapter 5

SMSR as an Intermediate
Language

We start this chapter discussing on the encoding of term—based languages into SMSR. In
particular the problem we want to face is the encoding of a term into a multiset of strings.

The ideas we will outline in this introduction describe a well-known encoding technique
firstly used in [15, 20].

We start with making a simple consideration: with each term its abstract syntaz tree
can always be associated. For instance, given the arithmetic expression represented by the
term

3+7+2x542

we assume both the precedence of x with respect to 4+ and the left-associativity of operator
+. The abstract syntax tree for term is

—i-/ X \—i-
N7
3% &7

where the labels 0 or 1 denote the left—child or the right—child of a node, respectively.
Intuitively, if we encode each path in the abstract syntax tree starting from the root and
ending in a leaf with a string over an alphabet &, then we have a multiset representation
of the tree. The alphabet we choose is £ = {2,3,5,7, 40, +1, X0, X1}-
In this case we get that the multiset

\2

Xg - +0-+0-3]
Xg - +o-+1-7]
Xo - +12 |
X1-+05 |
X141 2
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represents all the paths from X to the leafs in the abstract syntax tree for term. Note
that, for all the paths in the abstract syntax tree that share a sub—path, then they share
a prefix in the encoding. For instance as the path from x to 3 and the path from x to 7
have as sub—path the path from x to their common father, then they have the same prefix
X0 - +0.

We will encode now, using such a technique, sequential P-Systems. We will not give
formal definitions of the encoding functions because the encoding of P-System is shown
as a simple example of application of this encoding technique.

In the last section of the chapter we will give, formally, the encoding of the Calculus
of Looping Sequences in one of its variants, namely the CLS+ formalism.

5.1 Encoding P-Systems

5.1.1 Definition of P-Systems

A P-System consists of a hierarchy of membranes that do not intersect, with a distinguish-
able membrane, called the skin membrane, surrounding them all. We assume membranes
to be labeled by natural numbers. Membranes contain multisets of objects, evolution rules
and possibly other membranes. Objects represent molecules swimming in a chemical so-
lution, and evolution rules represent chemical reactions that may occur in the membrane—
delimited region containing them. Evolution rules are pairs of multisets of objects, denoted
u — v, describing the reactants and the products of the chemical reactions. Rules in a
membrane can be applied only to objects in the same membrane, and they cannot be ap-
plied to objects contained in inner membranes. The rules must contain target indications,
specifying the membrane where the new objects obtained after applying the rule are sent.
The new objects either remain in the same membrane when they have a here target, of
they pass through membranes, in two directions: the can be sent out of the membrane
which delimit a region from outside, or can be sent in one of the membranes which delimit
a region from inside, precisely identified by its label. Given a possibly empty multiset of
objects w and a natural number 7, the multiset of an evolution rule describing the products
of the represented chemical reaction contains messages having one of the following forms:

- (w, here) — the new objects w remain in the same membrane of the applied rule;
- (w, out) — the new objects w are sent outside;
- (w,in;) — the new objects w are sent into the membrane labeled by 1.

A membrane is dissolved by the symbol § resulted after a rule application. When such
an action takes place, the membrane disappears, the objects and membranes it contains
remain free in the membrane placed immediately outside, and the evolution rules of the
dissolved membranes are lost. The skin membrane is never dissolved. The evolution
rule is done in parallel, and it could be regulated by priority relationships between rules.
Parallelism is maximal: at each evolution step a multiset of instances of rewrite rules
is chosen non—deterministically such that no other rule can be applied to the system
obtained by removing all the objects necessary to apply all the chosen rules. The priority
relationships are such that a rule with a smaller priority than another one cannot be
chosen for application if the one with the greater priority is applicable. The low—priority
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rule cannot be chosen even if the high—priority one is not chosen for application: what
really matters is the fact that the latter is applicable. The application of the rules consists
of removing all the reactants of the chosen rules from the system, adding the products of
the rules by taking into account the target indications, and dissolving all the membranes
in which a § object has been produced.

A P-System has a tree—structure in which the skin membrane is the root and the mem-
branes containing no other membranes are the leaves. The only change to the structure
that may happen is the removal of some node of the tree (apart from the root) caused
by some § object produced by evolution rules. Hence, we assume membranes labels to be
unique: they are assigned at the beginning of the evolution by counting the membranes
encountered during a breadth-first visit of the tree—structure, with 1 as the label of the
skin membrane. A membrane structure can be represented graphically as a Venn diagram.

Now, we formally define P Systems.
Definition 5.1 (P-Systems). A P-System is a tuple
M= (V,pu,wi,...,wp,(R1,p1),---(Rn,pn))
where:
- V is an alphabet whose elements are called objects

- 1 C INx IN is @ membrane structure, such that (i,j) € p denotes that the membrane
labeled by j is contained in the membrane labeled by .

- w; with 1 < i < n are strings from V* representing multisets over V associated with
the regions 1,2,...,n of .

