
Regular Expressions

A
 regular expression denotes a set of strings (a language). 

Given a finite alphabet Σ
, the following constants are defined as regular 

expressions: 
•

∅
 denoting the em

pty set, 
•

ε denoting the set {ε}, 
•

a in Σ
 denoting the set containing only the character {a.} 

If  r and s  are regular expression (denoting the sets R and S,respectively)  
then (r+s), (rs) and r* denotes the set R U

 S, RS and R*, respectively. 

L(r) indicates  the language denoted by r 
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Exam
ples

•
a|b* denotes  
 {ε, "a", "b", "bb", "bbb", ...} 

•
(a+b)* denotes  

       all the strings form
ed with  “a"  and  "b" 

•
ab*(c+ε) denotes  
the set of strings starting with "a", then zero or m

ore “b"s 
      and finally optionally a “c" 
•

(0+(1(01*0)*1))*  
denotes the set of binary num

bers that are m
ultiples of 3

•
 denotes the language 

(0*+
1*+

(01)*)
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Theorem
 3 

For each  D
FA

 D
, there is a regular expression r such that L(D

)=L(r). 

Encoding the language of a D
FA

 into a RE

Construction:  

1) Elim
inates states of the autom

aton replacing  the edges with regular  

       expressions that includes the behavior of the elim
inated paths  

  2) W
hen the  autom

aton has just one  starting and all final states, we  

       synthesize  the corresponding  RE
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N
ote: q

i  and p
j  m

ay be the sam
e state!

•
Figure below shows the elim

ination of a state s. The labels on all edges 
are regular expressions. 

•
To rem

ove s, we m
ust m

ake labels for the paths between q
1  and  p

1, .., p
m   

we had in the original D
FA

 through s. 

State Elim
ination



A
pply the state elim

ination process to produce an equivalent 
autom

aton with regular expression labels on the edges:  

-Start with interm
ediate states and then m

oving to accepting 
states,   

-The result will be som
e   state autom

aton with one start state 
and (one or m

ore than one) accepting states.

        From
 a D

FA
 to RE State Elim

ination  Point (1)



 Start
S

R

T

U

W
e can describe this autom

aton as:  (R
+SU

*T)*SU
*

From
 a D

FA
 to RE State Elim

ination  Point (2)

Just one final state and a different starting state



Start

R

W
e can describe this autom

aton as sim
ply R

*.

Just one final state that coincides with the starting state

From
 a D

FA
 to RE State Elim

ination  Point (2)



From
 a D

FA
 to RE State Elim

ination  Point (2)

The desired regular expression for the autom
aton is then the union 

of each of the n regular expressions:  R
1 ∪

 R
2 … ∪

 R
N

Several  final states s
1 , s

2 , … s
n

Repeat the previous steps for each s
i   turning any other accepting state 

 in non accepting.  
In this way we get n different regular expressions, R

1 , R
2 , … R

n .



3
Start

1
2

1
1

0

0

0,1

3
Start

1
2

1
1

0

0

0+1

D
FA


RE Exam

ple

•
Convert the following to a RE 

•
First convert the edges to RE’s:
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N
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 3
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A
nsw

er:  (0+10)*11(0+1)*

D
FA

 
 

RE Exam
ple (2)

•
we want to elim

inate State 1: 

•
obtaining:
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Third Exam
ple

•
A

utom
ata that accepts even num

ber of 1’s 

•
Elim

inate state 2:
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This is just 0*;  can ignore going to state 3 
since w

e w
ould “die”

3 0+10*1

10*1

Third Exam
ple (2)

•
Two accepting states, turn off state 3 first
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This is just 0*10*1(0+10*1)* 

C
om

bine from
 previous slide to get 

0* + 0*10*1(0+10*1)*

1
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Second Exam
ple (3)

•
Turn off state 1 second:



Convert the following D
FA

 into a RE

Exercises
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Converting a RE to an A
utom

ata

•
W

e can convert a RE to an ε-N
FA

 
–

Inductive construction 
–

Start with a sim
ple basis, use that to build m

ore 
com

plex parts of the N
FA
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N
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RE to ε-N
FA

•
Basis:
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ple

•
Convert R= (ab+a)* to an N

FA
 

–
W

e proceed by steps, starting from
 sim

ple elem
ents and 

working our way up 
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W
hat have we shown?

•
Regular expressions, finite state autom

ata and regular gram
m

ars 
are different ways of expressing the sam

e languages  
•

In som
e cases you m

ay find it easier to start with one and m
ove 

to the other 
–

e.g., the language of an even num
ber of 1’s is typically easier 

to design as a N
FA

 or D
FA

 and then convert it to a RE



N
ot all languages are regular!

•
L={ a

nb
n | n ∈ N

at }
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Given L an infinite regular language then there exists an integer k such  

that for any string                            it is possible  to split z  into 3 
substrings 
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N
egating the PL

The PL gives a necessary condition, that can be used to prove that a 
language is not a regular language! 

   If                                                  for all possible splitting 

    then L is not a regular language!
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=

u
vw

w
ith

|u
v|

k
,|v|

>
0

9
i2

N
su
ch

th
at

u
v
iw
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u
v

w a
k

b
k

z∈L,  |v|=
i,

|uv| >
 k

Exem
ple

•
L={   

  },            take any  k 
 

•
Consider the string  z = 

a
nb

n|n
∈

N
∈

N
a

kb
k



✴
S

ia L={ a
nb

n | n
 ∈ N

at }, pren
diam

o k ∈ N
at 

✴
S

ia z = a
kb

k

u
v

w a
k

b
k

z∈L,  |v|=
i,

v
2

a
k+

ib
k ∈L

i ≠ 0

Esem
pio

•
L={   

  },            take any  k 
 

•
Consider the string  z = 

a
nb

n|n
∈

N
∈

N
a

kb
k



Exercises

Prove that the following are not regular languages
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Property of Regular languages
The regular languages are closed with respect to the union, 
concatenation and Kleene closure. 
 The com

plem
ent of a regular language is always regular. 

The regular language are closed under intersection 

D
ecision Properties: 

A
pproxim

ately all the properties are decidable in case of finite 
autom

aton. 

