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Abstract. We introduce an extension of Graph Grammars (GGs), called Dy-
namic Graph Grammars (DynGGs), where the right-hand side of a production
can spawn fresh parts of the type graph and fresh productions operating on it.
The features of DynGGs make them suitable for the straightforward modeling of
reflexive mobile systems like dynamic nets andibie calculus. Our main result
shows that each DynGG can be modeled as a (finite) GG, so that the dynamically
generated structure can be typed statically, still preserving exactly all derivations.

1 Introduction

Graphs can model complex systems at a level of abstraction that is both intuitive and for-
mal. Graph Grammars (GGs) originated in the late 60’s as a suitable extension of string
grammars: string concatenation is replaced by graph gluing and string rewriting by sub-
graph replacing. As a model of concurrency, there is also a close analogy between GGs
and Petri nets (PNs), as a Petri net can be straightforwardly modeled as a particular
GG over discrete graphs. Solid theoretical basis are now available for many different
kinds of graph transformation, ranging from the essential node replacement systems [8]
and edge replacement systems [6] to the more sophisticated synchronized hyperedge
replacement systems [3,11,10] and algebraic approaches to graph rewriting [4,7].

To the best of our knowledge, one extension that has not been deeply investigated
in the literature is the use of reflexive productions that can release new rewrite rules.
Reflexive systems arise naturally in many areas where graph transformation techniques
have been applied with success, like biological and chemical systems and distributed
and mobile computing. Moreover, the reflexive extension of many different kinds of
rewrite systems have been studied in the literature. In particular, dynamic nets are a
mobile extension of PNs, expressive enough to model mobile calculitikalculus
andJoin calculus [1,2]. Dynamic nets are indeed strictly more expressive than PNs.

Exploiting the analogy between PNs and GGs, we propose a reflexive extension of
GGs, calleddynamic Graph GrammarDynGGs), whose generality is witnessed by
encodings of dynamic nets andin calculus. However, when posing the question:

“Are Dynamic Graph Grammars more expressive than ordinary ones?”

our main result provides a negative answer: though DynGGs can offer a more conve-
nient abstraction, computationally speaking they are not more expressive than GGs.

* Research supported by the EU FET-GC2 IST-2004-16004 Integrated Prajesb81A



2 R. Bruni and H. Melgratti

From GGs to DynGGs.To complete this informal introduction, we sketch the design
choices of DynGGs, introduce some terminology and give a minimal example.
Let T denote a type graph ar@; a graph typed ovef. OrdinaryT-typed DPO

productions are spans of the fonn (Lt L Ky - Rr) such that andr preserve the
typing of items inKy. (We assume that the reader has some familiarity with GGs, and
hence postpone exact formalization to later sections.)

A first simple extension is to consider productions like(Lt L Kr 5 Ry/) where
T C T/, so that fresh types can be generated and used for tfind his way the fresh
types introduced by cannot be exploited in the (left-hand side of) productions. The
idea is then to spawn also new productions able to operate on items typedin

A DynGG is thus a tripléT,Gr,P) whereT is a type graphGr a graph typed over

T andP a set ofT-typed dynamic productions that take the fopm(Lt L Ky 5 G1r)
where Gy is again a {’-typed) DynGG and relatesKt to the initial graph ofGy:.
For example, whet? = 0, then the grammar is roughly B-typed graphGr, which
is statically fixed and cannot change. Such grammars are csti¢id A production
p is staticif its right-hand sideSy/ is a static grammar an@l’ = T. If all productions
are static, then the grammar is callgtbllowand is essentially an ordinary GGs: the
application of any production can neither change the type graph nor spawn new rules.

Figures 1 and 2 introduce a small ad hoc example whose purpose is to expose a
peculiarity of dynamic rewrites. Léf, be the singleton type graph with just one node
a. Let Ty D T, consisting of nodea andb and two edges : a— b, andg: b — b.

Take theT,-typed dynamic grammaj, with the dynamic productiop in Figure 1.
For simplicity, we take the inclusions as legs of the span and draw the typing (dotted
lines) only once for each item. The left-hand side (i)pofonsists of al,-typed graph
with just one noden;, which is preserved by the context (ii), and the right-hand side
(iii) spawns a shallowTy-typed grammai§, whose initial graph has, besisg, one
additional noden, and one ard. The grammag,, itself has just one static production
g € Py, illustrated in Figure 2: the left-hand side (i) is a graph with three nagesnd
my, My, which are all preserved (ii), and two attes hy, which are deleted, and the right-
hand side (i) spawns the staflg-typed grammagy (i.e., a graph) with one additional
arcl from my to mp and typeg.