- R, with 1 < i < n are finite sets of evolution rules associated with the regions
1,2,...,n of p. An evolution rule is a pair (u,v) where u is a string over V. and v
is a string over (V x {here,out}) U (V x {in; | 1 < j <n})U{d} and 0 is a special
symbol not in V.

- pi s a partial order relation over R;, specifying a priority relation among the rules:
(r1,7m2) € p1 if and only if r1 > ro (i.e. r1 has an higher priority than rs).

A typical example of P-System is the following system composed by four membranes,
which is able to generate in membrane number 4 a multiset of n? objects ¢ with n chosen
non-deterministically. Details can be found in [35].

Example 5.2. Consider the following P-System:

II= (V7,U'7w1>w27w3a Wy, (Rlvpl)a (R27 p?)a (R?n PB)) (R4’p4))
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e ~
2
s N
3
af 4
a — (al/, here)
a— (b, here),
f = ([ [ here)
b' — (b, here)
b — (b, here), (c,iny)
_ff — (af here) > f — (a, here),d |
\

Figure 5.1: Example of a P-System generating n?, with n > 1.

where:

V ={a,b,V,c, f}
n={(1,2),(2,3),(2,4)}
w =9, R =3,p1 =9
Wo = J
Ry = {r1 : b/ — (b, here),rg : b — (b, here)(c,iny),
r3: (ff, here) — (af, here),ry: f — (a,here)d}
p2 = {rs > r4}
w3 = @, R3 = {a — (ab, here),a — (b, here)d, f — (ff, here)}, p3 = @
wy =G, Ry =D, p1=9

The system is shown in Figure 5.1

5.1.2 Encoding P-Systems

In this section we will give intuitions on the encoding of sequential P-Systems [17] into
SMSR. Sequential P-Systems represent a variant of P-Systems introduced in Section 5.1.1;
in particular, they have a sequential semantics rather than a maximally parallel one.

We will not give a formal definition of the encoding functions and a proof of equivalence
of the formalisms, but we will present the encoding by referring to a running example.

Let P be the following P-System
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where:

- the membrane 1 contains an object b and both the membranes 2, 3 and their content;
- the membrane 3 contains an object a and no other nested membranes;

- the membrane 2 contains an object a and an object b but no other nested membranes;

- in this P-System there is just one rule contextually to membrane 2, namely a — 4.
Such a rule, when applied, will destroy both membrane 2 and the object a, while
object b will move into membrane 1.

The result of applying the only rule of P-System P is the following P-System P’:
)
bb a

Referring to the encoding technique that we have previously examined, we can encode
P into the multiset

M=1-b[1-2-a|1-2:b|1-3-a
where £ = {1,2,3,a,b} and
- 1-b denotes the containment of the b object in the membrane 1;

- 1-2-a denotes the containment of the a object in the membrane 2; notice that as
the membrane 2 is nested into the membrane 1, then the encoding of its content will
have as a prefix the encoding of the membrane 1, namely the string 1;

- 1-2-b denotes the containment of the b object into the membrane 2;

1-3-a denotes the containment of the a object into the membrane 3 which is contained
into the membrane 1;

Note that the identifier of each membrane i € N is encoded by using the identity
function. This is due to the fact that, as already said, in P-Systems the name of a
membrane is univocally determined by its natural number. We will see that in the encoding
of CLS+ this is different.

We examine now the encoding of the only rule of the P-System P, in particular we
show three different encodings of the rule, but only one will be correct with respect to the
semantics of the P-Systems:
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- Let the rule be encoded into the following SMSR rewriting rule
T-arre

if we apply this rule to M using as instantiation a function o = {(z,1-3)}, then we
get the multiset
M=1-b[1-2-a|1-2-b

which corresponds, when reversing the encoding, to the following P-System

1

ab

a—9

Note that this P-System is completely different from P’, and this is due to the fact
that we have used a sequence variable Z to encode the prefix of the string a to be
rewritten. This is obviously not correct because, as variables can be instantiated to
any value, we lose the context of application of the rule in the P-System. In other
words, using a variable we express a rule that can be applied everywhere inside the
P-System and this is very different from the expect behavior. We will have then to
express explicitly the context of application of the rule, namely 1 - 2.

- Let the rule be encoded into the following SMSR rewriting rule

1-2-a—€
if we apply this rule to M we get the multiset
M=1-b|1-2-b|1-3-a

which corresponds to the following P-System

Note that this P-System is different from the required one, namely P’, and this is
due to the fact that we have not expressed the movement of the object b contained
in the membrane 2 inside membrane 1. We need to be able to express the movement
of all the content of membrane 2 which is not destroyed from inside the membrane
to outside the membrane.
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- Let the rule be encoded into the following SMSR rewriting rule

1-2-a | {1-2fx — {1}y
If we apply this rule to M we get the multiset
M =1-b|1-b|1-3-a

which corresponds to the desired P-System P’. This is given by the fact that the
maximal matching operator {|1 - 2[} y represents all the content of the membrane 2
which is exactly the term 1 -2 - a because the term 1 -2 - b explicitly appears in the
reactants of the rule.

