
 Linguaggi form
ali 



Let’s start from
 the beginning

•
A

 program
  is written in a program

m
ing  language 

•
Every program

m
ing language (as every language in general) needs 

to obey its own rules 
•

W
e  need to form

ally  define languages…



•
A

n alphabet is a finite set of sym
bols  

•
Exam

ples 
Σ

1  = {a, b, c, d, …, z}: the set of letters in Italian 

Σ
2  = {0, 1}: the set of binary digits 

Σ
3  = { (, ) }: the set of open and closed brackets 

A
 string over alphabet Σ

 is a finite sequence of sym
bols in Σ

. 
•

Exam
ples 

abfbz is a string over Σ
1 = {a, b, c, d, …, z} 

11011 is a string over Σ
2 = {0, 1} 

))()(() is a string over Σ
3 = {(, )}

Strings

The em
pty string is a string having 

no sym
bol, denoted by ε.



O
perations on strings: lenght

•
The length of a string x, denoted by |x|,  is the 
num

ber of sym
bols which com

pose x. 

•
Exam

ples 
|abfbz|=5   

|110010|=6 

|))()(()|=7 

|ε|=0



•
The concatenation of two strings x and y is a string xy,  

     i.e., x is followed by y.   
     It is an associative operation that adm

its the neutral elem
ent ε 

•
s is a substring of x if there exist two strings y and z  

    such that x = ysz.  

•
In particular,  

    when x = sz (substring with y=ε), s is called a  prefix of x; 
    when x = ys (substring with z=ε), s is called a  suffix of x; 
    
    ε is a prefix and a suffix of any  string (including ε itself) 

Exam
ple:  

the prefixes of abc are : ε, a, ab, abc

O
perations on strings: concatenation and substrings



•
W

e define  the set of all strings over Σ
 of a given length.  

Σ
   denotes the strings of length n whose sym

bols are in Σ
 

If Σ
={0,1} 

Σ
    =      {ε} 

Σ
    =   Σ

 =   {0, 1}   
Σ

       =      {00, 01, 11, 10}     

Σ
        =     {000, 001, 010, 011,  100, 101, 110, 111} 

 Σ
        =    {0, 1, 00, 01, 11, 10, 000, 001, 010, 011, 100, 101, 110, 111….} 

⌃
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A
 language is a set of strings over an alphabet: 

L  
 Σ

* is a language over Σ
 

Exam
ples 

L
1  = The set of all strings over Σ

1  that contain the substring “fool” 

L
2  = The set of all strings over Σ

2  that represents a binary  num
ber 

divisible by 7 
                    = {111, 10001, 10101, …} 

L
3 = The set of all strings over Σ

3 where every ‘(‘ is  followed exactly by 
2  occurrences of ‘)’ 

                       ={ε,  ),  )), ()), )()),    …} 

✓
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Languages



O
ther exam

ples of Languages

L
4 = The set of binary num

bers whose value is prim
e  

                         ={ 10, 11, 101, 111, 1011, 1101, …} 

L
5 = The set of legal English words over the English alphabet 

L
6 =  The set of legal C program

s over the strings of characters and      

punctuation sym
bols 



   U
nion: A

 U
 B 

    Intersection: A
 

 B 

    D
ifference:  A

 \ B     ( when B
 A

) 
      Com

plem
ent:   

 = Σ
* - A

 where Σ
* is the set of all strings on  

    

∩

⊆

A
Σ

O
perations on Languages

Concatenation: A
B = {ab | a 

A
 and b 

 B} 

     
   

∈
2

<latexit sha1_base64="MjhM0/vdD3Mxe6if3/48NS2D8ws=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHnpC9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlerXt/XKvWbPI4inMApnIMHl1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBQjo3X</latexit>

Exam
ple: {0, 1}{1, 2} = {01, 02, 11, 12}.



Kleene Clousure

K
leene closure:  

                    

•
N

otation:  

A
⇤
=

1[i=
0

A
i
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Exam
ples: 

•The set of strings  with n 1’s followed by n 0’s 
   {ε, 01, 0011, 000111, . . .}  

•The set of strings  with an equal num
ber of  0’s and  1’s 

   {ε, 01, 10, 0011, 0101, 1001, . . .}  

• The em
pty language ∅

  

• The language {ε} consisting  of the em
pty string only 

Rem
em

ber  ∅
{ε}   

                 
≠

M
ore exam

ple of Languages



•
D

oes the  string  w belong to the language  L?  

   Exam
ple: 11101 ∈ L

4 ?  

W
e want to define a procedure  to decide it! 

Problem
s

W
e can try to  generate all words…. 

