
Principles of Abstract 
Interpretation



Program Analysis 

A technique to check if a program satisfies a semantic property 

Useful for optimisation and verification



Target Programs 

• Domain-specific vs Non-domain-specific analyses 

• Program-level  vs Model-level analyses 

Target Properties 

• Safety properties: some behavior observable in finite 
time will never occur. 

• Liveness properties: some behavior observable after 
infinite time will never occur. 

• Information flow properties

What to Analyse:                      When to Analyse:

Dynamic vs Static techniques



What to Analyse: Safety Properties 

Some behaviors observable in finite time will never occur.  

Examples:  

• No crashing error — e.g., no divide by zero, no uncaught exceptions, etc  

•  No invariant violation  
  - Loop invariant: assertion that holds at the beginning of every loop iteration 



What to Analyse: Safety Properties 

x = 0; 
while (x < 10) “x is an integer” 
    { x = x + 1;} “0 <= x < 10” 



What to Analyse: Liveness Properties 

Some behaviors observable after infinite time will never occur  

Examples:  
•No unbounded repetition of a given behavior  
•No non-termination 



x = read_int ();
while ( x > 0 ) 
   { x = x - 1; } 

• If x is initially a negative integer ⇒ the program terminates  

• If x is initially a positive integer ⇒ x strictly decreases every iteration 

⇒ the program terminates 

What to Analyse: Liveness Properties 



Undecidability in the way

Rice theorem.  
Let L be a Turing-complete language, and let P be a nontrivial semantic 
property of programs of L.  
There exists no algorithm such that, 
for every program p ∈ L, it returns true if and only if p satisfies the 
semantic property P 

while (x>0)
   x=x+1;
print(“27”);



Limitations of the analysis

We need to give something up: 

automation:  machine-assisted techniques 

the  universality “for  all programs”:  targeting only a 
restricted class of programs 

claim to find exact answers: introduce approximations



Given a semantic property P and  a program  p ∈ L. An analysis                                         
is perfectly accurate iff 

for all program p,  analysis(p) = true           p satisfies the property  P


which consists of


1) for all program p ∈ L,     analysis (p) = true           p satisfies P   (soundness)


2) for all program p ∈ L,      analysis(p) = true          p satisfies P  (completeness)


⇔

⇒

⇐

Approximation: Soundness and Completeness



Approximation: Soundness and Completeness



Spectrum of Program Analysis Techniques 

Testing  

Machine-assisted proving  

Finite-state model checking  

Conservative static analysis  

Bug-finding 



Comparison



A general technique, for any programming language L and safety 
property S, that checks, for input program P in L, if  is contained 
in  S 

automatic (software)  
finite (terminating)  
sound (guarantee)  
malleable for arbitrary precision 

[ |P | ]

Abstract Interpretation



Denotational Semantics  



Semantics 

What is the meaning of a program “1 + 2” ?  

Meaning = what it “denotes”: 
“3” (Denotational semantics)  

Meaning = how to compute the result: 
“add 1 into 2 and get 3” (Operational semantics) 

Different approaches for different purposes and languages 
•



Mathematical meaning of a program (no machine states or 
transitions)  

Program semantics is a function from input states to output states  

The semantics of a program is determined by that of each 
component (compositionality principle) 

Denotational Semantics 



Semantics of a Simple Language (WHILE)  

 

The semantics of C is a function from memories to memories 


Memory = Function from memory locations to values 




Semantic Domain
A set of objects used to define program semantics (i.e.,  semantic objects)  

Meaning of  commands


Meaning of expressions
 may diverge

<latexit sha1_base64="8f2VtAO+wVSVyguCxvh/ehAwfoA="></latexit>

JCK : M ! (M [ ?)

<latexit sha1_base64="Q/8ByQ29jBYZypl1h7uu/k4Brbg="></latexit>

JEK : M ! V

<latexit sha1_base64="drriouPRw+ZAhZYnZX+pRR0Lflc="></latexit>

x 2 X = ProgramV ariables

V = Z
m 2 M = X ! V

 Memories



Denotational Semantics of Expressions 

Compositional!  
(i.e., the semantics of an expression is determined  
by that of its sub-expressions) 

<latexit sha1_base64="Kr7iZ1e6KwOKWytQZmKMHSv5dVg="></latexit>

JxK M = M(x)

<latexit sha1_base64="iN8DTljm065+/KiG9ebdmyAWqTQ="></latexit>

J3 + xK {x 7! 2, y 7! 1} = J3K {x 7! 2, y 7! 1}+ JxK {x 7! 2, y 7! 1}
= 3 + 2 = 5

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m
<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m
<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m
<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m
<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m