(i) Em
ptiness  

(ii) N
on-em

ptiness  
(iii) Finiteness  
(iv) Infiniteness  
(v) M

em
bership  



D
FA

 M
inim

ization

●
Som

e states can be redundant: 
—

The following D
FA

 accepts (a|b)+ 
—

State s1 is not necessary



D
FA

 M
inim

ization

●
The task of the D

FA
 m

inim
ization  is to autom

atically 
transform

 a given D
FA

 into a state-m
inim

ized D
FA

 
—

Several algorithm
s and variants are known



A
 D

FA
 M

inim
ization A

lgorithm

●
Recall that a D

FA
 M

=(Q
, Σ

, δ, q
0 , F) 

●
Two states p and q are distinct if 
—

p 
F and q

F or vice versa, or 
—

δ(p, α) and δ(q, α), for som
e α in Σ

, are distinct 

●
U

sing this inductive definition, we can calculate which 
states are distinct

∈
∉



D
FA

 M
inim

ization A
lgorithm

●
Create lower-triangular table D

ISTIN
CT, initially 

blank 
●

For every pair of states (p,q): 
—

If p is final and q is not, or vice versa 
→

D
ISTIN

CT(p,q) = ε 

●
Loop until no change for an iteration: 
—

For every pair of states (p,q) and each sym
bol α  

→
If D

ISTIN
CT(p,q) is blank and  

D
ISTIN

CT( δ(p,α), δ(q,α) ) is not blank 
▪

D
ISTIN

CT(p,q) = α 

●
Com

bine all states that are not distinct 



s0s1s2

s0
s1

s2

Very Sim
ple Exam

ple



s0s1
ε

s2
εs0

s1
s2

Label pairs w
ith ε w

here one is a final state and the other is not

Very Sim
ple Exam

ple



s0s1
ε

s2
εs0

s1
s2

M
ain loop (no changes occur)

Very Sim
ple Exam

ple

→
D

ISTIN
CT(p,q) is blank and  

D
ISTIN

CT( δ(p,α), δ(q,α) ) is not blank 
▪

D
ISTIN

CT(p,q) = α 



s0s1
ε

s2
εs0

s1
s2

D
IS

TIN
C

T(s1, s2) is em
pty, so s1 and s2 are equivalent states

Very Sim
ple Exam

ple



M
erge s1 and s2

Very Sim
ple Exam

ple

a,b



M
ore Com

plex Exam
ple



M
ore Com

plex Exam
ple

●
Check for pairs with one state final and one 
not:



M
ore Com

plex Exam
ple

●
First iteration of m

ain loop:



M
ore Com

plex Exam
ple

●
Second iteration of m

ain loop:



M
ore Com

plex Exam
ple

●
Third iteration m

akes no changes 
—

Blank cells are equivalent pairs of states



M
ore Com

plex Exam
ple

●
Com

bine equivalent states for m
inim

ized D
FA

:



Conclusion

●
The algorithm

 described is O
(kn

2) 
—

John H
opcraft describes another m

ore com
plex 

algorithm
 that is O

(k (n log n) )



Exercises

*

0
1

A
B

A
B

A
C

C
D

B
D

D
A

E
D

F
F

G
E

G
F

G
H

G
H

0
1

A
B

E
B

C
F

C
D

H
D

E
H

E
F

I
F

G
B

G
H

B
H

I
C

I
A

E

M
inim

ize the following autom
ata** *



Linguaggi Context Free



A
 Context free Gram

m
ar (Σ

, N
, S, P) is a gram

m
ar,  where 

•
every production has the form

  U
 →

 V  

                                
 and 

 

•
only for the  starting sym

bol S, we can have  S
→

 ε   

U
∈

N
V

∈
(Σ

∪
N

) +

Context free Gram
m

ars



C
H

A
P

T
E

R
6

G
ra

m
m

a
tich

e
lib

e
re

d
a
l
c
o
n
te

sto

U
n
a

gram
m

atica
è,

intu
itivam

ente,
u
n

in
siem

e
d
i

regole
ch

e
p
erm

etton
o

d
i

gen
erare

u
n

lin
gu

aggio.
U

n
ru

olo
fon

d
am

entale
tra

le
gram

m
atich

e
è

costitu
-

ito
d
alle

gram
m

atich
e

lib
ere

d
al

contesto
m

ed
iante

le
qu

ali
ven

gon
o

solitam
ente

d
escritti

i
lin

gu
aggi

d
i
p
rogram

m
azion

e.

1
.

D
e
fi
n
iz

io
n
e

fo
rm

a
le

U
n
a

gram
m

atica
libera

dal
con

testo
(C

F
)

è
u
n
a

qu
ad

ru
p
la

G
=

〈V
,T,P,S〉,

ove:

•
V

è
u
n

in
siem

e
fi
n
ito

d
i
variab

ili
(d

ette
an

ch
e

sim
b
oli

n
on

term
in

ali),
•

T
è

u
n

in
siem

e
fi
n
ito

d
i
sim

b
oli

term
in

ali
(V

∩
T

=
∅

),
•

P
è
u
n

in
siem

e
fi
n
ito

d
ip

rod
u
zion

i;
ogn

iprodu
zion

e
è
d
ella

form
a

A
→
α
, 1

ove:–
A

∈
V

è
u
n
a

variab
ile,

e
–
α
∈

(V
∪

T
)
∗.

•
S
∈

V
è

u
n
a

variab
ile

sp
eciale,

d
etta

sim
bolo

in
iziale.

E
s
e
m
p
io

6.1
.

S
ia

G
la

gram
m

atica
segu

ente:

G
=

{{E
},{o

r,a
n
d
,n

o
t,(,),0,1

},P,E
}

ove
P

è
costitu

ito
d
a:

E
&→

0

E
&→

1

E
&→

(E
o
r

E
)

E
&→

(E
a
n
d

E
)

E
&→

(n
o
t

E
)

C
om

e
ved

rem
o,

G
gen

ererà
le

p
ossib

ili
esp

ression
i
b
oolean

e.

N
o
t
a
z
io

n
e

6.2
.