W
e can try to recognise when a word belongs to L



The generative approach: Gram
m

ars

Starting from
 a particular initial sym

bol, using the rewriting rules  
of the productions,  
we generate the set of all the strings belonging to the language



D
efinition of Gram

m
ars

W
e define a  Gram

m
ar G=(Σ

, N
, S, P)  where : 

•Σ
  is the alphabet, a set of sym

bols (called term
inals) 

•N
 is the set  of nonterm

inals 

•  S 
 N

 is the starting sym
bol 

•P is the set  of productions, each of the form
  

U
 →

 V  
where  

  and 
 . 

∈

U
∈

(Σ
∪

N
) +

V
∈

(Σ
∪

N
)*



A
 string  

 is generated by G if there exists a derivation starting 
from

 S and resulting in w obtained by rewriting the string using the 
productions in  P 

     G= ({a}, {S}, S, P)                   S  →
 ε 

                            S  →
 a 

                            S →
 aS 

A
 language generated by gram

m
ar G is denoted L(G) and it is the set of 

strings derived using G.

w
∈

Σ*

D
erivations of 

G= (Σ
, N

, S, P)



Exam
ple of a gram

m
ar

W
e want to describe L1 the  language of strings with an even num

ber of 
1’s  

L1 can be generated by a gram
m

ar ({0,1},{S,T},S,P) with P equal to 

S  →
 ε 

S →
 0S 

S →
 1T 

T →
 0T 

T →
 1S 

A
 string belongs to L1 iff it can be generated by the gram

m
ar 

 



Gram
m

ar Exam
ple 

D
oes the string  01010 belong to L1? 

W
e need to find a derivation                    

S -> 0S -> 01T-> 010T-> 0101S -> 01010S -> 01010  

S  →
 ε | 0S | 1T 

T →
 0T | 1S 
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Q
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e
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n
ali.

Recognising a language: A
utom

ata

•
A

 finite state autom
aton is finite state m

achine with an input of 
discrete values. 

•
The state m

achine consum
es the input and possibly m

oves to a 
different state. 

•
The system

 m
ay be in a state am

ong a finite set of possible states. 
Being in a state allows  to keep track of previous history.

input: baab



•
D

oes the  string  w belong to the language  L?  

  W
e want to define  a procedure  to decide it! 

•
W

hich is the com
putational com

plexity necessary to answer 
to the previous question ? 

It depends on the com
plexity of the language!!

Back to our Problem
s



 A
 language is of a type iff it adm

its a gram
m

ar of  that type 

Classification of Languages 
Restrictions on productions give different types of gram

m
ars :

•Regular (type 3)  
•Context-free (type 2)  
• Context-sensitive (type 1)  
• Phrase-structure (type 0) U

 →
 V  

                                      where  
  and 

 . 

For context-free, e.g.,  
 

N
o restrictions for phrase-structure  

U
∈

(Σ
∪

N
) +

V
∈

(Σ
∪

N
)*

U
∈

N



Regular  

Gram
m
ar 

Type 3

Context  
Free 
Gram

m
ar 

Type 2

Context 
Sensitive 
Gram

m
ar 

Type 1

U
nrestricted 

Gram
m
ar 

Type 0

Is W
   L(G)?

        P
      P

   PSPA
CE

        U

Is L(G) em
pty? 

        P
      P

      U
       U

Is L(G1)   L(G2)?
   PSPA

CE
      U

      U
       U

Com
plexity of Languages Problem

s

2
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P: decidable in polynom
ial tim

e  
PSPA

CE: decidable in polynom
ial space (at least as hard as N

P-com
plete) 

U
: undecidable



Regular languages

A
ll the following ways to represent regular languages are equivalent: 

•
Regular gram

m
ars   (RG, type 3) 

•
D

eterm
inistic finite autom

ata (D
FA

) 

•
N

on-determ
inistic finite autom

ata (N
FA

) 

•
N

on-determ
inistic finite autom

ata  with  ℇ transitions (ℇ-N
FA

) 

•
Regular expressions (RE) 



Regular Gram
m

ars

A
 Right (or, analogously, Left)  Regular Gram

m
ar is a gram

m
ar, 

where 
•

every production  has the form
 A

-> aB| a 
•

only for the  starting sym
bol S we can have  S

→
 ε   

Exam
ple   

G=({a,b}, {S,B},S,P) where productions P are: 
S-> aS|aB 
B->bB|b   
 aaabb     L(G)?? 

