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The CME ['77] o

G.Caravagna

The Chemical Master
Equation

» X(t) = x is the vector state at time t;

» X(tp) = x is the initial configuration;

» dt so small that at most one reaction fires;

» P(x,t | xo,to) is the probability that, given the initial
configuration, at time t the system is described by the
state vector x.

X0

e
0
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The CME ['77]

Two events:

- at time t the system is already in state x and in the
infinitesimal time [¢; t + dt[ no reaction fires;

- at time t the system is in state x — v; and reaction R;

fires.
NO REACTION ﬂ_? FIRES
FIRES H
7 iQdi t tCdt

M
P(x, t + dt | xg, tg) = P(x, t | x0, tp) (1 - aj(x)dt>
j=1

=

Il
-

+ P(x — vj, t | x0, to) - aj(x — vj).

J
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. . i . Ehsa(t:if:]mical Master
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infinitesimal time [t; t + dt[ no reaction fires;

- at time t the system is in state x — v; and reaction R;
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NO REACTION ﬁ.? FIRES
FIRES H
)‘( ' )$ X _‘ vj ; )$
7 iQdi t tCdt

M
P(x, t + dt | xg, tg) = P(x, t | X0, tp) (1 — aj(x)dt)
=

M
+ ZP(X — v, t | xo, to) - aj(x — vj).
j=1
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The SSA ['77]

1. Initialize the time t = tp and the system state x = xg.

2. With the system in state x at time t, evaluate all the
aj(x) and their sum ag(x) = Zjhil aj(x).

3. Given two random numbers r1, r» € U[0; 1], generate
values for 7 and j accordingly to

Jj—1 J
Za, <nn- ao S Z
i=1 i=1

then update x = x + vj and t = t + 7, go to step 2.
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Why delays e

G.Caravagna

» application driven in tumor—-immune:
" An immune system is a collection of mechanisms within an organism that protects against Soup of the day
disease by identifying and killing pathogens and tumor cells [..]. An antigen or immunogen is a
substance that prompts the generation of antibodies and can cause an immune response. "
(Wikipedia)
» more detailed modeling;

» mathematically reasonable (DDEs as extensions of
ODEs);

A lot of applications for DDEs and, consequently, for delayed
stochastic processes.
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Modifications

G.Caravagna

» Reactions:
» R; has a delay o; > 0.
» Propensity functions: -
» aj depends on the state X(t — o).
» Initial Configuration:
» X(tp) = xo as expected;
» function w, X(t) = w(t) if t < to.

...................... aj (-xl)
4 v
X0 X 1
O | I
’
t' < tg tO i o !
INITIAL DELAYED
CONFIGURATION DELAYED
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Construction of the DCME

» at time t the system is already in state x and, at delayed
time t — o0}, the system was in state x;, no reactions fire:

> at time t the system is in state x — v and, at delayed
time t — o}, the system was in state x;, reaction R; fires.

NO REACTION -~ Rj FIRES o™
. FIRES ‘o Voo
X X X X; X—rv; X
1 L ol - 1 1 = >
' ! ! ' NI,
t— g; ot t— g; t
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MENU

Construction of the DCME

G.Caravagna

> at time t the system is already in state x and, at delayed
time t — 0}, the system was in state x;, no reactions fire; <.

The Stochastic
Simulation Algorithr

> at time t the system is in state x — v and, at delayed

time t — o}, the system was in state x;, reaction R; fires.
The Delayed Chemical

Master Equation

- r ! a 4 v Algorithms
X X X X; X—v X
TI ! A " > Examples
t o O':, t ta t - O-_;, t t+ dt What to do

M
P(x, t + dt) = P(x, 1) (1 ~3 Y Pt —op) - a,-(x»dt)

J=1x; €1(x)

J x; €1(x)

M
+ PQ%Q(E:PWJqumM)
=1
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The DCME MENU
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With some tricks we get:

OP(x, t | Xo, to; w
Z Z P(x Vi BXi, T =0 | %o, to; w) - aj(xi)The Delayed Chemical
J 1 X EH( ) Master Equation
- E E P(x, t;xi, t — 0} | Xg, to; w) - aj(x/)
J=1 x;€l(x)
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MENU

The DCME .