Denotational Semantics of Commands 

E.g.,


Compositional!  
(i.e., the semantics of a program is determined by that of its sub-components) 


memory update 

may diverge
<latexit sha1_base64="odEK65+LXeg27COzp8Au5wefTDU=">AAACLHicbVDLSgNBEJz1bXxFPXoZDIKnsCu+QISgF48RTBSyIfROWh0y+2CmVwhLPsCf0av+hxcRr36AX+Dsugc11mWK6mqqp4JESUOu++pMTE5Nz8zOzVcWFpeWV6qra20Tp1pgS8Qq1lcBGFQywhZJUniVaIQwUHgZDE7z+eUdaiPj6IKGCXZDuInktRRAVupVa75SgQYxQOKnvtYl94/8ICZ+zPPHuty6W4CPE68kNVai2at++v1YpCFGJBQY0/HchLoZaJJC4ajipwYTmwM32LE0ghBNNys+M+JbqQGKeYKaS8ULEX9uZBAaMwwD6wyBbs3fWS7+N+ukdH3YzWSUpISRyINIKiyCjNDStoS8LzUSQX45chlxARqIUEsOQlgxtbX9CjQUgh7q/siW5P2tZJy0d+refn3vfLfWOCnrmmMbbJNtM48dsAY7Y03WYoLds0f2xJ6dB+fFeXPev60TTrmzzn7B+fgCrqCo3g==</latexit>

JCK ? = ?

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m <latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m <latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m
<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m



The semantics of  

                                       is not compositional!


Not a definition, but a  recursive equation! 

Semantics of Loops 

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m
<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m



Semantics of Loops

how to denote functions: 
function body 

where  is the parameter 
e.g.   vs  

λx .
x

inc(x) = x + 1
inc = λx . x + 1

<latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m <latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m <latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m <latexit sha1_base64="Z2cdjAjzv2syxsvC6vI9w3vg2uM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVZwVZKCj2XRjcuK9gFtKJPJpB06MwkzN0IIXfgBbvUT3IlbP8Uv8DectlnY1gMXDufcy733+DFnGhzn2yqsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxSXR9rypmkLWDAaTdWFAuf044/vp36nSeqNIvkI6Qx9QQeShYygsFID1VRHZQrTs2ZwV4lbk4qKEdzUP7pBxFJBJVAONa65zoxeBlWwAink1I/0TTGZIyHtGeoxIJqL5udOrHPjBLYYaRMSbBn6t+JDAutU+GbToFhpJe9qfif10sgvPYyJuMEqCTzRWHCbYjs6d92wBQlwFNDMFHM3GqTEVaYgElnYYsGgVWqgolJxl3OYZW06zX3snZxX680bvKMiugEnaJz5KIr1EB3qIlaiKAhekGv6M16tt6tD+tz3lqw8pljtADr6xerppa2</latexit>m
<latexit sha1_base64="/lyYhi45i1VR+2XdcHtKyQSqJgA="></latexit>

FE,C(X) = �m.

⇢
X(JCKm) if JEKm) 6= 0
m otherwise



Semantics of Loops

Semantics of a loop: a solution of this equation



Semantics of Loops

Semantics of a loop: a solution of this equation

Solution: a fixed point of
<latexit sha1_base64="/lyYhi45i1VR+2XdcHtKyQSqJgA="></latexit>

FE,C(X) = �m.

⇢
X(JCKm) if JEKm) 6= 0
m otherwise



Domain for Commands
<latexit sha1_base64="WP2h2uVCsOvVitFqq720Ckw44ck=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHZJcxOJsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh9RwKRRvoEDJ24nmNAolb4Wj26nfeuLaiFg94DjhQUQHSvQFo2ilR+KzNCF+GGO3XHGr7gxkmXg5qUCOerf85fdilkZcIZPUmI7nJhhkVKNgkk9Kfmp4QtmIDnjHUkUjboJsdvGEnFilR/qxtqWQzNTfExmNjBlHoe2MKA7NojcV//M6Kfavg0yoJEWu2HxRP5UEYzJ9n/SE5gzl2BLKtLC3EjakmjK0IZVsCN7iy8ukeVb1LqsX9+eV2k0eRxGO4BhOwYMrqMEd1KEBDBQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8f5D2QbQ==</latexit>[?where 

A partial function,  
Sets of pairs (m,m’) 

<latexit sha1_base64="T+cxnxd6jIvPvjCzXDnlkwUeN/Y=">AAAB8XicbVDLSsNAFL2pr1pfUZduBlvBhZSk4GNZLIrLCvaBbSiT6aQdOpmEmYlQQv/CjQtF3Po37vwbp20W2nrgwuGce7n3Hj/mTGnH+bZyK6tr6xv5zcLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP6pN/dYTlYpF4kGPY+qFeCBYwAjWRnos3fbSm7PapIR6dtEpOzOgZeJmpAgZ6j37q9uPSBJSoQnHSnVcJ9ZeiqVmhNNJoZsoGmMywgPaMVTgkCovnV08QSdG6aMgkqaERjP190SKQ6XGoW86Q6yHatGbiv95nUQHV17KRJxoKsh8UZBwpCM0fR/1maRE87EhmEhmbkVkiCUm2oRUMCG4iy8vk2al7F6Uz+8rxep1FkcejuAYTsGFS6jCHdShAQQEPMMrvFnKerHerY95a87KZg7hD6zPH6zTj58=</latexit>

FE,C

It is monotone and continuous on the domain of partial functions

<latexit sha1_base64="/lyYhi45i1VR+2XdcHtKyQSqJgA="></latexit>

FE,C(X) = �m.