S           2
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 L(G)={          | n,m
>0}



A
 determ

inistic finite autom
aton (D

FA
) (Q

, Σ, δ
 ,qo,F) 

  Q
 a finite set of states 

  Σ
  a finite set Σ

 of sym
bols 

  δ : 
  the transition function takes as argum

ent a state and a sym
bol      

and returns one state  

  
   the starting  state 

  
  the  set of final or accepting states 

Q
×

Σ
→

Q

q0F
⊆

Q

D
eterm

inistic  Finite A
utom

ata 



D
eterm

inistic  Finite A
utom

ata

H
ow to represent a D

FA
? W

ith a transition table

-> indicates the starting state  
* indicates the final states
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è

d
etta

essere
accettata

d
a

u
n

D
F
A

M
=

〈Q
,Σ

,δ
,q

0 ,F〉
se
δ̂
(q

0 ,x
)∈

F.
Il

lin
gu

aggio
accettato

da
M

,
d
en

otato
com

e
L
(M

)
è
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è
accettata)

è
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Extending the transition function to strings
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e define the transitive closure of  
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 string x is accepted by M
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iù

p
otente

form
alism

o
d
i
calcolo

costitu
ito

d
alla

M
d
T

.

3
.

A
u
to

m
i
d
e
te

rm
in

istic
i

U
n

au
tom

a
a

stati
fi
n
iti

determ
in

istico
(D

F
A

)
è
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ò

e
s
s
e
r
e

d
i
t
r
e

t
ip

i:

•
x

n
o
n

c
o
n
t
ie

n
e

1
(
o
v
v
e
r
o

x
/2

L
)
:

I
n

t
a
l

c
a
s
o

a
b
b
ia

m
o

x
=

0
.
.
.
0
,

p
e
r

c
o
m

e
è
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There are different ways to characterise a regular language 

•
Regular gram

m
ars 

•
D

eterm
inistic Finite A

utom
ata 

•
N

on determ
inistic Finite A

utom
ata 

•
Epsilon non determ

inistic Finite A
utom

ata 
•

Regular expression 

D
ifferent characterisation of Regular Languages



N
FA

D
FA

RG

ℇ-N
FA

RE

 D
ifferent characterisation of Regular Languages

•
W

e form
ally will show how to pass from

 one characterization  
to another one



N
FA

D
FA

RG

ℇ-N
FA

RE

Roadm
ap: equivalence between N

FA
 and RG



Theorem
 1. 

 For each right  gram
m

ar RG there is a non determ
inistic finite autom

aton 
N

FA
  such that L(RG)=L(N

FA
).  

Construction A
lgorithm

  

Given  a RG=(Σ
, N

, S, P) construct a  N
FA

=(N
 U

 { F}, Σ
,  δ, S,  F’ )    

where F is a newly added  state and  
if F'= {F}U

{S} if S-> ε  belongs to P,  F’= {F}, otherwise. 

The transition function δ is defined by the following rules  
1) For any A

->a belonging to P, with a in Σ
,  set δ(A

,a) = F   
2) For any A

-> aB belonging to P, with a in Σ
 and  B in N

, set δ(A
,a)=B 

From
 Regular Gram

m
ars to   N

FA



G=({a,b}, {S,B},S,P) where productions P are: 
S-> aS|aB 
B->bB|b           L(G)={   a  b    | n,m

>0}
n

m
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Theorem
 2 

For each nondeterm
inistic  autom

aton  N
FA

, there is one right  gram
m

ar RG 
such that   L(RG)=L(N

FA
).  

Construction A
lgorithm

   

Given an  autom
aton N

FA
= (Q

, Σ
, δ , qo,F), construct a gram

m
ar  

RG=(Σ
,Q

, qo’, P) according  the following steps:  

1)  for any  δ(A
,a)=B  add A

→
aB to P, 

2) if B belongs to F add also  A
→

a  to P; 
3) if qo belongs to F then  add (q-> qo | ε  to P and qo’=q ) else qo’=qo. 

From
  N

FA
 to Regular Gram

m
ars
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Exercises

W
rite the N

FA
 for the following languages 

•
Strings over the alphabet {a,b,c} containing at least one a and at  
least one b 

•
Strings of 0’s and 1’s whose tenth sym

bol from
 the right is 1 

•
The set of strings of 0’s and 1’s with at m

ost one pair of 
consecutive 1’s 

and derive the corresponding gram
m

ars
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ap: equivalence between D

FA
 and N
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à
)

s
i
h
a

F
=

{q
2
,
q

4
,
q

5
,
q

6 }
e

la
m

a
t
r
ic

e

d
iv

e
n
t
a

0
1

q
0

q
0

q
3

q
1

q
1

q
4

q
2

q
5

q
6

q
3

q
3

q
6

q
4

q
6

q
6

q
5

q
5

q
6

q
6

q
6

q
6

P
o
s
s
ia

m
o

q
u
in

d
i
d
is

e
g
n
a
r
e

il
D

F
A

,

1
.