With some tricks we get:

M
OP(x, t | xo, to; w)
: : = Z Z P(X o l/j’ t’ Xi’ t - O-‘I | XO’ to' w) ’ aj(Xi)The Delayed Chemical

(91.' j:1 %; EH(X) Master Equation

,Z Z (x, t;xi, t — 05 | X0, to; w) - a;(x;)

J=1 x;€l(x)

As expected, if all o;'s are 0, the DCME is the CME.

AP(x, t | xo, t M

% EPxfu t | xo,to) - aj(x — vj) gP(xt\xotg aj(x).
t

j=1 j=1
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The DCME MENU

G.Caravagna

With some tricks we get:

IP(x,t | xo, to; w) M
ot :Z Z P(X—l/j,t;X,‘,t—O'j|X07t0;w).aj(xl.)

The Delayed Chemical
j:]. X,‘EH(X) Master Equation

M
=D D Pl tixit =i | xo, to;w) - 3j(x)
J=1 x€l(x)

As expected, if all o;'s are 0, the DCME is the CME.

OP(x, t | x0, to)

M M
ot ZPxfujﬂxO to) - aj(x — ;) Zth\xo tg) - aj(x).
Jj=1

Jj=1
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Interpreting delays MENU

G.Caravagna

Two different interpretations for delays:
1. non—-scheduled events:

> propensities delayed;
» reactions as in th SSA.
The Delayed
2. scheduled events:

Stochastic Simulation
Algorithms

> propensities non—delayed;
> reactions scheduled at future time.

FROFPENSITY FIRES HERE FROFENSITY SCHEDULED
, Fmmne
\d L4 ’
X X X+ vj X X + v
i I 1 L h
T =1 T T
t—o; t t+T L t+o;+71
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Handling Discontinuities

G.Caravagna

One common problem:

1. given the system at time t;

. . The Delayed
2. let T be the time for next reaction; Simienie Sk

Algorithms

The propensities have to be constant in [¢t; t + 7].

1. this always holds in the SSA;
2. does not always hold here. :-(
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Handling Discontinuities

PROPENSITY

.

.

NOTHING
HAPPENS

,' X + v
|

n

FIRING

BAST FIRES HERE PROPENSITY SCHEDULED
AS
PROPENSITY FIRING i FIRING
: Y v T )
- Xi o X x4+ v b4 » X' + v
- L | } I I >
' | =T i
t
t+ 71

- A

DISCONTINUITY

4
t+ 71

DISCONTINUITY
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The DSSA (1)

1. Initialize the time t = tp and the system state x = Xxg.

2. With the system in state x at time t, evaluate all the
aj(t) and their sum ap(t) = Z}‘il aj(X(t — a;));

3. Given a random number r; uniformally distributed in
the interval [0; 1], generate values for 7 and 6;

accordingly to

1 1
T = In(—) 0y =min{6;;|j=1,...,M}
a(t) n

3.1 If 7 < 6; then, if r; is a random number uniformally
distributed in the interval [0; 1], select reaction R; such

that j—1 J
D ai(X(t = o7)) < r2-ap(t) < D ai(X(t — o))
-1

i=1

then update x =x+v;and t =t + T;
3.2 else 7 > 0;, then t = t + 0;;

4. go to step 2.
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The DSSA (1)

1. Initialize the time t = tg and the system state x = xg.

2. With the system in state x at time t, evaluate all the
aj(t) and their sum ap(t) = ZJAil aj(X(t — a;));

3. Given a random number r; uniformally distributed in
the interval [0; 1], generate values for 7 and 6,
accordingly to

T = In(—) 0y =min{6;;|j=1,...,M}
a(t) n

3.1 If 7 < 0; then, if rp is a random number uniformally

distributed in the interval [0; 1], select reaction R; such

that j=1 j
ai(X(t — 07)) < r2 - ap(t) < D a(X(t — 0}))
iz

Il
-

then update x =x+vjand t =t + 7;
3.2 else 7 > 04, then t =t + 0,

4. go to step 2.
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The DSSA (1)