Assume the initial graph d, is a discrete grapB with one nodek typed overa.
The application of the productiom(with the obvious matching fromy to k) spawns a
fresh instanc@‘l:, of Gp: the type graph becomdg, and the underlying graph becomes
G1 D Gp with nodesk (typeda) andk; (typedb;) connected by an arg; (typed f1).
Moreover, a production; is now available besidp. A second application gb spawns
another fresh instanc@% of Gp: the type graph becomdg, U Ty, and the underlying
graph become&; D G; with a new nodé, and an art;, : k — kp. Again, a production
02 is now available. Similarlyp can be applied again and again (see Figure 6). However,
no suitable matching can ever be found for the applicatiogy pfjp, etc. In fact, it is
not possible to find two arcs with the same type, §agnd the identification condition
prevents a non-injective matching of the two arcs in the left-hand side of

Now compare5, with its static, flattenedy-typed version, where only two produc-
tions p andq are available at any time: after two derivation steps withe underlying
graph has two nodes typed oueand two arcs typed ovet, and thugj can be applied!
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Fig. 2. A static productiorg.

The difference lies in theeparation principlehat DynGGs imposes on items pro-
duced as freshly-typed instances by different applications of the same production. We
shall reprise this example to show that incautious encodings of DynGGs intro GGs
would introduce unwanted derivations.

Synopsis.§ 2 accounts for some basics of typed GGs [5]. The definition of DynGGs
is original to this contribution and described in § 3, where DynGGs are shown to be a
conservative extension of GGs. § 4 reports some sample encodings of other reflexive
frameworks. The main result of the paper is in § 5, where it is shown that GGs have the
same expressive power as DynGGs. Concluding remarks and future work are in § 6.

2 Typed Graph Grammars

A (directed) graphis a tupleG = (Ng, Eg, sg,tc), whereNg is a set ofnodes Eg is
a set ofedgeqor arcs), andsg,ts : Ec — Ng are thesourceandtarget functions. We
shall omit subscripts when obvious from the contexgraph morphism f G — G’ is
acouplef = (fy:N — N/, fg : E — E’) such thats o fg = fy osandt’ o fg = fyot.

Definition 2.1 (Typed Graph). Given agraph of typesT, a T-typed graphis a pair
(|G|, 1e), where|G| is theunderlyinggraph andtg : |G| — T is a total morphism.

In GGs the graphG| defines the configuration of the system and its items (nodes
and edges) model resources, whifgdefines theyping of the resources. Hence, the
underlying graphG| evolves dynamically, while the type graphs statically fixed and
cannot change at run-time. For example, when encoding Petri nets in GGs the places
form the discrete graph of types, while markings form the configurations of the system.
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(a) A DPO direct derivation.

(b) Standard type graph construction.
Fig. 3. DPO and type graph construction.

A morphismbetweerT -typed graphd : G; — Gy is a graph morphisms: |G;| —
|G2| such thattg, = Tg, o f. The category off -typed graphs and their morphisms is
denoted byT-Graph. Since we work only with typed notions, we will usually omit
the qualification “typed”, and we will not indicate explicitly the typing morphisms. The
following notion of retyping will be used extensively in the context of DynGGs.

Definition 2.2 (Graph Retyping). Given a T-typed graph & (|G|,1g) and a mor-
phismo : T — T’ we denote by - G the T-typed grapho -G = {|G|,001g).

The key notion talue graphs together is that of a categorical pushout. Roughly, a
pushout pastes two graphs by injecting them in a larger graph that is (isomorphic to)
their disjoint union modulo the collapsing of some common part. We recall thadia
is a pair(b,c) of morphismsh: A— B andc: A— C. A pushoutof the span(b,c) is
then an objecb together with two (co-final) morphisnfs: B— D andg: C — D such
that: (i) f ob = goc and (ii) for any other choice of’ : B— D’ andg : C — D’ s.t.
f'ob=gd octhereisaunique:D — D’'s.t.f'=do f andg = dog. If the pushout
is defined, there andg is called thepushout complemenf (b, f).