L
IN

G
U

A
G

G
I

R
E
G

O
L
A

R
I

1
5

GFED@ABC?>=<89:;q2 0


1
⌦⌦

0
,1

⇢⇢

1✏✏

GFED@ABCq0
0
,1

77
1

++GFED@ABCq1
1

kk

0

gg

1

ZZ

D
a

c
u
i

M
=

h{q
0
,
q

1
,
q

2 },{0
,
1
},

�
,
q

0
,{q

2 }i
.

R
ic

o
r
d
ia

m
o

c
h
e
,

d
a
t
o

u
n

N
F
A

,
M

=
h
Q

,
⌃
,
�
,
q

0
,
Fi

,
e
s
is

t
e

s
e
m

p
r
e

u
n

D
F
A

M
0
=
h
}
(
Q

)
,
⌃
,
�
0,{q

0 },
F
0i

e
q
u
iv

a
le

n
t
e
,
d
o
v
e
:

•
F
0
=

{P
✓

Q
:
P
\

F
6=
;
};

•
�
0(

P
,
a
)

=
S

p
2

P
�(

p
,
a
)
,
p
e
r

P
2

}
(
Q

)
.

C
o
s
t
r
u
ia

m
o

la
m

a
t
r
ic

e
d
i
t
r
a
n
s
iz

io
n
e

p
e
r

il
D

F
A

:

0
1

;
;

;
q
00

{q
0 }

{q
0 }

{q
0
,
q

1 }
q
01

{q
1 }

{q
1 }

{q
0
,
q

2 }
q
02

{q
2 }

{q
1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
03

{q
0
,
q

1 }
{q

0
,
q

1 }
{q

0
,
q

1
,
q

2 }
q
04

{q
0
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
05

{q
1
,
q

2 }
{q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
06

{q
0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }

Q
u
in

d
i
(
e
lim

in
a
n
d
o

g
li

a
p
ic

i
p
e
r

s
e
m

p
lic

it
à
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à
)

s
i
h
a

F
=

{q
2
,
q

4
,
q

5
,
q

6 }
e

la
m

a
t
r
ic

e

d
iv

e
n
t
a

0
1

q
0

q
0

q
3

q
1

q
1

q
4

q
2

q
5

q
6

q
3

q
3

q
6

q
4

q
6

q
6

q
5

q
5

q
6

q
6

q
6

q
6

P
o
s
s
ia

m
o

q
u
in

d
i
d
is

e
g
n
a
r
e

il
D

F
A

,

Exam
ple

*

*



1
4

1
.

L
IN

G
U

A
G

G
I

F
O

R
M

A
L
I

1
4

1
.
L
IN

G
U
A
G
G
I
F
O
R
M

A
L
I

{p
0
,
p
1
,
p
2
,
p
3
,
p
4
,
p
5
,
p
8 }

{p
6
,
p
7 }

{p
6
,
p
7 }

{p
0
,
p
1
,
p
2
,
p
5
,
p
8 }

{p
3
,
p
4 }

{p
0
,
p
1
,
p
2
,
p
5
,
p
8 }

{p
3
,
p
4 }

{p
6 }

{p
7 }

{p
3 }

{p
4 }

{p
2
,
p
5
,
p
8 }

{p
6 }

{p
7 }

{p
0 }

{p
1 }

{p
6 }

{p
7 }

{p
0
,
p
1 }

{p
2
,
p
5
,
p
8 }

{p
3
,
p
4 }

{p
0
,
p
1
,
p
2
,
p
5
,
p
8 }

{p
3
,
p
4 }

{p
6 }

{p
7 }

{p
3
,
p
4 }

{p
2
,
p
5
,
p
8 }

{p
6 }

{p
7 }

{p
0
,
p
1 }

{p
3 }

{p
4 }

{p
2
,
p
5
,
p
8 }

{p
6 }

{p
7 }

{p
0 }

{p
1 }

{p
0
,
p
1
,
p
2
,
p
3
,
p
4
,
p
5
,
p
8 }

{p
6 }

{p
7 }

{p
3
,
p
4 }

{p
2
,
p
5
,
p
8 }

{p
6 }

{p
7 }

{p
0
,
p
1 }

0
1

00

11

F
ig
u
r
a
1
.
P
r
o
c
e
s
s
o
d
i
m
in
im

iz
z
a
z
io
n
e
d
e
ll’E

s
e
r
c
iz
io

1
.4

p
0

1
//

0

✏✏

p
11✏✏

0

~~

p
30✏✏

1

>>?

0
,1

⌦⌦

p
6

0

JJ

1
//

p
7 1 OO

0
oo

c
h
e
fo
r
m
a
liz
z
a
t
o
d
iv
e
n
t
a
M

=
h{p

0
,
p
1
,
p
3
,
p
6
,
p
7
,?