P
er

le
gram

m
atich

e
saran

n
o

u
tilizzate

le
segu

enti
n
otazion

i:
lettere

m
aiu

scole
A

,B
,C

,D
,E

,S
d
en

otan
o

variab
ili,

S
—

a
m

en
o

ch
e

n
on

sia
esp

lici-
tam

ente
d
etto

il
contrario—

il
sim

b
olo

in
iziale.

a
,b

,c,d
,e,0,1

d
en

otan
o

sim
b
oli

term
in

ali;
X
,Y,Z

d
en

otan
o

sim
b
oli

ch
e

p
osson

o
essere

sia
term

in
ali

ch
e

variab
ili;

1O
p
p
u
re,

eq
u
ivalen

tem
en

te,
si

p
u
ò

ved
ere

com
e

u
n
a

cop
p
ia

〈A
,
α
〉
∈

V
×

(V
∪

T
)
∗
.
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H
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ra
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iante
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solitam
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d
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d
i
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1
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D
e
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n
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n
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a
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U
n
a

gram
m

atica
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dal
con

testo
(C

F
)

è
u
n
a

qu
ad

ru
p
la

G
=

〈V
,T,P,S〉,

ove:

•
V

è
u
n

in
siem

e
fi
n
ito

d
i
variab

ili
(d

ette
an

ch
e

sim
b
oli

n
on

term
in

ali),
•

T
è

u
n

in
siem

e
fi
n
ito

d
i
sim

b
oli

term
in

ali
(V

∩
T

=
∅

),
•

P
è
u
n

in
siem

e
fi
n
ito

d
ip

rod
u
zion

i;
ogn

iprodu
zion

e
è
d
ella

form
a

A
→
α
, 1

ove:–
A

∈
V

è
u
n
a

variab
ile,

e
–
α
∈

(V
∪

T
)
∗.

•
S
∈

V
è

u
n
a

variab
ile

sp
eciale,

d
etta

sim
bolo

in
iziale.

E
s
e
m
p
io

6.1
.

S
ia

G
la

gram
m

atica
segu

ente:

G
=

{{E
},{o

r,a
n
d
,n

o
t,(,),0,1

},P,E
}

ove
P

è
costitu

ito
d
a:

E
&→

0

E
&→

1

E
&→

(E
o
r

E
)

E
&→

(E
a
n
d

E
)

E
&→

(n
o
t

E
)

C
om

e
ved

rem
o,

G
gen

ererà
le

p
ossib

ili
esp

ression
i
b
oolean

e.

N
o
t
a
z
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n
e

6.2
.

P
er

le
gram

m
atich

e
saran

n
o

u
tilizzate

le
segu

enti
n
otazion

i:
lettere

m
aiu

scole
A

,B
,C

,D
,E

,S
d
en

otan
o

variab
ili,

S
—

a
m

en
o

ch
e

n
on

sia
esp

lici-
tam

ente
d
etto

il
contrario—

il
sim

b
olo

in
iziale.

a
,b

,c,d
,e,0,1

d
en

otan
o

sim
b
oli

term
in

ali;
X
,Y,Z

d
en

otan
o

sim
b
oli

ch
e

p
osson

o
essere

sia
term

in
ali

ch
e

variab
ili;

1O
p
p
u
re,

eq
u
ivalen

tem
en

te,
si

p
u
ò

ved
ere

com
e

u
n
a

cop
p
ia

〈A
,
α
〉
∈

V
×

(V
∪

T
)
∗
.

5
7

Exam
ple

E, P



5
8

6
.

G
R

A
M

M
A
T

IC
H

E
L
IB

E
R

E
D

A
L

C
O

N
T

E
S
T

O

u
,v,w

,x
,y

,z
d
en

otan
o

strin
gh

e
d
i
term

in
ali,

α
,β

,γ
,δ

strin
gh

e
gen

erich
e

d
i
sim

-
b
oli

(sia
term

in
ali

ch
e

n
on

).
S
e

A
→
α

1 ,...,A
→
α

n
∈

P
,

esp
rim

erem
o

qu
esto

fatto
scriven

d
o:

A
→
α

1 |···|α
n
.

C
on

A
-produ

zion
e

d
en

oterem
o

u
n
a

gen
erica

p
rod

u
zion

e
con

la
variab

ile
A

a
sin

istra.

L
a

gram
m

atica
d
ell’esem

p
io

6.1
p
u
ò

essere
d
u
n
qu

e
sch

em
aticam

ente
rap

p
re-

sentata
d
a:

E
"→

0
|1

|(E
o
r

E
)|(E

a
n
d

E
)|(n

o
t

E
)
.

2
.

L
in

g
u
a
g
g
io

g
e
n
e
ra

to

L
e

gram
m

atich
e

servon
o

a
gen

erare
u
n

lin
gu

aggio.
D

arem
o

ora
le

d
efi

n
izion

i
n
ecessarie

a
d
efi

n
ire

il
lin

gu
aggio

gen
erato

d
a

u
n
a

gram
m

atica
G

=
〈V

,T,P,S〉.
D

efi
n
irem

o
le

relazion
i

G⇒
,

G⇒
i ,

G⇒
∗ ⊆

(V
∪

T
)
∗
×

(V
∪

T
)
∗

n
el

segu
ente

m
od

o:

•
se

A
→
β
∈

P
e
α
,γ

∈
(V

∪
T
)
∗,

allora
α
A
γ

G⇒
α
β
γ
.

D
irem

o
in

qu
esto

caso
ch

e
d
a
α
A
γ

deriva
im

m
ediatam

en
te
α
β
γ
;

•
se
α

1 ,...,α
i ∈

(V
∪

T
)
∗,

i≥
1,

e

i−
1

∧

j=
1

α
j

G⇒
α

j+
1

,

allora
α

1
G⇒

i
α

m
.

In
qu

esto
caso

d
irem

o
ch

e
d
a
α

1
deriva

α
m

in
i

p
assi.

P
er

ogn
i
α
,
d
irem

o
an

ch
e

ch
e
α

G⇒
0
α
;

•
se

esiste
i

tale
p
er

cu
i
α

G⇒
i
β
,
allora

α
G⇒

∗
β
.

D
irem

o
in

tal
caso

ch
e

d
a

α
d
eriva

β
.

S
i
n
oti

ch
e

G⇒
∗

è
la

ch
iu

su
ra

tran
sitiva

e
rifl

essiva
d
ella

relazion
e

G⇒
.

In
p
arti-

colare
vale

ch
e
α

G⇒
∗
α

p
er

ogn
i
α
∈

(V
∪

T
)
∗.

Il
lin

gu
aggio

gen
erato

da
G

è:

L
(G

)
=

{w
∈

T
∗

:S
G⇒

∗
w

}.