Furthermore, as in the multiset of the products of the rule we rewrite the term
{1-2[}x into the term {1} y, then we change the prefix of the object 1-2-b to
1 - b which corresponds to the expected behavior of the P-System. Note that this
methodology would have been correct even if the membrane 2 had contained other
membranes or even if we would have moved its content into a membrane different
from 1. In this last case the rewritten prefix should have been changed accordingly
to the encoding of the destination membrane.

Summarizing, we introduced P-Systems and we discussed on the possibility of encoding

P-Systems into SMSR systems. We saw that the required encoding is trivial to be defined;

moreover, P-Systems with a sequential semantics can be simulated by SMSR systems.
We will show now the formal encoding of the CLS+ formalism.

5.2 Encoding the Calculus of Looping Sequences
5.2.1 Definition of CLS+

In this section we recall the Calculus of Looping Sequences (CLS) in one of its variants,
CLS+(32, 5]. CLS+ is essentially based on term rewriting, hence a CLS+ model consists
of a term and a set of rewrite rules. The term is intended to represent the structure of the
modeled system, and the rewrite rules the events that may cause the system to evolve.

We start with defining the syntax of terms. We assume a possibly infinite alphabet £
of symbols ranged over by a, b, ¢, .. ..

Definition 5.3. (Terms) Terms T', Branes B, and Sequences S of CLS+ are given by
the following grammar:

T =S | (BYT | TIT
B =S | B|B
S = ¢ ‘ a } S-S

where a is a generic element of £. We denote with T the infinite set of terms, with B the
infinite set of branes and with S the infinite set of sequences.

In CLS+ we have a sequencing operator _-_, a looping operator (,) L, a parallel composi-
tion operator _|_ and a containment operator _ | . Sequencing can be used to concatenate
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elements of the alphabet £. The empty sequence e denotes the concatenation of zero sym-
bols. A term can be either a sequence, or a looping sequence (that is the application of
the looping operator to a parallel composition of sequences) containing another term, or
the parallel composition of two terms. By definition, looping and containment are always
applied together, hence we can consider them as a single binary operator (,)LJ _which ap-
plies to one brane and one term. Brackets can be used to indicate the order of application
of the operators, and we assume (,)LJ _ to have precedence over _| _.

Example 5.4. Consider the CLS+ term

@lblo)J((ble)"la)|a

It represents the nesting of two membranes where

the top—level membrane contains a multiset of objects in its looping sequence, namely
alble

the top—level membrane contains both an object a and another membrane;

the nested membrane contains a multiset of objects in its looping sequence, namely
b| ¢

the nested membrane contains only one object a.

A visual representation of this CLS+ term is the following

albl|ec

In CLS+ we may have syntactically different terms representing the same structure. The
structural congruence relation of CLS+ expresses associativity of both - and |, commuta-
tivity of the latter and the neutral role of € with respect to all the operators.

Definition 5.5. (Structural Congruence) The structural congruence relations =g,
=p and =7 are the least congruence relations on sequences, on branes and on terms,
respectively, satisfying the following rules:

Sl‘(SQ'Sg,)Es(Sl-SQ)‘Sg S‘GESG‘SESS

S1 =g Sy implies S1 =B So
B1|BQEBBQ|B1 Bl|(B2‘B3)EB(B1|B2)|B3 B|EEBB

S1 =g S implies S1 =7 S By =p By implies (Bl)LJ T=r (BQ)LJ T
L
T1|TQETT2|T1 T1|(T2‘T3)ET(T1|T2)|T3 T|EETT (6) JﬁEG
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Rewrite rules will be defined essentially as pairs of terms, in which the first term
describes the portion of the system in which the event modeled by the rule may occur,
and the second term describes how that portion of the system changes when the event
occurs. In the terms of a rewrite rule we allow the use of variables. As a consequence, a rule
will be applicable to all terms which can be obtained by properly instantiating variables.
Variables can be of four kinds associated with terms, branes, sequences, and alphabet
elements, respectively. We assume a set of term variables T'V ranged over by X, Y, Z ...,
a set of brane variables BV ranged over by Z,%,Z,..., a set of sequence variables SV
ranged over by Z,%,%,..., and a set of element variables X ranged over by z,y, z,.. ..
All these sets are possibly infinite and pairwise disjoint. We denote by V the set of all
variables, V =TV U BV U SV U X, and with p a generic variable of V. Hence, a pattern
is a term which may include variables and a rewrite rule is a pair of patterns.

Definition 5.6. (Patterns) Patterns P, brane patterns BP and sequence patterns SP
of CLS+ are given by the following grammar:

P :=5Sp | (BP)"|P | PP | X
BP == SP | BP|BP | =
SP = ¢ ‘ a ‘ SP-SP ‘ z ‘ x

where a is a generic element of £, and X, T,x and x are generic elements of TV, BV, SV
and X, respectively. We denote with P the infinite set of patterns.

Definition 5.7. (Rewrite Rules) A rewrite rule is a pair of patterns (P1, Py), written
as Py Py, where Py, Py € P, P; # € and such that Var(Py) C Var(P;). We denote with
R the infinite set of all the possible rewrite rules.