},{0
,
1
},
�
,
p
0
,{p

6
,
p
7 }i

.
2

E
se

r
c
izio

1
.5.

S
i
determ

in
i
il
D
F
A

equ
ivalen

te
all’N

F
A
:

0
1

q
0

{q
0 }

{q
0
,
q
1 }

q
1

{q
1 }

{q
0
,
q
2 }

q
2

{q
1
,
q
2 }

{q
0
,
q
1
,
q
2 }

c
h
e

fo
r
m

a
liz

z
a
t
o

d
iv

e
n
t
a

M
=
h{p

0
,
p

1
,
p

3
,
p

6
,
p

7
,?

},{0
,
1
},

�
,
p

0
,{p

6
,
p

7 }i
.

2

E
se

r
c
izio

1
.5.

Si
determ

ini
ilD

FA
equivalente

all’N
FA

:

0
1

q
0

{q
0 }

{q
0
,
q

1 }
q

1
{q

1 }
{q

0
,
q

2 }
q

2
{q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }

ove
F

=
{q

2 }.
Q

ualè
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à
)

s
i
h
a

F
=

{q
2
,
q

4
,
q

5
,
q

6 }
e

la
m

a
t
r
ic

e

d
iv

e
n
t
a

0
1

q
0

q
0

q
3

q
1

q
1

q
4

q
2

q
5

q
6

q
3

q
3

q
6

q
4

q
6

q
6

q
5

q
5

q
6

q
6

q
6

q
6

P
o
s
s
ia

m
o

q
u
in

d
i
d
is

e
g
n
a
r
e

il
D

F
A

,

1
.

L
IN

G
U

A
G

G
I

R
E
G

O
L
A

R
I

1
5

GFED@ABC?>=<89:;q2 0


1
⌦⌦

0
,1

⇢⇢

1✏✏

GFED@ABCq0
0
,1

77
1

++GFED@ABCq1
1

kk

0

gg

1

ZZ

D
a

c
u
i

M
=

h{q
0
,
q

1
,
q

2 },{0
,
1
},

�
,
q

0
,{q

2 }i
.

R
ic

o
r
d
ia

m
o

c
h
e
,

d
a
t
o

u
n

N
F
A

,
M

=
h
Q

,
⌃
,
�
,
q

0
,
Fi

,
e
s
is

t
e

s
e
m

p
r
e

u
n

D
F
A

M
0
=
h
}
(
Q

)
,
⌃
,
�
0,{q

0 },
F
0i

e
q
u
iv

a
le

n
t
e
,
d
o
v
e
:

•
F
0
=

{P
✓

Q
:
P
\

F
6=
;
};

•
�
0(

P
,
a
)

=
S

p
2

P
�(

p
,
a
)
,
p
e
r

P
2

}
(
Q

)
.

C
o
s
t
r
u
ia

m
o

la
m

a
t
r
ic

e
d
i
t
r
a
n
s
iz

io
n
e

p
e
r

il
D

F
A

:

0
1

;
;

;
q
00

{q
0 }

{q
0 }

{q
0
,
q

1 }
q
01

{q
1 }

{q
1 }

{q
0
,
q

2 }
q
02

{q
2 }

{q
1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
03

{q
0
,
q

1 }
{q

0
,
q

1 }
{q

0
,
q

1
,
q

2 }
q
04

{q
0
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
05

{q
1
,
q

2 }
{q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
06

{q
0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }

Q
u
in

d
i
(
e
lim

in
a
n
d
o

g
li

a
p
ic

i
p
e
r

s
e
m

p
lic

it
à
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à
)

s
i
h
a

F
=

{q
2
,
q

4
,
q

5
,
q

6 }
e

la
m

a
t
r
ic

e

d
iv

e
n
t
a

0
1

q
0

q
0

q
3

q
1

q
1

q
4

q
2

q
5

q
6

q
3

q
3

q
6

q
4

q
6

q
6

q
5

q
5

q
6

q
6

q
6

q
6

P
o
s
s
ia

m
o

q
u
in

d
i
d
is

e
g
n
a
r
e

il
D

F
A

,

1
.

L
IN

G
U

A
G

G
I

R
E
G

O
L
A

R
I

1
5

GFED@ABC?>=<89:;q2 0


1
⌦⌦

0
,1

⇢⇢

1✏✏

GFED@ABCq0
0
,1

77
1

++GFED@ABCq1
1

kk

0

gg

1

ZZ

D
a

c
u
i

M
=

h{q
0
,
q

1
,
q

2 },{0
,
1
},

�
,
q

0
,{q

2 }i
.