A (T-typed graph) DPO production p(L LEPELN R) is a span of injective graph
morphismsl : K — L andr : K — R. The T-typed graphd4,, K, andR are called the
left-hand sidetheinterface and theright-hand sideof the production, respectively.

Definition 2.3 (DPO graph grammar). A (T-typed) DPO graph gramm&ris a tuple
(T,Gin, P), where G, is theinitial (T-typed) graphP is a set of DPQroductions

Given a graphs, a productionp : (L PN R), and amatch m L — G, adirect
derivation d from G to H using p (based on nexists, writtend : G =, H, if and
only if the diagram in Figure 3(a) can be constructed, where both squares are pushouts
in T-Graph: (1) the rewriting step removes from the gra@tthe itemsm(L —1(K)),
yielding the grapD (with k,b as a pushout complement@h, 1)); (2) then, fresh copies
of the items inRR—r(K) are added t® yieldingH (as a pushout dik,r)). The interface
K specifies both what is preserved and how fresh items must be glued to the existing
part. The existence of the pushout complemenihot) is subject to the satisfaction of
the followinggluing conditiong4]:

— identification condition¥x,y € L if x# y andm(x) = m(y) thenx,y € | (K);
— dangling conditionno arc inG\ m(L) should be incident to a node m(L\ | (K)).
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The identification condition is satisfied lmalid matchesa match is not valid if it
requires a single item to be consumed twice, or to be both consumed and preserved.

3 Dynamic Graph Grammars

As aforementioned, &-typed dynamic production takes the forpt: (Lt L Kt = Sr)
whereSG is a suitable T’-typed) dynamic graph grammar. A dynamic graph grammar
can contain any number of such productions. Formally:

Definition 3.1 (Dynamic Graph Grammars). The domain of dynamic graph gram-
mars can be expressed as the leastsgst satisfying the equation:

D ={(T,Gin,P)| Gin € Graphy A
¥p: (Lt < Kr -5 9r,) € P(L1,Kr € Graphy AT CTp A
91, = (Tp,Gr,,P) €D) }

whereGraphy is the set of T-typed graphs andir- Kr — Gr,, is @ morphism between
Tp-typed graphs, where: T — T, denotes the obvious sub-graph injection.
Any elemen§ = (T,Gj,, P) € DGGis called aDynamic Graph Grammatt is static

if P = 0. Itis shallowif T =T, and S, is static for all p: (Lt L Kt 5 9Tp) e P.

Note that all Dynamic Graph Grammars are well-founded: since wetakeas the
least set satisfying the recursive domain equation above, the type graphs syntactically
appearing irg = (T,Gin, P) € bGG form a finite tre€l’(G) rooted inT, with parent re-
lation given by immediate subsetting (i.&.js parent ofT; iff T; C T; and noTy appears
in G such thafl; C Ty C Tj) and where leaves are associated with static grammars. We
remark that each type gragiy O T extendsT with local declarationd \ T, whose
scope is bounded by the specific productr-or simplicity, but without loss of gen-
erality, we assume that all additional items introduced by different type graphs inside
G are named differently (i.e., each additional item occurs only in one type graph). We
let T(G) = Urer(g) Ti denote theoverall flat type grapfof G, and leti, @ Ti — T(9)
denote the obvious sub-graph inclusion. Note that, by the structurifig®f the type
graphT (§) is just the union of all the leaves @fG).

Similarly, all nested productions i form the treeP(G) rooted inP with par-
ent relation given by immediate inclusion (i.e., the set of product@ris the par-

ent of Py iff p: (Lt L Kr 5 (Tp, Gr,,Pp)) € B). Given aT-typed dynamic produc-
tion p: (Lt L Kt 5 1,) with Gr, = (Tp,Gr,,,Pp) we say that the ordinary (5)-

typed productiorflat(p) : (i1 - Ly L T Kr 5 T, - GTp) is theflattening of p We let
P(9) = Upep(g){flat(p) | p € R} denote theoverall set of flat productionsf §. The
T(9)-typed shallow grammd(G) = (T(9), 1T - Gin,P(9)) is called theflattening ofS.