Example 5.8. Let R be the following CLS+ rule
L L L
(@ 1X)((¥)"]2) = (a|Y)"]X |2

This rule states that, whenever there exist two juxtaposed membranes in a CLS+ term, if
one of them has got an a object as its looping sequence, then the two membranes merge.
In particular they are rewritten into a single membrane containing the union of both the
starting looping sequences as its looping sequence, and containing also the merging of the
objects contained in both membranes.

As expected, if we apply rule R to a term T such that

T=((a)" | (@)"]e)| (b-a-clec-b)]ca

—
—

we get

TE(a\b-a-c|c-b)LJ(a)LJe]c-a

In the following figure is given a graphical representation the term 7' (a) before the appli-
cation of the rule and (b) after:
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alb-a-c|lec-b

b-a-clc-b

In CLS+ we have some rules that are applicable everywhere in a term, while others cannot
be applied to branes. For instance, a rule such as a|b — (a)LJ b cannot be applied to

the elements of a looping (as in (a | b)LJ ¢) because the result of the application would

not be a syntactically correct CLS+ term (((a)LJ b)LJ ¢). The rules that can be applied
to elements of a looping sequence are those having the form (B, By) with By, By € B.
We call these rules brane rules and we denote as g C R the infinite set containing all of
them. Now, in the semantics of CLS+ we have to take into account brane rules and allow
them to be applied also to elements of looping sequences. Hence, we define the semantics
as follows.

Definition 5.9. (Semantics) Given a set of rewrite rules R C R, and a set of brane
rules Rg C R, such that (R \ Rp) "R = &, the semantics of CLS is the least transition
relation — on terms closed under =, and satisfying the following inference rules:

(Pl,PQ)GR P10§é6 =Dy Ty — Ty T — Ty
Pio — Pyo TIn—T|T:  (B)" |1 — (B)" |1
(BPl,BPQ) S RB BPo 3_’5 € 0EX B, —B By
BPl(T —B BPQO' B | Bl —RB B | B2
By —p B

(B)" T — (B)"| T

where —p is a transition relation on branes, and where the symmetric rules for the parallel
composition of terms and of branes are omitted.

The relation —p is used to describe the application of a brane rule to elements of a
looping sequence. As usual, a CLS+ model is composed by a term, representing the initial
state of the modeled system, and a set of rewrite rules.

5.2.2 Encoding of CLS+

Firstly we notice that, for the sake of simplicity, we assume a slight restriction on the
syntax of CLS+ patterns. In particular, we require that term and brane variables appear
always inside the operands of some (,)LJ _ operator. In other words, we avoid rewrite
rules having the following forms:

The reason for this restriction is that, as we shall see, we will use the maximal matching
operator of SMSR to encode term and brane variables of CLS+. This means that the
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translation of a term or of a brane variable will be always instantiated in a maximal way.
This is correct with respect to the semantics of CLS+ for variables that appear in the
operand of a looping and containment operator as shown in the following example.

Example 5.10. Given CLS+ terms
TE(m)LJ(a\b]c) T'=al|b|c

and rules
R:(m)LJ(a|X)b—>e R:a|X—e

we have only the following result by applying R to T

7 22 ()" ) (o)

and this is the only application with maximality instantiation for X. Differently, as regards
the application of R’ to T”, we have

X p X p Xy Xy

X=b
and the only application with maximality instantiation for X is 1" ——‘c—> €.

This restriction could be avoided by defining also a non—maximal matching operator in
SMSR;; the definition of the semantics of such an operator would be quite straightforward.

We will give two encoding functions that map CLS+ terms and patterns into SMSR
terms and patterns, respectively. These functions will be used to translate both the
rewrite rules and the initial term of a CLS+ model. The encoding functions are defined,
accordingly to the general encoding technique presented at the beginning of this chapter,
recursively on the structure of the CLS+ term or pattern, hence they perform a complete
visit of the abstract syntax tree of such a term or pattern from root to leaves.

The tree we take into account is a view on the abstract syntax tree of CLS+ terms,
in particular we will encode CLS+ sequences into SMSR. strings, namely we will have as
leafs CLS+ sequences; furthermore we will not encode the _ | _ operator. This last choice
is due to the fact that the commutativity of the operator, if encoded, would have yield a
more complex encoding.

While performing this visit, the encoding functions construct one SMSR string for each
path from the root to one leaf and, eventually, they concatenate a string corresponding to
the leaf to the string corresponding to its path in the tree. The result of the translation
of a CLS+ pattern is hence a multiset of strings. We have a multiset of strings instead of
a set because, as we shall see, the encoding will consider only the nodes of the abstract
syntax tree corresponding to applications of the looping operator.