R
ic

o
r
d
ia

m
o

c
h
e
,

d
a
t
o

u
n

N
F
A

,
M

=
h
Q

,
⌃
,
�
,
q

0
,
Fi

,
e
s
is

t
e

s
e
m

p
r
e

u
n

D
F
A

M
0
=
h
}
(
Q

)
,
⌃
,
�
0,{q

0 },
F
0i

e
q
u
iv

a
le

n
t
e
,
d
o
v
e
:

•
F
0
=

{P
✓

Q
:
P
\

F
6=
;
};

•
�
0(

P
,
a
)

=
S

p
2

P
�(

p
,
a
)
,
p
e
r

P
2

}
(
Q

)
.

C
o
s
t
r
u
ia

m
o

la
m

a
t
r
ic

e
d
i
t
r
a
n
s
iz

io
n
e

p
e
r

il
D

F
A

:

0
1

;
;

;
q
00

{q
0 }

{q
0 }

{q
0
,
q

1 }
q
01

{q
1 }

{q
1 }

{q
0
,
q

2 }
q
02

{q
2 }

{q
1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
03

{q
0
,
q

1 }
{q

0
,
q

1 }
{q

0
,
q

1
,
q

2 }
q
04

{q
0
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
05

{q
1
,
q

2 }
{q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
06

{q
0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }

Q
u
in

d
i
(
e
lim

in
a
n
d
o

g
li

a
p
ic

i
p
e
r

s
e
m

p
lic

it
à
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à
)

s
i
h
a

F
=

{q
2
,
q

4
,
q

5
,
q

6 }
e

la
m

a
t
r
ic

e

d
iv

e
n
t
a

0
1

q
0

q
0

q
3

q
1

q
1

q
4

q
2

q
5

q
6

q
3

q
3

q
6

q
4

q
6

q
6

q
5

q
5

q
6

q
6

q
6

q
6

P
o
s
s
ia

m
o

q
u
in

d
i
d
is

e
g
n
a
r
e

il
D

F
A

,

1
.

L
IN

G
U

A
G

G
I

R
E
G

O
L
A

R
I

1
5

GFED@ABC?>=<89:;q2 0


1
⌦⌦

0
,1

⇢⇢

1✏✏

GFED@ABCq0
0
,1

77
1

++GFED@ABCq1
1

kk

0

gg

1

ZZ

D
a

c
u
i

M
=

h{q
0
,
q

1
,
q

2 },{0
,
1
},

�
,
q

0
,{q

2 }i
.

R
ic

o
r
d
ia

m
o

c
h
e
,

d
a
t
o

u
n

N
F
A

,
M

=
h
Q

,
⌃
,
�
,
q

0
,
Fi

,
e
s
is

t
e

s
e
m

p
r
e

u
n

D
F
A

M
0
=
h
}
(
Q

)
,
⌃
,
�
0,{q

0 },
F
0i

e
q
u
iv

a
le

n
t
e
,
d
o
v
e
:

•
F
0
=

{P
✓

Q
:
P
\

F
6=
;
};

•
�
0(

P
,
a
)

=
S

p
2

P
�(

p
,
a
)
,
p
e
r

P
2

}
(
Q

)
.

C
o
s
t
r
u
ia

m
o

la
m

a
t
r
ic

e
d
i
t
r
a
n
s
iz

io
n
e

p
e
r

il
D

F
A

:

0
1

;
;

;
q
00

{q
0 }

{q
0 }

{q
0
,
q

1 }
q
01

{q
1 }

{q
1 }

{q
0
,
q

2 }
q
02

{q
2 }

{q
1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
03

{q
0
,
q

1 }
{q

0
,
q

1 }
{q

0
,
q

1
,
q

2 }
q
04

{q
0
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
05

{q
1
,
q

2 }
{q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
06

{q
0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }

Q
u
in

d
i
(
e
lim

in
a
n
d
o

g
li

a
p
ic

i
p
e
r

s
e
m

p
lic

it
à
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à
)

s
i
h
a

F
=

{q
2
,
q

4
,
q

5
,
q

6 }
e

la
m

a
t
r
ic

e

d
iv

e
n
t
a

0
1

q
0

q
0

q
3

q
1

q
1

q
4

q
2

q
5

q
6

q
3

q
3

q
6

q
4

q
6

q
6

q
5

q
5

q
6

q
6

q
6

q
6

P
o
s
s
ia

m
o

q
u
in

d
i
d
is

e
g
n
a
r
e

il
D

F
A

,

N
FA

1
.