To define the dynamics of DynGGs we need a more advanced notion of retyping,
which can be used to generate fresh items in the type graph. In the following, when con-
sidering type graph constructions, we assume that a standard choice of pushout objects
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Fig. 4. A direct dynamic derivation.

satisfying the following requirements is available: Det T” ando : T — T’ injective,
then we denote by, 1+ the pushout object of the inclusion T — T” ando such that
T’ embeds i, 1+ via set-theoretical inclusion; 1, while T” embeds via an injection
Po 1~ (see Figure 3(b)) that renames itemsTifh\ T with fresh names. Whef C T’
andg is the inclusion we replace the subscripting)y v with (=)t 1.

Definition 3.2 (Fresh Graph Retyping).Let T C T”. Given a T'-typed graph G=
(|G|, 16) and an injectioro : T — T’ we leta - G = (|G|, pg 17 0 Tg)-

Definition 3.3 (Dynamic Retyping).Given a T -typed Dynamic Graph Gramn@e=
(T,Gin, P) and an injective morphism : T — T’ we denote by - G the T'-typed gram-
mar defined recursively by letting: G = (T',0-Gjy,0-P), witha-P={c-p| p€ P}

wherec-p: (o-Ly L oKt 5 PoT, 9Tp) for any p: (Lt L Kr o STp).

Note thatps,T, - 97, iS aTq,1,-typed grammar and - pis aT'-typed production.

To define the behaviour of DynGGs, note that the type graph and the available pro-
ductions can change over time: as the computation progresses new items and produc-
tions can be spawn. Hence, as it is typical of reflexive systems, the actual configuration
must comprise data (i.e., the underlying graph), their typing and the control (i.e., avail-
able productions). This means that configurations are themselves DynGGs.

In DynGGs, productions are nested inside (the right-hand sides of) other produc-
tions, but only top-level productions can be applied, by finding a matching of their
left-hand sides into the initial graph. When such a producfias applied, then fresh
instances of the productior%,, nested one level below, become available at the
top-level, and can be unwound themselves in successive steps. Given a ByaGG
(T,Gin,P), a productionp : (Lt L Ky 5 91,) € P with Gy, = (Tp,GTp,Pp), and a
matchingm: Lt — Gj,, we proceed as follows (see Figure 4):

— We check thamandl : Kt — Ly satisfy the gluing conditions.
— We build the pushout complement ¢f, 1), obtaining aT-typed graphD with
morphism : Kt — D andb: D — Gj,.
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Fig. 5. A derivation wherep is appliedn times.

— We build the standard type grafh 1, associated witto =idr : T — T andip:
T — Tp. Note thatit 1, = pr 1, ol . Fresh items of the underlying graph produced
by the application op must be typed ovefr r,.

— We build the retyped graph¥ = tt7,-D andK’ = .7, Kt and take the morphism
k' : K’ — D" induced byk.

— We build the retyped DynG(E;‘;’p =TT, G1, = (Tr.1ps _G’p, P’) with G’p =pr1, G,
andP’ = pr.1, - Pp and take the morphism: K’ — G’p induced byr : 1-Kt — Gr,.

— We take the pushout & andr’, resulting in alr 7,-typed graptH with morphisms
d:D'—Handh: G, — H.

— Finally, we build the DynG&'’ = (Tr1,,H,P' Uit 1, -P).

When all the above is applicable, we say that thered#rect dynamic derivation
a from G to §’ using p (based onm) and writea : § =, §'. A dynamic derivatiorns a
sequence of direct dynamic derivations starting from the initial graph

Example 3.1.Let us consider th&@,-typed grammag, presented in the Introduction
(see productionp andqin Figures 1 and 2). The configuration afteapplications ofp

is shown in Figure 5: the type graph has evolved filyrto UL, Tg; (with Ta= L1 Tg)
and there ar@+ 1 available productiong’,q,...,gn at the top level that are suitable
retyped instances qf andg. However, it is not possible to find a valid matching for any
g, while there is (always) exactly one valid matching for the applicatiop. of

3.1 About Shallow Graph Grammars

In the case of shallow grammars, the definition of derivation boils down to classic DPO
derivation. This can be easily proved by noting that the fresh retyping leddlg je= T
(i.e., the typing is vacuous) and tHalt= 0 (by definition of shallow grammars).