We assume that each element e € E¢rsy, where E¢rsy is the alphabet of CLS+, is also
contained in the alphabet of SMSR. Moreover, we assume that for each element variable
x and sequence variable T of CLS+, the same x and Z exist in Ve and Vg, respectively.
We assume also that Vs contains a special variable A that will be used in the encoding of
rewrite rules. Finally, for each brane variable  and term variable X of CLS+ we assume
the existence of T and X in Vs and of infinitely many variables T; and X;, for all i € N,
in Vs.
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In order to encode paths in the abstract syntax tree of CLS+ terms and patterns we
assume that the SMSR alphabet £ contains two symbols A and A and all the natural
numbers N. The two symbols A and A are used to distinguish between the branes and the
contents in an application of the looping operator, and the natural numbers are used to
distinguish two different applications of the looping operator. The two symbols A and A
will be always followed by either a natural number or an element variable. To simplify
the notation we will write \; and \, for A-i and X - z, respectively, and the same with \
instead of .

We now define the encoding of CLS+ terms into SMSR multisets and of CLS+ patterns
into SMSR multiset patterns. In the definitions we will use an auxiliary injection function
>:SP x MP — MP that inserts a sequence pattern SP as a prefix of all the elements
of a multiset pattern M P. The injection function is represented with infix notation and
is recursively defined as follows:

SP>SP, = SP,-SP,
SP> (MP,|MP,) = (SP>MP,)|(SP>MPy)
SPv{Shlx = {SP-SPfx
SPio{SPltgp, = {SP1i- SPltgp,

Example 5.11. The injection of the string a - b into the multiset M =a | {la-cf}x | {lc[},
is

a-boM = a-b-al|fa-b-a-cf}y|{a-b-cl},

We define the encoding of CLS+ terms. The encoding technique is the same as the one
used in [15, 20] to define enhanced semantics for the study of causality properties. Here, the
idea is to represent a path in the abstract syntax tree of CLS+ term as a sequence of \; and
A; symbols representing applications of the looping operator. As already mentioned, we
do not use any symbol to represent applications of both the parallel composition operator
| of CLS+ as it is directly translated into multiset union of SMSR and for the sequencing
operator - of CLS+ that is directly translated into SMSR string concatenation.

Definition 5.12. (Encoding of terms) The encoding of CLS+ terms into multisets of
strings is given by the function |_| : T — M x p(N) recursively defined as follows:

15| = (5,0

LTl |T2J = (Ml | Mo R I UIQ) where LT:LJ = (Mz , Iz) and L NI =10

L(B)"|T| = (o M|A\>M,y, I Ul)
where I_BJ = (M1 , Il), I_TJ = (Mg , IQ) and 1t € N\ (Il U 12)

The encoding of terms translates a CLS+ term 7T into a pair (M, I), where M is the
actual result of the translation, namely the SMSR multiset corresponding to 7', and [ is
the set of natural numbers occurring in M. Such a set of numbers is used in the definition
of the encoding to ensure that different applications of the looping operator in 7' will be
translated into occurrences of \; and \; having different indexes. In what follows, we will
ignore this set of natural numbers and we will use |7'| to denote only the SMSR multiset
M.



5.2. ENCODING THE CALCULUS OF LOOPING SEQUENCES 49

a-b-b . same identifier: 1

|
/\J ..., encoded with
oA

A1 .
(m)L a-b-b
Figure 5.2: Sample encoding

Example 5.13. Given a CLS+ term
T=a-b-b|(m)|(a b-b)

its encoding is o
a-b-b|A-m|A-a-b-b

having used the singleton {1} as set of natural numbers. Notice that the two sequences
a-b-bof T have a different encoding of their prefixes because they have different paths in
the view on the abstract syntax tree as shown in Figure 5.2.

Now we define the encoding of CLS+ patterns into SMSR multiset patterns. This
encoding will be used to translate CLS+ rewrite rules into rewrite rules of SMSR.

Definition 5.14. (Encoding of patterns) The encoding of CLS+ patterns into multiset
patterns is given by the function [] : P — MP x Ve X Vg recursively defined as follows:

[SP] = (SP, 0, Var(SP))
vl = ({el},, 0, {vi | i € N}) Yv e TV UBV
[[Plypg]] = (MP1|MP2721U22, EQUZIZ)
where [P;] = (MP;, %, %)) and X1 NY¥g =0

[((BP)Yr |P] = Qg MPy |\ MPy, {2} Uy, ¥jUY))
where (BP) = (MPy, 0, ¥)),(P) = (MPs, X5, ),
and z € Ve \ (X1 U] Uy UNY)

where the auziliary encoding function (_|) : P — MP x Ve x Vg is recursively defined as
follows:

(SP) = (ebgp, 0, Var(SP))
(v) = e}, 0, {vi|ieN}) Yo e TV UBV

(P P) = (MP|MPy, $,U%,, SjUS))
where (P;)) = (MP;,%;,%!) and X1 N =0

((BP)! |P) = (Ao MPy|A\e>MPy, {2} Uy, ¥ UXS)
where (BP)) = (MPy, 0, ¥)),(P) = (MPy, o, X)),
and xz € Ve \ (X1 UX] Uy U X))
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The encoding of patterns translates a CLS+ pattern P into a triple (M P, X, Y), where
M P is the actual result of the translation, namely the SMSR multiset pattern correspond-
ing to P, the set ¥ contains all the element variables that are used in M P as subscripts of
A and ) symbols, and the set X' contains all the other variables that may appear in M P.
The set ¥ is used to ensure that different applications of the looping operator in P will
be translated into occurrences of symbols A and A having different subscripts. The set X/,
instead, will be used in the following to translate CLS+ rewrite rules. In what follows,
when we do not represent explicitly the triple (M P, ¥, Y’) obtained from the encoding, we
will use [T] and (7)) to denote only the SMSR multiset pattern M P.