L
IN

G
U

A
G

G
I

R
E
G

O
L
A

R
I

1
5

GFED@ABC?>=<89:;q2 0


1
⌦⌦

0
,1

⇢⇢

1✏✏

GFED@ABCq0
0
,1

77
1

++GFED@ABCq1
1

kk

0

gg

1

ZZ

D
a

c
u
i

M
=

h{q
0
,
q

1
,
q

2 },{0
,
1
},

�
,
q

0
,{q

2 }i
.

R
ic

o
r
d
ia

m
o

c
h
e
,

d
a
t
o

u
n

N
F
A

,
M

=
h
Q

,
⌃
,
�
,
q

0
,
Fi

,
e
s
is

t
e

s
e
m

p
r
e

u
n

D
F
A

M
0
=
h
}
(
Q

)
,
⌃
,
�
0,{q

0 },
F
0i

e
q
u
iv

a
le

n
t
e
,
d
o
v
e
:

•
F
0
=

{P
✓

Q
:
P
\

F
6=
;
};

•
�
0(

P
,
a
)

=
S

p
2

P
�(

p
,
a
)
,
p
e
r

P
2

}
(
Q

)
.

C
o
s
t
r
u
ia

m
o

la
m

a
t
r
ic

e
d
i
t
r
a
n
s
iz

io
n
e

p
e
r

il
D

F
A

:

0
1

;
;

;
q
00

{q
0 }

{q
0 }

{q
0
,
q

1 }
q
01

{q
1 }

{q
1 }

{q
0
,
q

2 }
q
02

{q
2 }

{q
1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
03

{q
0
,
q

1 }
{q

0
,
q

1 }
{q

0
,
q

1
,
q

2 }
q
04

{q
0
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
05

{q
1
,
q

2 }
{q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
q
06

{q
0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }
{q

0
,
q

1
,
q

2 }

Q
u
in

d
i
(
e
lim

in
a
n
d
o

g
li

a
p
ic

i
p
e
r

s
e
m

p
lic

it
à
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p
resentato

u
n

terzo
tip

o
d
i

au
tom

a
ch

e
esten

d
e

il
m

od
ello

n
on

-d
eterm

in
istico

m
a

ch
e,

com
e

sarà
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ò

essere
d
iverso

d
a
δ
(q

,a
).

A
d

esem
p
io,

n
ell’au

tom
a:

ε
a

q
′′

q
′

q
!

!!
"
#
$
!
"
#
$

!
"
#
$

S
i
h
a

ch
e
δ
(q

,a
)
=

{q
′},

m
entre

δ̂(q
,a

)
=

⋃

p
∈
δ̂
(q

,ε
)
ε-closu

re(δ
(p

,a
))

=
{q

′,q
′′}.

D
efi

n
iam

o
d
u
n
qu

e
il

lin
gu

aggio
accettato

d
all’au

tom
a

L
(M

)
=

{x
∈
Σ
∗

:

δ̂
(q

0 ,x
)
∩

F
#=

∅
}.

S
i

osservi
com

e
p
er

qu
esta

classe
d
i

lin
gu

aggi
si

p
otreb

b
e

assu
m

ere
ch

e
l’in

siem
e

F
ab

b
ia

esattam
ente

u
n

elem
ento.

7
.

E
q
u
iv

a
le

n
z
a

d
i
ε-N

F
A

e
N

F
A

O
gn

i
N

FA
è,
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è
u
n
a

qu
intu

p
la

〈Q
,Σ

,δ
,q

0 ,F〉
d
ove:

Q
,
Σ
,
q

0
e

F
⊆

Q
son

o
com

e
p
er

gli
au

tom
i
n
on

d
eterm

in
istici,

m
entre

la
fu

n
zion

e
di

tran
sizion

e
δ

è
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d
ei

lin
gu

aggi
regolari

I
n

q
u
e
s
t
a

s
e
z
io

n
e

v
e
d
r
e
m

o
c
o
m

e
d
im

o
s
t
r
a
r
e

a
lc

u
n
e

p
r
o
p
r
ie

t
à
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FA
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ℇ-N
FA

RE

Roadm
ap: equivalence between N

FA
 and ℇ-N

FA

trivial !



For each  ℇ-N
FA

 E there is a N
FA

 N
, such that L (E) = L (N

), and 

vice versa.  