Proposition 3.1. DynGGs are a conservative extension of GGs.

The proof takes any -typed graph gramma = (T, Gjn, P) and constructs the cor-
respondindT -typed shallow graph gramm&h(5). By what said above, it is then im-
mediate to prove that: G =, G iff 5: Sh(T,G,P) =, Sh(T,G,P).
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Fig. 6. A flattened derivation wherp is appliedn times.

Since the flattening(S) = (T(9), 17 - Gin,P(9)) of a DynGGS = (T, Gin, P) is also
shallow, an obvious question is “how are the behavious(§f) and§ related?”

Proposition 3.2. Let §o be a DynGG, then(d; : Gi_1 =, 9i}ie{1,..,n} implies {& :
Si_1 = fat(p) Sitie{n..n}- WhereS'o = F(So) and each pis instance of pe P().

The proof shows that there is a standard mapping from the dynamically evolving
type graph of any§ to the static representative(G) and also a mapping from pro-
ductions dynamically originated b§ to the productions of(9). In particular, any
two different freshly-generated instanagsg”’ of the same productioq are mapped
to flat(q). We remind that, contrary t6, all productions inF(S) are always available
and cannot change over time. Thus, any valid match for the dynamic graph remains
valid in its flattening (via the retyping) and any direct derivation using the instpnce
of p{ € P(§) can be simulated usinfat(p)) € P(9).

The counterexample below shows th&§) has possibly more derivations thgn

Example 3.2.Let us take the flattening(S) of the T,-typed DynGGS in Example 3.1.

The configuration aften applications ofp is in Figure 6. Note that the type graph
remainsTy = T(§) and that there are only two available productiqgng at any time.
Compare the situation with that in Figure 5: in the flattened version it is now possible
to applyq to any pair of (distinct) arch;, h;!

4 Case studies: Dynamic nets and Join calculus

Dynamic nets [1,2] are an extension of Petri nets where firings can add fresh places and
transitions. In this sense, any DynGi= (T, Gy, P) whereT (§) is a discrete graph

can be seen as a dynamic net. Nevertheless, not all dynamic nets can be represented
by DynGGs over discrete type graphs because tokens may be coloured with the names
of places in the net, and transitions may use such colours to designate places where to
spawn new tokens. Since dynamic nets are in one-to-one correspondence with processes
of theJoin calculus [2], we present the encoding of the latter.Nete an infinite set of

names ranged by, Vv,X,y, z,. ... The syntax ofloin is given by the grammar

P = 0|x{y)|defDin P|P|Q D = JsP|DAD J = x{y) | J|I
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The occurrences of andu in x(u) arefree Differently, x andy occur bound inP =
def x(u)|y(v) > Py in P», while u andv occur bound irD = x{u)|y(v) > P;. The sets of
free and bound names Bfare written respectivelyn(P) andbn(P). Moreoverx and
y are the defined names Df(writtendn(D)).

The semantics of thaoin calculus relies on theeflexive chemical abstract machine
model [9]. In this model a solution is roughly a multiset of active definitidn® and
messages(u) (separated by comma). Moves are distinguished betwt&antural =,
which heat or cool processes, and reductienswhich are the basic computational
steps. The multiset rewriting rules faoin are as follows:

0 = PIQ = PQ DANE = D,E
defDinP = DGdn(D)7P0dn(D) (range(odn(D)) globally fresh
JoPJo — JoPPo

Structural moves allow for the rearrangement of terms inside a solution. Note that
the term denoting a process with local definitions can be represented by two terms (one
for the definitions and other for the process) only when the locally defined ports are
renamed by fresh names (this rule stands for the dynamic generation of new names). A
reduction can take place when the solution contains aJule and an instancdo of
the Join patternJ: when such a match is found is replaced byo. We writeP — P’
forP=*Q—Q =*P.

Join processes as DynGG§&or simplicity we assume definitions not to share names.
Any procesd is encoded as a DynG&p = (Tp, Gin, Q). Generally speaking, a channel
x will be encoded as nodebut the fact that the channel is named denoted by an arc
X:n—n. Amessagea(y) is represented with the ana: n; — ny, wheren; corresponds

to x andn; toy. Any firing rule J> P will be encoded as a production. More formally,
the initial type grapfp is shown in Figure 7(a), whefa(P)Ubn(P) = {x1,...,Xn}. Tp

has a unique node standing for channels, one amcfor denoting messages, and one
arcx; for any free or bound name & We call thecontextof P the Tp-typed graptCp
with one nodeny, and one arg; : ny, — ny for eachx; € fn(P) Ubn(P). Then, the initial
graphGj, and the set of productior@ are inductively defined as follows:

— P=0.Gj, =Cp is the empty graph an@ = 0.