⇢
X(JCKm) if JEKm) 6= 0
m otherwise

<latexit sha1_base64="xpBw4zZYX7DNFd9e91a/7+tX70o="></latexit>

(M ! M?) ! (M ! M?)

<latexit sha1_base64="+96kTHZ7fWqZJBvTVK9gZokETkY="></latexit>

(M ! M?)

<latexit sha1_base64="HICbWHXU+9uQHWbIdnkf9fR9slo="></latexit>

JCK : M ! M?
<latexit sha1_base64="zKr2zzWQ+RJu3AZGPqPQm5M/+N4="></latexit>

8m 2 M, ? v m



Semantics of while

��. ?

<latexit sha1_base64="pCFfPUaXRY5pimIEJBwsY/iJ+0o=">AAACJXicbVDLTgJBEJzFF+ILHzcvE4mJJ7JrMHokevGIiTwSlpDeocEJM7ubmV4TJPgt3oz+izdj4sn/8OSCHBSoU6WqOqmuIFbSkut+Opml5ZXVtex6bmNza3snv7tXs1FiBFZFpCLTCMCikiFWSZLCRmwQdKCwHvSvxn79Ho2VUXhLgxhbGnqh7EoBlErt/IGv0nAHuG9lT0Px0Q8iaucLbtGdgM8Tb0oKbIpKO//tdyKRaAxJKLC26bkxtYZgSAqFo5yfWIxB9KGHzZSGoNG2hpP2I36cWKCIx2i4VHwi4t+LIWhrBzpIkxrozs56Y3GhZ0mDGZjOIrOZUPeiNZRhnBCGYtyCpMJJCyuMTDdD3pEGiWD8FnIZcgEGiNBIDkKkYpKOmEvH8manmSe106JXKp7dlArly+lsWXbIjtgJ89g5K7NrVmFVJtgDe2Iv7NV5dt6cd+fjN5pxpjf77B+crx8N2aWU</latexit>

<latexit sha1_base64="LC37j15Wk4m11ehOwS2Wr5nGbdo="></latexit>

F 0
E,C(?) = ?

<latexit sha1_base64="be0nk6wu8jzdIzYbigB7Ap8J8rs="></latexit>

F 1
E,C(?) = {(m,m) | m(x)  1}

<latexit sha1_base64="RryChmtBNANJbpYOCkw44lqeisQ="></latexit>

F 2
E,C(?) = F 1

E,C(?) [ {(m,m[1/x]) | m(x) = 2}
<latexit sha1_base64="4vlvjmKOSPrzI6okW38rjc15Vt0="></latexit>

F 3
E,C(?) = F 2

E,C(?) [ {(m,m[1/x]) | m(x) = 3}

<latexit sha1_base64="PMxcLnyh8d5/mBRWOFziIMQ5KIY="></latexit>

Fn
E,C(?) = {(m,m) | m(x)  1} [ {(m,m[1/x]) | 1 < m(x)  n}

<latexit sha1_base64="Fnu5+VYofTSJ8+iYnuXfr46v1is="></latexit>· · ·

<latexit sha1_base64="Fnu5+VYofTSJ8+iYnuXfr46v1is="></latexit>· · ·

<latexit sha1_base64="3Ixe2nJY0qlK2RfMsqLdAKVOybg="></latexit>

while x > 1| {z }
E

do x := x� 1| {z }
C

<latexit sha1_base64="3bSmPlndOlI3u/P3n0SQU9QB678="></latexit>

FE,C(X) = �m.

⇢
(m,m0) m(x) > 1, (m[m(x)� 1/x],m0) 2 X
(m,m) m(x)  1

<latexit sha1_base64="lOHvpYAqPwlA51F+aIa8PfoY/Kk="></latexit>

FE,C(X) = �m.

⇢
(m,X(m[m(x)� 1/x]) m(x) > 1
(m,m) m(x)  1

<latexit sha1_base64="0RUD1eubzT9M58d4vnCLB28YKYU="></latexit>

fixFE,C = {(m,m) | m(x)  1} [ {(m,m[1/x]) | 1 < m(x)}

<latexit sha1_base64="Ne2izqFn/41oOITdrukeMZaQGDY="></latexit>

= fixFE,C =
G

n

Fn
E,C(?M!M?)

By applying Klene’s theorem 

⊇ {(m[1/x], m[1/x])}