L
è

u
n

ligu
aggio

libero
dal

con
testo

(C
F
)

se
esiste

u
n
a

gram
m

atica
C

F
G

tale
ch

e
L

=
L
(G

).
D

u
e

gram
m

atich
e

G
1

e
G

2
son

o
equ

ivalenti
se

L
(G

1 )
=

L
(G

2 ).

E
s
e
m
p
io

6.3
.
Σ
∗

è
u
n

lin
gu

aggio
C

F
.
In

fatti,
sia
Σ

=
{s

1 ,...,s
n
},

allora
Σ
∗

è
gen

erato
d
a:

S
→
ε|s

1 S
|···|s

n
S

.

E
s
e
m
p
io

6.4
.

L
a

gram
m

atica
sch

em
aticam

ente
d
efi

n
ita

d
a:

S
→

A
S
B

|ε,A
→

0,B
→

1

gen
era

il
lin

gu
aggio

{0
n
1

n
:n

≥
0
}

(d
im

ostrare
ciò

p
er

in
d
u
zion

e
su

n
com

e
esercizio).

5
8

6
.

G
R

A
M

M
A
T

IC
H

E
L
IB

E
R

E
D

A
L

C
O

N
T

E
S
T

O

u
,v,w

,x
,y

,z
d
en

otan
o

strin
gh

e
d
i
term

in
ali,

α
,β

,γ
,δ

strin
gh

e
gen

erich
e

d
i
sim

-
b
oli

(sia
term

in
ali

ch
e

n
on

).
S
e

A
→
α

1 ,...,A
→
α

n
∈

P
,

esp
rim

erem
o

qu
esto

fatto
scriven

d
o:

A
→
α

1 |···|α
n
.

C
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u
n
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p
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L
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6.1
p
u
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d
u
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e
sch

em
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p
re-

sentata
d
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E
"→

0
|1

|(E
o
r

E
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ò

essere
d
u
n
qu

e
sch

em
aticam

ente
rap

p
re-

sentata
d
a:

E
"→

0
|1

|(E
o
r

E
)|(E

a
n
d

E
)|(n

o
t

E
)
.

2
.

L
in

g
u
a
g
g
io

g
e
n
e
ra

to

L
e

gram
m

atich
e

servon
o

a
gen

erare
u
n

lin
gu

aggio.
D

arem
o

ora
le

d
efi

n
izion

i
n
ecessarie

a
d
efi

n
ire

il
lin

gu
aggio

gen
erato

d
a

u
n
a

gram
m

atica
G

=
〈V

,T,P,S〉.
D

efi
n
irem

o
le

relazion
i

G⇒
,

G⇒
i ,

G⇒
∗ ⊆

(V
∪

T
)
∗
×

(V
∪

T
)
∗

n
el

segu
ente

m
od

o:

•
se

A
→
β
∈

P
e
α
,γ

∈
(V

∪
T
)
∗,

allora
α
A
γ

G⇒
α
β
γ
.

D
irem

o
in

qu
esto

caso
ch

e
d
a
α
A
γ

deriva
im

m
ediatam

en
te
α
β
γ
;

•
se
α

1 ,...,α
i ∈

(V
∪

T
)
∗,

i≥
1,

e

i−
1

∧

j=
1

α
j

G⇒
α

j+
1

,

allora
α

1
G⇒

i
α

m
.

In
qu

esto
caso

d
irem

o
ch

e
d
a
α

1
deriva

α
m

in
i

p
assi.

P
er

ogn
i
α
,
d
irem

o
an

ch
e

ch
e
α

G⇒
0
α
;

•
se

esiste
i

tale
p
er

cu
i
α

G⇒
i
β
,
allora

α
G⇒

∗
β
.

D
irem

o
in

tal
caso

ch
e

d
a

α
d
eriva

β
.

S
i
n
oti

ch
e

G⇒
∗

è
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è

p
o
s
s
ib

ile
t
r
a
s
fo

r
m

a
r
e

u
n
a

g
e
n
e
r
ic

a
g
r
a
m

m
a
t
ic

a
in

u
n
a

in
fo

r
m

a
n
o
r
m

a
le

d
i
G

r
e
ib

a
c
h

e
c
o
m

e
s
i
d
e
fi
n
is

c
e

l’a
u
t
o
m

a
a

p
ila

c
o
r
r
is

p
o
n
d
e
n
t
e
.

E
se

r
c
izio

3
.1.

Si
definisca

la
gram

m
atica

C
F

in
form

a
norm

ale
di

C
hom

sky
che

genera
tutte

le
stringhe

palindrom
e

sull’alfabeto
{0

,
1
}
(ad

esem
pio

abbiam
o

che
0
0
1
0
0
,
0
1
0
0
1
0

sono
palindrom

e
m

entre
0
1
0
1
,
0
1
0
0
1

non
lo

sono).

S
o
lu

zio
n
e
.

C
o
n
s
id

e
r
ia

m
o

la
s
e
g
u
e
n
t
e

g
r
a
m

m
a
t
ic

a
c
h
e

g
e
n
e
r
a

s
t
r
in

g
h
e

p
a
lin

d
r
o
m

e

s
u
i
s
im

b
o
li

0
,
1
:

S
!

"|0
|1

|0
S
0
|1

S
1

D
im

o
s
t
r
ia

m
o

c
h
e

t
a
le

g
r
a
m

m
a
t
ic

a
g
e
n
e
r
a

e
↵
e
t
t
iv

a
m

e
n
t
e

t
u
t
t
e

e
s
o
lo

le
s
t
r
in

g
h
e

p
a
-

lin
d
r
o
m

i.
I
n

p
a
r
t
ic

o
la

r
e

d
o
b
b
ia

m
o

d
im

o
s
t
r
a
r
e

c
h
e

s
e

x
è
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è
e
v
id

e
n
t
e

c
h
e

S
!

"
.

In
d
u
zion

e:
S
u
p
p
o
n
ia

m
o

c
h
e

p
e
r

o
g
n
i
y

p
a
lin

d
r
o
m

e
t
a
le

c
h
e

|y
|
<

k
e
s
is

t
e

u
n
a

d
e
r
iv

a
z
io

n
e

S
)

⇤
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=
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a
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=
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c
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=
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=
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=
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=
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c
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a
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c
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c
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=
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c
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è

p
a
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Given a gram
m

ar (Σ
, N

, S, P). 
The parse tree is the graph representation of a derivation, 
 which can be defined in the following way: 

•
every vertex has a label in Σ

 U
 N

 U
 {ε},  

•
the label of the root  and of every internal vertex belongs to N

, 
•

if a vertex is labeled with A
 and has m

 children labeled with X
1,. …, X

k 
•

then   the production A
->X

1…X
k belongs to P, 

•
if a vertex is labeled with ε then is a leaf and is an  only child.