Example 5.15. Given the CLS+ pattern
- L
a-z|(m-y)" ] (X|a)
its encoding is the SMSR pattern
Aca-T|AXg-m-gI{A Nalbx [{A Nl
where the set of variables used is {z, y, A} C V.

Now, a CLS+ model consisting in an initial term T and a set of rewrite rules R =
{P, — P|,...,P, — P} can be translated into a SMSR model consisting in the initial
term |7T'] and in a set of rewrite rules derived from R. The translation of CLS+ rewrite
rules uses the encoding [ ] and is different in the two cases of brane rules and non—brane
rules.

The translation of a CLS+ brane rule BP, — BP, € Rg is simple as brane rules can
be applied everywhere in a CLS+ term. Consequently, the SMSR rule corresponding to
BP; +— BP; is

A>MP) — A>MPy (5.1)

where [[Bpl]] = (MPl,El,le), [[BPQ]] = (MPQ,EQ,EIQ), YNy =0and A ¢ YU le U
Yo U 2/2.

Note that, as shown in Figure 5.3, the instantiation of the special variable A added in
MP; and in M P, will represent, during the application of R, the path from the root of
the abstract syntax tree to the point in the tree in which the rule will be applied.

Example 5.16. Given the brane rule
a-Z|b-Frab-i-T

its encoding is
Ava-T|Ab-T—A-a-b-T-T

The case of the translation of a non—-brane CLS+ rule, namely of a rule P, — P> & Rp,
is slightly more complicated as such a rule in CLS+ can be applied only either to the
components of a parallel composition at the top level of the term, or to the components of
a parallel composition inside some looping sequence. In order to obtain the corresponding
result after translation into SMSR, we translate the rule P; — P, into two SMSR rewrite
rules, namely:

MP1|—>MP2 and A')\IDMP1|—>A~>\J;I>MPQ
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A encodes this common path

Figure 5.3: Visual representation of the variable A in the application of rewrite rules.

where [[Pl]] = (MPl, >, 2,1), [[PQ]] = (MPQ, Yo, 2/2), Y1 NXy =0 and {A, :L‘} N (21 @] 2/1 U
Yo U 2/2) = @

The first of the two SMSR rules will be applicable only to strings representing compo-
nents of a parallel composition at the top level of the CLS+ term, and the second SMSR.
rule only to strings representing components of a parallel composition inside some looping
sequence in the CLS+ term.

Example 5.17. Given non—brane rule
()" ] X — X
its encoding are the following rules

1A Ay Aalbg [{A Ay - Aalbx = ANy fx
{Xelha Al x = el x

It is clear that the first rule can be applied only inside the encoding of the containment
of a membrane, this because the injected prefix is A - \y; differently the second rule can
be applied only at top-level in a term because it does not contain the A variable.

Summarizing, we have defined the encoding of CLS+ into the SMSR formalism using
mainly two encoding functions: one for terms and the other for patterns. We also have
treated differently the encoding of brane rules and non—brane rules in order to have a
correct behavior with respect of the CLS+ semantics.

Before showing an example of an SMSR computation encoding a CLS+ one and before
giving a formal proof of equivalence of CLS+ and SMSR, we examine wether the property
on the maximal matching operator outlined in Section 4.3 has implications or not on the
encoding.

In particular, we can note that the maximal matching operator is used, for instance,
to encode term variables of CLS+. Those variables are used, generally, to express the
content of a part of a membrane and to express the movement of the content itself. For
instance, given a rule which states that a membrane is destroyed and all its content is
spread outside the membrane, namely

"X~ X

we would like that the rate of the rule would depend only on the number of membranes
with looping sequence equal to o(y), for any function o. We know that the term variable
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X used inside such a rule would be encoded by using an instance of the maximal matching
operator. Furthermore, the property states that all the binomial coefficients of all the
strings obtained by the instantiation of the expansion of the maximal matching operator
are equal to one. Then the maximal matching operator, namely the encoding of the term
variable X, does not influence the rate of such a rule, and this is exactly what we expected.

5.2.3 Example

As an example we show the encoding and some steps of evolution of a simple CLS+ model
where T represents the initial state of the computation and {R;, Ra} is the set of CLS+
rules.

T= ((a)" (@) | ()" ®)

(R1) a | b—c
(R2) ()" J(X) | (0)"] (V)= (a] )" ] (X |Y)

The term T represents two cells: one with membrane a and containing the sequence a,
the other with membrane b and containing the sequence b. Brane rule R; states that a
parallel composition of sequences a and b is rewritten into a sequence c. Non-brane rule
Ry describes the fusion of a cell with membrane a with a neighbor cell with membrane
b; the resulting cell will have both a and b on the membrane and its content will be the
merge of the content of both cells.