— P=x(y). If x#Yy, thenGj, =CpU{m: ny — ny} is the graph shown in Figure 7(b),
with the typing morphism mapping both nodestand being the identity on arcs.
OtherwiseGin = CpU{m: ny — ny} is as in Figure 7(c). In both cas€s=0

— P=defdipPiA...AJ>Pyin P. Let §p = (Tp, G}, Q') be the encoding o,
thenGp = (Tp,Cp UG}, Q' UU1<i<n{Ppi}), WwhereTp O T and p; encodes); > R.
AssumingJ;i = xg{ug)|... \xk(uk),_t_hen pi is shown in Figure 7(d), Whe@(PI is the
extension op = (Ti, Gin;, Qi) over the type grapfi U Tp and whose initial graph
is the union ofGj,, with the items preserved by the production. The self-loop arcs
naming the nodeg are not present ip; because the identities of formal parameters
are not known a priori and they will be provided by valid matchings. Moreover, the
left-hand-side and the interface contain a nogleand an argy, for any free name
Yh Of B notin {xs,..., X, U1,...,Ux}. In this way the context of the initial graph of
Sp, is bound to the names of the left-hand-side of the production.
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Fig. 7. Join processes as Dynamic Graph Grammars.

— P =Py|P>. Let Gp, = (T1,Gin,, Q1) andGp, = (T2, Gin,, Q2) be the encoding dPy
andP», then the initial graph is the pushout object of the sBan Gj,, «+— Cp —
Cp UGin,, andQ is the union 0fQ; andQ; (upon production retyping ovép).

Example 4.1.Let P = def x(u) > (def y(v) >v(y) in y(u)|x{y)) in x(z). The correspond-
ing grammar isSp = (Tp, Gin, { p}), whereTp and Gy, are shown in Figure 8(a). The
unique top-level productiopis in Figure 8(b) (for space reasons we omit the represen-
tation of the typing). The right-hand-side pfis typed over the graph’ that adds two
fresh arc typeg: n— nandu: n— nto Tp. Productionp describes the consumption of

a message sent to the chanxetgardless of the name contained by the message (note
that the particular name of the parj is not fixed by the production). When fired,
generates two fresh typgs: n — n andu’ : n — n and modifies the underlying graph
by removingmy and by addingij a new node, (i) a new arc of the fresh typg,

(i) a new arc of the fresh type that works as an alias for the actual name of the
actual parametar,, and {v) two new messages, andmz. Moreover,p spawns a hew
productionqg (Figure 8(c)), which handles the messages sent to the fresky’ port

The encoding ofioin processes establishes a tight correspondence between deriva-
tions in the two frameworks. The following results hold up to aliasing of names (i.e., by
removing aliasing from grammars).

Proposition 4.1. For anyJoin process P we have:

— If P+— P using J> R, then3Q s.t.9p =, G and Q=* P,
- If Sp = 9, thendP’ s.t. P— P' using J>P, and§’ = Gp.

5 Encoding Dynamic Graph Grammars as Graph Grammars

In this section we show that DynGGs can be encoded back in GGs. The encoding of a
Dynamic Graph Grammdj relies on the definition of a unique type graph expressive
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Fig. 8. A Join process as a DynGG.

enough for distinguishing all the types generated dynamicall§.bds a first step, we
show how to describe a chain of typE®rdered by inclusion$; C T, C ... C T, with
a unique type grapK[Ta]}s, called therefined type graphinformally, any item (i.e.,
node or arc) off,, is mapped to a node iT,]}5. Every grapHT; in the chainT is also
represented if[Tn]} 5 by a nodent.. Moreover, any nodes corresponding to an itei
of Ty has an are,y to the noden; if T; is the minimal type iry” that includesk. We call
T, thetype of kin 7. Formally, for anyk € Ty, the type okis T(k) = T; if k€ T\ Ti_1.