Parse tree
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d
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e
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b
oli

(sia
term

in
ali

ch
e

n
on

).
S
e

A
→
α

1 ,...,A
→
α

n
∈
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con
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∈
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∪
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con
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è
u
n

lin
gu

aggio
C

F
.
In

fatti,
sia
Σ

=
{s

1 ,...,s
n
},

allora
Σ
∗

è
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è
u
n

lin
gu

aggio
regolare.

P
ertanto

l’in
siem

e
d
ei

lin
gu

aggi
regolarie

qu
ello

d
ei

lin
gu

aggi
C

F
n
on

son
o

lo
stesso

in
siem

e.
V
ed

rem
o,

com
u
n
qu

e,
ch

e
il

p
rim

o
in

siem
e

è
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è
l’u

n
ico

fi
glio

d
i

su
o

p
ad

re.

S
i
n
oti

ch
e

la
d
efi

n
izion

e
d
i
alb

ero
n
on

im
p
on

e
ch

e
tu

tte
le

foglie
sian

o
etich

et-
tate

con
sim

b
oli

term
in

ali.
L
’alb

ero
avente

u
n

solo
n
od

o
etich

ettato
d
a

S
è
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ò

essere
d
u
n
qu

e
sch

em
aticam

ente
rap

p
re-

sentata
d
a:

E
"→

0
|1

|(E
o
r

E
)|(E

a
n
d

E
)|(n

o
t

E
)
.

2
.

L
in

g
u
a
g
g
io

g
e
n
e
ra

to

L
e

gram
m

atich
e

servon
o

a
gen

erare
u
n

lin
gu

aggio.
D

arem
o

ora
le

d
efi

n
izion

i
n
ecessarie

a
d
efi

n
ire

il
lin

gu
aggio

gen
erato

d
a

u
n
a

gram
m

atica
G

=
〈V

,T,P,S〉.
D

efi
n
irem

o
le

relazion
i

G⇒
,

G⇒
i ,

G⇒
∗ ⊆

(V
∪

T
)
∗
×

(V
∪

T
)
∗

n
el

segu
ente

m
od

o:

•
se

A
→
β
∈

P
e
α
,γ

∈
(V

∪
T
)
∗,

allora
α
A
γ

G⇒
α
β
γ
.

D
irem

o
in

qu
esto

caso
ch

e
d
a
α
A
γ

deriva
im

m
ediatam

en
te
α
β
γ
;

•
se
α

1 ,...,α
i ∈

(V
∪

T
)
∗,

i≥
1,

e

i−
1

∧

j=
1

α
j

G⇒
α

j+
1

,

allora
α

1
G⇒

i
α

m
.

In
qu

esto
caso

d
irem

o
ch

e
d
a
α

1
deriva

α
m

in
i

p
assi.

P
er

ogn
i
α
,
d
irem

o
an

ch
e

ch
e
α

G⇒
0
α
;

•
se

esiste
i

tale
p
er

cu
i
α

G⇒
i
β
,
allora

α
G⇒

∗
β
.

D
irem

o
in

tal
caso

ch
e

d
a

α
d
eriva

β
.

S
i
n
oti

ch
e

G⇒
∗

è
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è
la

ch
iu

su
ra

tran
sitiva

e
rifl

essiva
d
ella

relazion
e

G⇒
.

In
p
arti-

colare
vale

ch
e
α

G⇒
∗
α

p
er

ogn
i
α
∈

(V
∪

T
)
∗.

Il
lin

gu
aggio

gen
erato

da
G

è:
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è

u
n

albero
di

derivazion
e

(p
arse

tree)
p
er

G
se:

(1)
ogn

i
vertice

h
a

u
n
a

etichetta,
p
resa

tra
V
∪

T
∪

{ε};
(2)

l’etich
etta

d
ella

rad
ice

ap
p
artien

e
a

V
;

(3)
ogn

i
vertice

intern
o

(ovvero,
n
on

u
n
a

foglia)
h
a

etich
etta

ap
p
arten

ente
a

V
;

(4)
se

u
n

vertice
n

è
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è

u
n

caso
p
articolare

d
i

alb
ero

d
i

d
erivazion

e.
G

li
alb

eri
verran

o
u
tilizzati

p
er

d
are

u
n
a

controp
arte

grafi
ca

d
elle

d
erivazion

i.
S
e

vi
son

o
foglie

etich
ettate

con
sim

b
oli

n
on

term
in

ali,
allora

l’alb
ero

rap
p
resenta

u
n
a

d
erivazion

e
parziale.

D
irem

o
ch

e
u
n

alb
ero

descrive
u
n
a

strin
ga
α

∈
(V

∪
T
)
∗

se
α

è
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p
er

in
d
u
zion

e
su

n
com

e
esercizio).

3
.

A
L
B

E
R

I
D

I
D

E
R

IV
A

Z
IO

N
E

5
9

P
er

qu
anto

d
im

ostrato
n
ell’esem

p
io

5.3
u
san

d
o

ilp
u
m

p
in

g
lem

m
a,

illin
gu

aggio
{0

n
1

n
:

n
≥

0
}

n
on

è
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è
la

ch
iu

su
ra

tran
sitiva

e
rifl

essiva
d
ella

relazion
e

G⇒
.

In
p
arti-

colare
vale

ch
e
α

G⇒
∗
α

p
er

ogn
i
α
∈

(V
∪

T
)
∗.

Il
lin

gu
aggio

gen
erato

da
G

è:
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p
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A
b
b
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o
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grazie
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p
u
m

p
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m
a

p
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i
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regolari,
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{
a

n
b

n
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≥
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n
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è
regolare.
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p
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d
i
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d
i

u
n
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a
a
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è
legata

all’im
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d
i

qu
esti

au
tom

i
d
i

m
em

orizare
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n
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d
e
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e
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n
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d
i
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b
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nu

m
ero.