A possible CLS+ evolution for T is

)
| (a]b) applying rule (Rz2)
| (¢) applying rule (R;)
C)LJ (c) applying rule (R;)

As previously defined, we have that T is encoded into the multiset
M= MX-a| MX-a]| Xx-b| X-b
and rules are encoded into the following rules
(1) Aa | Arb—A-c

2 A A Aeby |8 M- Aaly | 1A M- Ryby | I8 DA Dy
A Ry | A ARy | A A Al | A A Al

3) el [ QXalx [ INbs | Xl = 00l | XD | XD s [ XDy

where (1) is the result of encoding the brane rule Ry and rules (2) and (3) are the result
of encoding the non—brane rule Ry. We note that using the maximal matching operator
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in the encoding of looping operators leads to the fact that rule (2) will not be applicable

to the encoding of a term like (a | b)LJ
A SMSR computation corresponding to the shown CLS+ computation is

T= X-al| M-a| X-b]| X-b
—X3-a | A3-b | Az-a ] A3-b applying rule (3)
—X3-a | A3-b | A3-c  applying rule (1)
—A3-c | A3-c  applying rule (1)

5.2.4 Correctness and Completeness of the Encoding

In this section we prove the equivalence of the semantics of SMSR and CLS+ with respect
to the encoding previously defined.

We start with showing how SMSR instantiation functions o] can be obtained from
a CLS instantiation function ¢ through the encoding function |-|. This can be done as
follows:

Vv e SVUEV = opy(v) = [o(v)]
Vo e TVUBV. |o(v)] =81 |...[Sp=Vi=1,...,n. op(v;) = S;

Note that for a function o there exist infinite o] that satisfy the given construction.
We then prove the following lemma that will be used in the proof of equivalence.

Lemma 5.18. For any CLS+ pattern P and any instantiation function o € ¥ a function
p exists such that | Po] = ([P]),0o]-

Proof. The proof is made by structural induction on CLS+ patterns.

-if P=SP, P =2z or P =z for any p the proof is trivial because encoding and
expansion are the identity on P.

- If P =v € TV U BV we have to prove that [o(v)| = ([v]),0p]- Let [o(v)] = S |
... | Sy then given a p such that p(v) = n, we have that ([v]),op) = ({el},) 0] =
opy(v1) | ... [ opp(vn). The proof follows trivially from the definition of oy.

- If P= Py | P> for P and P» patterns, we prove that [(P1 | 2)o] = ([P | 2]),0q-
As instantiation o, encoding function |-| and patterns expansion function distribute
over _ | _ we have that [(P; | P2)o| = |Pio | Poo| = |Pio| | |Peo| and that
([P1 | Po])popg = ([P1])pogg | ([P2])pop); assuming inductive hypothesis on P; and
P, yields the proof.

- It P = (BP)" | P we prove that [((BP)" | P)o] = ([(BP)" | P]),0p;. We have
that |((BP)" | P)o| = | (BPo)" | Pa| = \>| BPo| | A>| Po| and that ([(BP)" | P]),0p =
(Aiv (BP) | Aiv (P])pory = (N> (BP))yopy | (Ai> (P))yop)- The definition of
(- is similar to the one of [_], hence it could be easily proved that the lemma holds
also when [P] is replaced by (P). By the definition of _> _ and (), we can write
(%> (BPD),oy | (o (PD),og = &> (BPD)ogy | A ((PD),op) and the proof
follows from inductive hypothesis on BP and P.
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Finally, we prove the correspondence between the semantics of CLS+ and SMSR.
Theorem 5.19. For any CLS+ terms T and T’

T—T & 3, (|T] 5 |7

Proof. The proof of correctness (=) is made by induction on the rules of the semantics of
CLS+.

- We prove that Pioc — Pyo = |Pio| 5, | Pyo | using rule (1) of SMSR. We assume
Pioc — Pyo; as (P, P2) is a CLS+ rule, then (A > [Pi], A > [P2]) is its encoding
in SMSR. Let [P] = My, [P2] = Mas, |Pio| = M and |Pyo| = M'. The SMSR
instantiation function o} that we need is one out of the infinite that can be built
with respect to the o of CLS+ and is such that opj(A) = € and it also has to
satisfy the constraints imposed by SMSR rule (1). Notice that infiniteness of SMSR
alphabet guarantees the existence of a o[ satisfying such constraints. As regards
the function p we need, its existence is proved by Lemma 5.18.

- We prove that T | Ty — T | Ty = |T | 1| 2% |T | T»). Since || distributes over
_| ~rule (2) of SMSR can be applied where M" = |T'|, M = |T;| and M’ = |T»|.

By inductive hypothesis T} — Ty = |11 | LN |T>] constraints in (2) are satisfied

because either 77 does not contain term, brain variables or looping operators hence
¢ is empty, or, by the restrictions on the term and brane variables and by the
encoding of patterns containing looping operators, we have that all the prefixes in
¢ are different from any other prefix in M”. Finally, as regards constraints on ¢
we have that, as in the previous case of the proof, there exist a o] such that it
generates fresh names.