Definition 5.1 (Refined type graph).Given a type graph T and a chain of typés=
Ty C... C Ty, with Ty =T, therefined type grapis {[T]}+ = (Ng, Er, Sr,tr), where:

— Nr =Ny UETr U{n7|Ti € T} wherens, are fresh names, i.e., the nodes{{¥]}+
are the nodes and arcs of T plus one extra node for any tyfe in
— Er={ep,e1lec Er}U{tw/we Nr UET} U{sii1+1|0 < 1 < n— 1} where all edge
names are fresh. Source and target functions are defined s.t. the following holds:
e &y:5r(e) —~eande:e—tr(e),i.e., @ connects the nodeeNg to its original
source in T while gconnects e to its target;
® ty!W— ngy), .., ty connects w to the node representing its type;
e sjj;1:n7 — n7,, denotes the inclusion of typesd Ti 1.

Example 5.1.Consider the type graply depicted in the bottom part of the Figure 9(a).
The refined type graph for the chaip= {a} C Ty =TaU{f,b,g} is shown at the bot-
tom of Figure 9(b). The original art (resp.g) of Ty is represented by the homonymous
nodef (resp.g) and the pair of fresh arck and f; (resp.go andg:). The typesT, and

Tg are represented by the fresh nodgsandny,, while the inclusion relatiofa C Tg

is denoted by the are; . Finally, for any itemw, t,, connectsw to its type node.

Definition 5.2 (RefinedT-Typed Graph). Given a T-typed graph & (|G|,Tc) and a
chainT=Ty C...CTh=T, the{[T]}s-typed graph{[G]} 5+ = (|H|,tn) is defined as:
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nTa S12 nTQ
ta ® t .
a i by a / f /tz .
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B ° L]
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¢ f * f ® @ °
(@ ATy-typed Graph. a ¢ f b a9

(b) RefinedTy-Typed Graph.

Fig. 9. A refinedT-Typed Graph.

— N4 =NgUEgU{nt|Ti € T}, i.e., Ny has all items of G plus nodes denoting types;
— Eq = {ep,e1le€ Eg} U {tw|we Ng UEg}U {sii+1/0 < 1 <n—1}, where:
e g:sr(e) —eandg:e—tr(e);
® ty W — Dgygw) I-€., tw cONnects w to the node representing its typg'in
which is obtained by using the typing morphisgiw);
e sjj;1:n7 — 17,4, for the inclusion of types.
— The typing morphismy is defined as follows

TH(k) :Tg(k) if keG TH(nTi) =T,
(&) = Tc(®)i TH(tw) = trgw) TH(sij+1) = Sij+1

Example 5.2.Consider thely-typed graphG in Figure 9(a). Its refined version for the
chainT, = {a} C Tg=TaU{f,b,g} is shown in Figure 9(b) (we omit the representation
of the obvious typing of arcs).

We refer to the nodesy, and the arcs, ands; 41 of a refined type graph (resp., a
refinedT -typed graph) as thiecation of the type grapfresp.,location of the graph

Definition 5.3 (RefinedT-Typed DynGG). Let§ = (T,Gin,P) be a DynGG, and@ =
T1 C...C Ty, with T, =T be a chain of types. Then, the refined versighisfdefined as
S = {[T}.{Gin]}7. {[P]}7), where{[P]}5 = {{[pl]} 7| p € P} is obtained by encoding

any production p (L Lkl (T',G},,P')) in P as follows:

n»

(Pl : (L < K & (T G}y P ocr)

where morphisms land ¥ are the obvious extensions of | and r with the identity over
the location of the graph.

Example 5.3.Consider the productiopin Figure 1. Its refined version is in Figure 10.
The type graphs are the refined versions of the original type graphs, while the left-hand-
side, the interface, and the right-hand-side are the refined version of the original ones.
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Fig. 10.A refined productiorp.

In particular, the left-hand-side is typed over the refined versioh,ofvhile the right-
hand-side grammar is typed over the refined versioliyoMoreover, the production
{[d]}acT, created by the reduction corresponds to the refined versions of the odginal
(for clarity we do not draw the typing morphism, which is the obvious one).