S
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con
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m
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“
a
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e
“
b
”

n
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d
a
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U

n
a
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ttu
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d
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egu
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p
er

risolvere
qu

esto
p
rob
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a

è
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p
ila,

ovvero
u
n
a

stru
ttu

ra
d
ati

L
IF

O
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F
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O
u
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D
a

u
n

p
u
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d
i
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itettu
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u
n
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a
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p
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è
u
n
a

m
acch
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d
a

u
n
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trollo
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e

è
u
n

au
tom

a
a

stati
fi
n
iti,

u
n

n
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d
i
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p
u
t
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e,
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e

n
egli

N
F
A

e
D

F
A

,
è

d
i
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lettu

ra,
ed

u
n
a

pila
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lla
qu

ale
son

o
p
ossib

ili
le

op
erazion

i
d
i:

p
u
s
h
(
X
),

p
o
p
(
X
),

e
m
p
t
y

(si
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a
la

F
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ra
1):

•
L
’istru
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e
p
u
s
h
(
X
)

sp
osta

u
n
a

strin
ga

X
in

testa
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p
ila,

•
l’istru

zion
e
p
o
p
(
X
)

p
releva

il
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b
olo

in
testa

alla
p
ila,

e
•

l’istru
zion

e
e
m
p
t
y

verifi
ca,

restitu
en

d
o

valore
b
oolean

o,
se

la
p
ila

è
vu

ota
o

m
en

o.

s
1

s
2

s
3

···
n
a
stro···

⇑q$Z
1

Z
2

Z
3

···
p
ila···

F
ig

u
r
e

1
.

A
u
tom

a
a

p
ila

6
9

Pushdown autom
ata

The stack head always scans the top sym
bol   

It perform
s three  basic operations: 

Push: add a new sym
bol at the top of the stack 

Pop: read and rem
ove the top sym

bol 
Em

pty: verify if the stack is em
pty  

stack

tape

A
lphabet of stack sym

bols: R



A
 push down autom

aton is M
 = (Q

, Σ
, R, δ, q0,Z0, F)  where  

•
R is the alphabet of stack sym

bols, 

•
 is the transition 

 function 

•
Z0 belonging to R is the starting sym

bol on the stack 

δ:Q
×

(Σ
∪

{ϵ})×
R

→
'

(Q
×

R*)

Pushdown autom
ata



The evolution of the PD
A

 is described by triples (q, w, γ) where; 

•
q is the current state  

•
w is the unread part of the input string or the rem

aining input  

•
γ is the current contents of the stack 

A
 m

ove from
 one instantaneous description to another  

will be denoted by  

(q0, aw, Zr) ⊢
> (q1, w, γr)  iff (q1, y) belongs to δ(q0, a, Z) 

Instantaneous D
escription



The language accepted by a pushdown autom
aton

Two ways to define the accepted language:  

•
with em

pty stack (in this case F is the em
pty set) 

•
with  explicit  final states F 
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p
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C
on
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o
l’A

P
N

D
ch

e
ricon

osce,
p
er

p
ila

vu
ota,

il
lin

gu
ag-

gio
x
cx

r,
d
ove

c
∈

{a
,b

} ∗
e

x
r

è
la

strin
ga

inversa
d
ella

strin
ga

x
(ad

esem
p
io,

se
x

=
a
a
b

allora
x

r
=

b
a
a
).

L
’A

P
N

D
è

d
efi

n
ito

n
el

m
od

o
segu

ente:

〈{q
0 ,q

1 },{a
,b

,c},{Z
,A

,B
},δ

,q
0 ,Z

,
∅
〉

D
ove

δ
risu

lta
d
efi

n
ita
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alla

segu
ente

m
atrice

(le
celle

vu
ote

p
osson

o
essere

d
efi

n
ite

in
qu
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n
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e
m

od
o
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e

con
d
u
ca

sicu
ram

ente
ad

u
n
a

refu
tazion

e):

q
0

ε
a

b
c

Z
q

0 ,Z
A

q
0 ,Z

B
q

1 ,ε

AB

q
1

ε
a

b
c

Z
q

1 ,Z
q

1 ,Z

A
q

1 ,ε
q

1 ,Z
q

1 ,Z

B
q

1 ,Z
q

1 ,ε
q

1 ,Z

A
d

esem
p
io,

ilricon
oscim
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p
er

p
ila

vu
ota

d
ella

strin
ga

a
b
cb

a
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e
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e
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e:

a
b
cb

a

↑
n
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q
0"

p
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Z

⇒

a
b
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q
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p
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Z
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⇒

a
b

c
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a
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⇒

a
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p
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A

⇒

a
b
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n
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q
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p
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⇒

a
b
cb
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n
a
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q
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p
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S
i
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ch
e
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p
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A

P
N

D
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realtà

d
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A
l
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d
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e
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p
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iù
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d
el
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b
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d
u
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u
n
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em
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e
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i
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ella
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(la
lettu

ra
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strin
ga

x)
ed

il
su

o
scaricam

ento
(la

lettu
ra

d
ella

strin
ga

x
r).

In
qu

esto
m

od
o,

il
ricon

oscim
ento

d
ella

strin
ga

avvien
e

A
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D
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l’A

P
N

D
ch
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p
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vu
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ove
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∈
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} ∗
e

x
r

è
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inversa
d
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ga

x
(ad

esem
p
io,

se
x

=
a
a
b
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x

r
=

b
a
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L
’A

P
N

D
è

d
efi

n
ito

n
el

m
od

o
segu

ente:

〈{q
0 ,q

1 },{a
,b

,c},{Z
,A

,B
},δ

,q
0 ,Z

,
∅
〉

D
ove

δ
risu

lta
d
efi

n
ita

d
alla

segu
ente

m
atrice

(le
celle

vu
ote

p
osson

o
essere

d
efi

n
ite

in
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n
qu

e
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od
o

ch
e

con
d
u
ca

sicu
ram

ente
ad

u
n
a

refu
tazion

e):

q
0

ε
a

b
c

Z
q

0 ,Z
A

q
0 ,Z

B
q

1 ,ε

AB

q
1

ε
a

b
c

Z
q

1 ,Z
q

1 ,Z

A
q

1 ,ε
q

1 ,Z
q

1 ,Z

B
q

1 ,Z
q

1 ,ε
q

1 ,Z

A
d
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p
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ilricon
oscim

ento
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er

p
ila
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ota

d
ella

strin
ga

a
b
cb

a
avvien

e
com

e
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cb

a
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n
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q
0"

p
ila

Z

⇒
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b

cb
a
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n
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q
0"

p
ila

Z
A

⇒
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b

c
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a
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n
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ila

Z
B
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⇒
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b
c
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n
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q
1"

p
ila

B
A

⇒

a
b
cb
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n
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stro

q
1"

p
ila

A

⇒

a
b
cb

a

↑
n
a
stro

q
1"

p
ila

S
i
osserva

ch
e

il
p
reced

ente
A

P
N

D
è

in
realtà

d
eterm

in
istico.