- We prove that (B)" |7y — (B)" |7y = |(B)" |T1) £ [(B)" | T»). Since ||
distributes over (,)L | _rule (2) of SMSR can be applied where M" = |B|, M = |1} |

and M’ = |T»|. By inductive hypothesis T3 — To = |T | LN |T>] we can notice
that constraints on £ are satisfied. This because, by the definition of the encoding
function, every string in M" has a prefix ); that is different from any prefix \; in
the encoding of T7. As before, constraints on ¢ are satisfied by a proper choice of a

UH
L L L €,¢ L
- We prove that (By)” | T — (B2)" | T = [(B1)" ] T| == |(B2)" ] T]. The proof of
By —p By = | B1| B | Bz2] is given by the first two cases of the proof of correctness.

In order to prove the completeness (<) we define the inverse of the encoding function
|-]. Let us denote the language of all the strings over the set {\; | i € N}U{\; | i € N}uU{e}
as Cg, the inversion of |_| is defined as follows

le- St eol € Suy [N ST e [ NSy | N~ Cr-S{ .| N Cry - Si | =
St Lo Suy | (S4] oo 1 S0 J(C - ST | oo | Cg - 527
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where C; € Cs, S;, S, S!' ¢ Cs, j € N and ny,n2,n3 > 0.
We assume also the inversion of the encoding functions [_] and (-|). We can now prove
completeness by induction on the rules of the semantics of SMSR.

- We prove that 3¢, (.M LNy VN IM|™" — |[M'|7'. We assume that (My, M)
is a SMSR rule and we have that its corresponding CLS+ rule (Py, P,) is the one
such that op(A) > [P] = M and opj(A) > [2] = M’. Notice that the value
op](A) represents the encoding of the CLS+ context in which the rule is applied;
in other words this corresponds to a series of applications of the rules of the CLS+
semantics that chooses the point of application of the rule (P, P) inside the term
representing the state of the computation. As regards the instantiation function for
CLS+ we can notice that, since we have the one for SMSR, we can built an ad-hoc
function o as follows: Vv € EV U SV.o(v) = opj(v) and VV € TV U BV.op(V1) =
Stoeo o) (Va) = Su=a(V) = [S1|...| Sul .

~ We prove that 3¢, C.M" | M &% M” | M’ = |[M" | M|™" — |[M" | M']7
By inductive hypothesis M M = (M7t — MY det [M]TP = T and

o= 1. e decoding distributes over _ | _, an ence o=
M'|™' = Ty. The decoding distrib d h M| M|
(M7 |7 ) | M]7 and (M7 | M')7Y = M”71 | [M?]7'. We have the proof with
|M" |7t =T.
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Chapter 6

Conclusions

In this thesis we formally defined an intermediate language for the description and the
simulation of biological systems. We propose to use the language for the encoding of higher
level formalisms; here with the term high we refer to their ability of describing biological
systems at different levels of abstraction.

We started presenting a very simple language, namely the MultiSet Rewriting formal-
ism (MSR), for the simulation of mainly biochemical systems. This language is based
on multisets of atomic objects which are modified by the application of rewriting rules;
rewriting rules simply rewrite multisets. We examined the expressiveness of this formalism
and we proved its non Turing completeness; this motivated us to define a more expressive
language as higher level languages are Turing complete.

We proposed the String MultiSet Rewriting formalism (SMSR) as an intermediate
language; SMSR is a natural extension of MSR. The choice of MSR as a basis for SMSR
has two main motivations: the simple and clear syntax of MSR together with the possibility
of easily developing a simulator for this formalism.

SMSR is based on multisets of strings that are modified, as in MSR, by the application
of rewriting rules. As regards the implementation of SMSR, there exist many efficient
algorithms for manipulating string that we could use to implement an efficient simulator
based on SMSR.

The main features of SMSR are three: the possibility of defining rewrite rules with
variables, the possibility of generating fresh data in the process of application of the rules
and the maximal matching operator. In particular this operator can be very useful when
higher level languages are encoded, accordingly to a well-known encoding technique, into
SMSR.

We discussed such a technique with many examples, in particular we gave intuitions
on the encoding of P-Systems, an established formalism for the description of biological
systems based on membranes and contextual rules. We also encoded the Calculus of
Looping Sequences in one of its variants, namely the CLS+ formalism, into SMSR by
using such a technique. We formally defined the required encoding functions for terms,
patterns and rules of CLS+; finally, we gave a proof of correctness and completeness of
the defined encoding.

Furthermore, for both MSR and SMSR, we examined the possibility of adding a
stochastic semantics to the formalisms; in particular we noticed that, although in higher
level languages expressing a stochastic semantics may not be trivial, in the case of multisets
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rewriting formalisms, it is easy.

As future work, as we mentioned before, we will develop a simulator based on SMSR;
such a simulator will use plugins to support the dynamic encoding of higher level languages
as CLS+, P-Systems, and so on. Furthermore, we will formally define the encoding of
other formalism into SMSR in order to be able to use the related simulator to simulate
the encoding of all these languages.
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