Given an  

                       ℇ-N
FA

 E =  

we  build a  

                        N
FA

 N
 =  

such that 

                                            L (E) = L (N
)

(Q
,⌃

,�
E
,q

0 ,F
E
)

<latexit sha1_base64="WPSB034hW0pOjaQET1Wj0+1zJmU=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4tQoZRECuquKBWXLdoHtCFMJpN26OThzEQooXs3/oobF4q49Qfc+TdO2yy09cDlHs65l5l73JhRIU3zW8utrK6tb+Q39a3tnd09Y/+gLaKEY9LCEYt410WCMBqSlqSSkW7MCQpcRjru6Grqdx4IFzQK7+Q4JnaABiH1KUZSSY5RKDXLsH9LBwFS3SNMIqdehveOWYbXTv0E6rpjFM2KOQNcJlZGiiBDwzG++l6Ek4CEEjMkRM8yY2mniEuKGZno/USQGOERGpCeoiEKiLDT2S0TeKwUD/oRVxVKOFN/b6QoEGIcuGoyQHIoFr2p+J/XS6R/bqc0jBNJQjx/yE8YlBGcBgM9ygmWbKwIwpyqv0I8RBxhqeKbhmAtnrxM2qcVq1q5aFaLtcssjjw4AgVQAhY4AzVwAxqgBTB4BM/gFbxpT9qL9q59zEdzWrZzCP5A+/wBK4CXUg==</latexit>

(Q
,⌃

,�
N
,q

0 ,F
N
)

<latexit sha1_base64="F56Zf+E/LF1oCgOnGdf+xVFlUsU=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4tQoZRECuquKIir0qJ9QBvCZDJth04ezkyEErp346+4caGIW3/AnX/jpM1CWw9c7uGce5m5x40YFdI0v7Xcyura+kZ+U9/a3tndM/YP2iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjq9Sv/NAuKBhcCcnEbF9NAzogGIkleQYhVKzDPu3dOgj1T3CJHLqZXjvmGV47dRPoK47RtGsmDPAZWJlpAgyNBzjq++FOPZJIDFDQvQsM5J2grikmJGp3o8FiRAeoyHpKRognwg7md0yhcdK8eAg5KoCCWfq740E+UJMfFdN+kiOxKKXiv95vVgOzu2EBlEsSYDnDw1iBmUI02CgRznBkk0UQZhT9VeIR4gjLFV8aQjW4snLpH1asaqVi2a1WLvM4siDI1AAJWCBM1ADN6ABWgCDR/AMXsGb9qS9aO/ax3w0p2U7h+APtM8fR2qXZA==</latexit>

From
 ℇ-N

FA
 to N

FA



Equivalence between ℇ-N
FA

 and N
FA

�
N
(q,a)

=
b�
E
(q,a)

<latexit sha1_base64="iAd4w5IWm0+s82DTbH3EiD6KXXo=">AAACEHicbZBNS8NAEIY39bt+RT16CRaxgpREBPUgiCJ4EgWrQlvCZDO1Szcf7k6UEvoTvPhXvHhQxKtHb/4bk7YHbX1h4eWZGWbn9WIpNNn2t1EYG5+YnJqeKc7OzS8smkvLVzpKFMcqj2SkbjzQKEWIVRIk8SZWCIEn8dprH+f163tUWkThJXVibARwG4qm4EAZcs2Nuo+SwD0r323B5kH9QfjYAkr7uOue9Hix6Jolu2L3ZI0aZ2BKbKBz1/yq+xFPAgyJS9C65tgxNVJQJLjEbrGeaIyBt+EWa5kNIUDdSHsHda31jPhWM1LZC8nq0d8TKQRadwIv6wyAWnq4lsP/arWEmnuNVIRxQhjy/qJmIi2KrDwdyxcKOclOZoArkf3V4i1QwCnLMA/BGT551FxtV5ydyv7FTunwaBDHNFtla6zMHLbLDtkpO2dVxtkje2av7M14Ml6Md+Oj31owBjMr7I+Mzx9Zk5uD</latexit>
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0 )\
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;
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E

oth
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ise

<latexit sha1_base64="sJyG3TTxd9YT3rs5l9ABB8fU0bk="></latexit>

if a final state can be reached with an epsilon  
transition from

 the initial state 
 



2
4

1
.

L
IN

G
U

A
G

G
I

F
O

R
M

A
L
I

GFED@ABC?>=<89:;q1
0

⌦⌦

GFED@ABCq0 "

OO

"
//

"✏✏

GFED@ABC?>=<89:;q2
1

⌦⌦

GFED@ABC?>=<89:;q3
0

++GFED@ABCq4
1

kk

fo
r
m

a
lm

e
n
t
e

a
b
b
ia

m
o

M
=

h{q
0
,
q

1
,
q

2
,
q

3
,
q

4 },{0
,
1
,
"},

�
,
q

0
,{q

1
,
q

2
,
q

3 }i
.

L
a

d
i-

m
o
s
t
r
a
z
io

n
e

c
h
e

q
u
e
s
t
o

a
u
t
o
m

a
e
↵
e
t
t
iv

a
m

e
n
t
e

r
ic

o
n
o
s
c
e

il
lin

g
u
a
g
g
io

d
e
s
id

e
r
a
t
o

è
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