A
l
contrario

d
i

qu
anto

accad
e

p
er

gli
au

tom
i

a
stati

fi
n
iti

gli
au

tom
i

a
p
ila

n
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eterm

in
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o
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ente

p
iù

p
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d
i

qu
elli
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eterm
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N
el

caso
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è
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ente

ricon
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ile
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in
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anto
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è
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ito
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a

tu
tte
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gh
e

d
el

tip
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x
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r.
L
a
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b
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u
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ento
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p
ila

(la
lettu

ra
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ento
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d
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strin
ga
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In
qu
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ento
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strin
ga
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e

Esem
pio

L
=

{
x
cx

R|
x
2
{a,b}

⇤
},⌃

=
{a,b,c}

<latexit sha1_base64="WUcwZhhbcIMBT3MjAGbEbxiMqZ8="></latexit>

W
e will recognise the 

string when the input and 
stack are em

pty!
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ch
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p
er
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vu
ota,

il
lin

gu
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x
cx
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d
ove
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∈
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} ∗
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x
r
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la

strin
ga

inversa
d
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ga

x
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p
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se
x
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x

r
=

b
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L
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P
N
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è

d
efi
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ito

n
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,b

,c},{Z
,A

,B
},δ

,q
0 ,Z

,
∅
〉

D
ove
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d
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con
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refu
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0
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a
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Z
q
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q
0 ,Z

B
q

1 ,ε
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q
1
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a

b
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Z
q

1 ,Z
q

1 ,Z
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q

1 ,ε
q
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1 ,Z

B
q

1 ,Z
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p
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e
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⇒
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⇒
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⇒
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⇒
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⇒

a
b
cb

a

↑
n
a
stro

q
1"

p
ila

S
i
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N
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d
eterm

in
istico.

A
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iù
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∈
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} ∗
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p
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=
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q
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su

o
scaricam

ento
(la

lettu
ra

d
ella

strin
ga

x
r).

In
qu

esto
m

od
o,

il
ricon

oscim
ento

d
ella

strin
ga

avvien
e

Rem
em

ber:we will recognise the 
string when the input and stack 
are em

pty!
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A
U

T
O

M
I

A
P

IL
A

in
m

od
o

d
eterm

in
istico:

n
on

è
n
ecessario

attivare
n
essu

n
p
rocesso

p
arallelo

d
i
ver-

ifi
ca

alla
ricerca

d
el

p
u
nto

m
ed

ian
o

d
ella

strin
ga.

A
l
contrario,

ciò
n
on

è
p
ossib

ile
n
el

ricon
oscim

ento
d
el

lin
gu

aggio
C

F
d
elle

strin
ge

p
alin

d
rom

e.
In

qu
esto

caso,
p
er

d
eterm

in
are

se
la

lettu
ra

d
el

sim
b
olo

corrente
su

l
n
astro

corrisp
on

d
e

alla
let-

tu
ra

d
el

sim
b
olo

m
ed

ian
o

d
ella

strin
ga,

d
a

cu
i
in

izia
lo

scaricam
ento

d
ella

p
ila,

ci
ap

p
oggiam

o
ad

u
n
a

com
p
u
tazion

e
n
on

-d
eterm

in
istica.

È
im

p
ortante

n
otare

ch
e

gli
au

tom
i

a
p
ila

d
eterm

in
istici

son
o

solitam
ente

u
tilizzati

p
er

il
ricon

oscim
ento

sintattico
d
ei

lin
gu

aggi
d
i

p
rogram

m
azion

e.
In

p
articolare,

essi
costitu

iscon
o

la
b
ase

p
er

la
realizzazion

e
d
i

com
p
ilatori

(fase
d
i

p
arsin

g).
A

tal
p
rop

osito,
si

n
oti

com
e

la
sintassi

d
egli

u
su

ali
lin

gu
aggi

d
i

p
ro-

gram
m

azion
e

sia
stru

ttu
rata

in
m

od
o

tale
d
a

interp
orre

tra
categorie

sintattich
e

d
ei

sim
b
oli

o
sequ

en
ze

d
i

sim
b
oli

m
arcatori,

ad
esem

p
io

i
f,

w
h
i
l
e,

t
h
e
n,

etc.,
com

e
n
el

caso
d
ell’E

sem
p
io

7.4.
Q

u
esto

p
erm

ette
d
i
realizzare

la
fase

d
i
p
arsin

g
d
el

lin
gu

aggio
attraverso

u
n

A
P

D
.

E
s
e
m
p
io

7.5
.

C
ostru

iam
o

u
n

A
P

N
D

ch
e

ricon
osca

il
lin

gu
aggio

d
elle

strin
gh

e
p
alin

d
rom

e
su

ll’alfab
eto

{a
,b

}:
L

=
{
w

w
r

:
w

∈
{a

,b
} ∗ }

.
L
’au

tom
a

è
d
efi

n
ito

com
e

segu
e:

•
Q

=
{q

0 ,q
1
}

•
Σ

=
{a

,b
}

•
R

=
{Z

,A
,B

}

e
relazion

e
d
i
tran

sizion
e:

q
0

ε
a

b

Z
q

0 ,A
Z

q
0 ,B

Z

A
q

0 ,A
A

q
0 ,B

A

q
1 ,ε

B
q

0 ,A
B

q
0 ,B

B

q
1 ,ε

q
1

ε
a

b

Z
q

1 ,ε

A
q

1 ,ε

B
q

1 ,ε

E
s
e
r
c
iz

io
7.6

.
S
crivere

le
d
erivazion

i
n
ecessarie

p
er

ricon
oscere

la
strin

ga:
a
b
b
b
a
.

L
e
m
m
a

7.7
.

S
e

L
=

L
p
(M

)
con

M
A

P
N

D
,
allora

L
=

L
p
(M

′)
con

M
′
A

P
N

D
con

1
solo

stato.