The refined version of a grammgrrecreates the static tree of typE&S). In fact,

any productionp : (Lt L Kt LA G1/) is encoded by considering the p&thof T(9)
starting from the root of (G) to T. Moreover, since previous definitions can be straight-
forwardly extended to consider the whole tree instead of a path, we wil{[ube to
denote also the refined versions obtained by considering the tree ofty#gen any
treeT describing type inclusions, the tréé= T, T — T’ stands for the tre®& with the
addition of the typel” as a child ofT (if T’ is already in the tree, thell = 7).

Remark 5.1.For simplicity, we assume the name of any production to be decorated
with the types of its left and right-hand-sides, ijgs, .7 : (Lt <~ Kt - G/).

The result below shows that a refined grammar behaves like the original one.
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Fig. 11. A flattened, refined derivation.

Lemma 5.1. Let Gy = (To,Ho, Po) and G, = (Tn, Hn, Py) be DynGGs, then
{8 : Gi R Sivitiefo..n-1y 1t {8 {[Sil}o =p {[Gi+1} 71 ieo,.n-1}
whereTo = To andTi;1 = T;, Ty — TF’,i forl<i<n.

Proof (Sketch)ConsiderGi =p._ _, Git1 and proq @ (Lt L Kr & G1/). Then, the
derivationS; =11/ Gj is analogous to that one in Figure 4. By constructiof{8i} -,
there existsn: Lt — Gy, iff there existan : {[Lt [} — {[Gin]} 7, in the refined grammar.
Since{[Kt]}s; preserves the "same” elements (up-to suitable encodinig} dus the
location of the graph, theD' obtained as the pushout complementmf,|’) coincides
with {[D]}s. Since{[Rr]}; preserves the location of already existing items and gener-
ates a new nodey: and a new are : nt — n for typing fresh items, thehl’ coincides
with {[H]}5, 7. The correspondence among fresh productions is straightforward.

Definition 5.4 (Encoding).LetS = (T,Gin, P) be a DynGG. Then, the equivalent graph
grammar{[S]} is defined ag[S]} = F({[S]}T).

Example 5.4.Consider the DynGG& = (Ta,Gin, { p}) with T, and p as in Figures 1

and 2 and its encodingS]} = (T’ {[Gin]}1,.{P/,d'}), whereT’ is the type graph in
Figure 10, andy andq’ are analogous t§p]}, and{[q]}t,cT, in Figure 10. Figure 11
shows a derivation that applies twice the rpleover the initial graph consisting of a
unigue node typed. Although the final graph contains two arrows of typeith same
source of types, there is not a matching fay, since the left-hand-side of requires

the targets of the two arrows to have the same location. Hence, the encoding does not
confuse different instantiations of the same type, as formalised by the following result.

Theorem 5.1 (Correspondence).et g be a dynamic graph grammar, then
{8 :Gi1=p Sitiefo.ny It {3 51 =) Siticto..n)
whereS’o = {[So]} and {[p]} is the encoding of the rule p iA(Sp).

Proof. =) Follows immediately by Lemma 5.1 and Proposition 32). It remains to

prove that the matchings on the encoded version are the same as those of the original
one. In fact, the encoding of a rule assures the location of any graphs to identify items
with the same type while differentiating items with distinct types.
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6 Concluding Remarks

We have proposed the original framework of Dynamic Graph Grammars, as a con-
servative extension of Graph Grammars that offers a convenient level of abstraction for
modeling reflexive systems. Our main result proves that Dynamic Graph Grammars can
be simulated by ordinary Graph Grammars, though a non-trivial encoding is necessary.

When compared to the vast literature of theoretical foundations and applications of
graph transformation systems, our investigation on reflexive productions is still prelim-
inary under many aspects. A fully extensive development and assessment is therefore
a very ambitious programme, along which we foresee several promising directions: (1)
to express suitable notion of independent derivations, parallelism, process semantics,
unfolding semantics and event structure semantics so to fully develop a true concur-
rent semantics of DynGGs; (2) to show that concurrency is preserved by our encoding
of DynGGs in GGs; (3) to consider other flavours of dynamic productions, like the
SPO [12,7]; (4) to exploit the encoding in § 5 to reuse verification tools developed for
GGs for systems modeled using DynGGs.

AcknoweldgemeniThe authors want to thank Ivan Lanese for many helpful discussions
on the encoding of DynGGs back to GGs.
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