1. Initialize the time t = tp and the system state x = Xxg.

2. With the system in state x at time t, evaluate all the
aj(t) and their sum ap(t) = ZJAil aj(X(t —0y));

3. Given a random number r; uniformally distributed in
the interval [0; 1], generate values for 7 and 6;

accordingly to

1 1
T = In(—) Oy =min{6;; | j=1,..., M}
a(t) n

3.1 If 7 < #; then, if r, is a random number uniformally
distributed in the interval [0; 1], select reaction R; such

that j—1 J
D ai(X(t = op)) < r2-ap(t) < D ai(X(t — o))

i=1 i=1

then update x =x+v;and t =t + T;
3.2 else 7 > 6, then t = t + 0;;

4. go to step 2.
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The DSSA (2)

1. Initialize the time t = tp and the system state x = xg.

2. With the system in state x at time t, evaluate all the
aj(t) and their sum ap(t) = Z}‘il aj(X(t));

3. Given two random numbers r1, r» uniformally distributed
in the interval [0; 1], generate values for 7 and j
accordingly to

1 1 =1 J
e (=) 3 a(X(1) < - a0(t) < 3 a(X(1)
i=1

a(t) n e

3.1 If delayed reaction Ry is scheduled within [t; t + 7] then
update x = x+ v, and t = t + 7;
3.2 else, schedule R; at time t + 0} + 7, set time to t + oj;

4. go to step 2.
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The DSSA (2)

1. Initialize the time t = tp and the system state x = xg.

2. With the system in state x at time t, evaluate all the
aj(t) and their sum ap(t) = ZJAil aj(X(t));
3. Given two random numbers rq, r» uniformally distributed

in the interval [0; 1], generate values for 7 and j

accordingly to
1 1 j—1 J
P n E) 2 a;(X(t)) < r2 - ap(t Z (X(t))
3.1 If delayed reaction Ry is scheduled within [¢t; t + 7] then
update x = x+ v, and t = t + T;

3.2 else, schedule R; at time t + 0} + 7, set time to t + oj;

T =

4. go to step 2.
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MENU

Predator—prey model with harvesting

G.Caravagna

& = x(®) (1= x(®) - br(ely () - H
% =—ny(t)+cx(t—7)y(t — 1)

» logistic growth of the preys;
) ) Examples
» non-linear predation;

» linear death of the predators;
>

constant harvesting;
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Predator—prey model with harvesting

G.Caravagna

& = x(®) (1= x(®) - br(ely () - H
% =—ny(t)+cx(t—7)y(t —7)

v

logistic growth of the preys;

Examples
» non-linear predation;
» linear death of the predators;

» constant harvesting;

v

delayed effect of predation.

X+ Y S X+2Y  with delay 7
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"In crocodilian populations, the choice of nesting
site determines the sex of hatchlings. In the wet
marsh, cool temperatures primarily produce
female hatchlings. The hot temperatures of the

dry levees result in primarily male hatchlings. The

dry marsh has an intermediate temperature

wet marsh dry marsh dry levees
profile, resulting in hatchlings of both sexes. "
Examples
females males and
females males

» two populations: juvenile and adults;

> three regions: wet/dry marsh and levees;
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Crocodilian population
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"In crocodilian populations, the choice of nesting
site determines the sex of hatchlings. In the wet
marsh, cool temperatures primarily produce
female hatchlings. The hot temperatures of the

dry levees result in primarily male hatchlings. The

dry marsh has an intermediate temperature

dry marsh dary levees
profile, resulting in hatchlings of both sexes. "
Examples
females males and
females males

» two populations: juvenile and adults;
> three regions: wet/dry marsh and levees;

» delays: at any time t, the juvenile females born at time
t — 7 years ago who have survived 7T years enter the
adult female population.
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MENU

Future works

G.Caravagna

» Extending delays:

> time—dependent delays;
» stochastic delays;

> .
» Implementation issues delay—dependent;
» DSSA and formal methods: What to do

» PT Nets with time;

» Timed/History—dependent Automata;
>
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