P
r
o
o
f
.

(Id
ea).

S
ia

M
=

〈Q
,Σ

,R
,δ

,q
0 ,Z

0 ,F〉.
L
’id

ea
è

qu
ella

d
i
au

m
entare

i
sim

b
oli

n
ella

p
ila

p
er

d
escrivere

ogn
i
cop

p
ia

(q
i ,Z

i )
con

q
i
∈

Q
e

Z
i
∈

R
.

P
er

ogn
i
cop

p
ia

d
i
qu

esto
tip

o,
si

aggiu
n
ge

u
n

nu
ovo

sim
b
olo

Z
′i
in

R
e

si
m

od
ifi

ca
δ

in
m

od
o

tale
ch

e
se

Z
′
è

il
sim

b
olo

nu
ovo

in
corrisp

on
d
en

za
d
ella

cop
p
ia

(q
,Z

),
allora:

δ
(q

,a
,Z

)
=
δ
′(q

0 ,a
,Z

′).
Il

lem
m

a
segu

e
qu

in
d
i
b
an

alm
ente

p
er

costru
zion

e.
!

I
risu

ltati
segu

enti
d
im

ostran
o

l’equ
ivalen

za
tra

i
lin

gu
aggi

ricon
osciu

ti
d
agli

A
P

N
D

e
i
lin

gu
aggi

C
F
.

Exam
ple

L
=

{
x
x
R|

x
2
{a,b}

⇤
},⌃

=
{a,b}
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D
esign a PD

A
 to recognise the following languages:



U
nfortunately…

not all languages are Context Free !



1

Se
L

è
un

linguaggio
C

F
allora

esiste
un

valore
k
2

N
tale

che
perognistringa

z
2

L
.|z|�

k
possiam

o
suddividere

z
in

z
=

uvw
xy,dove

|vw
x|

k,|vx|
>

0
e

8
i2

N
.uv

iw
x

iy
2

L.
L

C
F
)
⇒

k
0

∀
z∈L

u
v

w
x

y

∈L
v

v
x

x

∈L
v

v
x

x
v

x

…

Pum
ping Lem

m
a for CF

Given a context free  language L  there exists an integer k such  

that for any string                            it is possible to split z  into 5 
substrings 

             

z
2
L
.|z|�

k
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>
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v
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x
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2
L
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The PL for CF gives a necessary condition, that can be used to prove  
that a language is not context free! 

   If   
   for all possible splitting of the form

 

    then L is not context free!

8
k
2
N

9
z
2
L
.|z|�

k
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N
egating the PL for CF

z
=

u
vw

x
y
w
ith

|vw
x|

k
,|vx|

>
0

9
i2

N
su
ch

th
at

u
v
iw

x
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62
L
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u
v

w
x

y

a
k

b
k

c
k

z∈L,  |v|=
i, |x|=

j

Exam
ple

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k

rem
em

ber |vwx|<k



u
v

w
x

y

v
2

x
2a

kb
i'a

i''b
kc

k+
j∈L

a
k

b
k

c
k

z∈L,  |v|=
i, |x|=

j

Exam
ple

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k

aabbbaabbb



u
v

w
x

y

v
2

x
2

a
k

b
k

c
k

a
kb

k+
ic

k+
j ∈L

i+
j ≠ 0

z∈L,  |v|=
i, |x|=

j

Exam
ple

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k



u
v

w
x
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|vw
x| >

 k

a
k

b
k

c
k

z∈L,  |v|=
i, |x|=

j

Exam
ple

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k



u
v

w
x

y

v
2

x
2

a
k

b
k

c
k

a
k+

ib
k+

jc
k ∈L

i+
j ≠ 0

z∈L,  |v|=
i, |x|=

j

Exam
ple

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k



u
v

w
x

y

v
2

x
2

a
k

b
k

c
k

a
kb

kc
k+

i+
j ∈L

i+
j ≠ 0

z∈L,  |v|=
i, |x|=

j

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k

Exam
ple



u
v

w
x

y

v
2

x
2

a
k

b
k

c
k

a
kb

k+
i+
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k ∈L

i+
j ≠ 0

z∈L,  |v|=
i, |x|=

j

Exam
ple

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k



u
v

w
x

y

v
2

x
2

a
k

b
k

c
k

a
k+

i+
jb

kc
k ∈L

i+
j ≠ 0

z∈L,  |v|=
i, |x|=

j

•
Let  L={ a

nb
nc

n | n ∈ N
at }, consider  k ∈ N

 
•

Let  z = a
kb

kc
k

Exam
ple



Exercises: are these languages context free? 
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The CF languages are closed with respect to the union, concatenation  
and Kleene closure. 
 The com

plem
ent of CF language is not always CF.

•
The CF language are not closed under intersection  

D
ecision Properties: 

A
pproxim

ately all the properties are decidable in case of CF 

(i) Em
ptiness  

(ii) N
on-em

ptiness  
(iii) Finiteness  
(iv) Infiniteness  
(v) M

em
bership 

Properties of the CF languages
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Context Sensitive Gram
m

ar 

Productions of the form
 U

 →
 V such that |U

| <=|V|  

Exam
ple



Regular  

Gram
m
ar 

Type 3

Context  
Free 
Gram

m
ar 

Type 2

Context 
Sensitive 
Gram

m
ar 

Type 1

U
nrestricted 

Gram
m
ar 

Type 0

Is W
   L(G)?

        P
      P

   PSPA
CE

        U

Is L(G) em
pty? 

        P
      P

      U
       U

Is L(G1)   L(G2)?
   PSPA

CE
      U

      U
       U

Com
plexity of Languages Problem

s



Exam
ples of Language H

ierarchy

The expressing  expressive power: 

regular 
 context-free 

context-sensitive 
 phrase-structure 

L1 = strings over {0, 1} with an even num
ber of 1’s is regular 

     
L2= 

 is context-free, but not regular  

L3 = 
 is context-sensitive, but not 

context-free 

⊂
⊂

⊂

{a
nb

n|n
∈

N}

{a
nb

nc
n|n

∈
N}



regular                       iff accepted by         finite-state autom
ata                                         

context-free                                               pushdown autom
ata 

context-sensitive                                        linear-bounded autom
ata 

phrase-structure                                        Turing m
achine  

 

Relationships between Languages and A
utom

ata

A
 language is :



Chom
sky’s H

ierarchy


