
Models of Computation

Written Exam on February 1, 2012

(MOD students: Exercises 1-5, 180 minutes Previous TSD students: Exercises 1-3, 120 minutes)

Exercise 1 (7)

Extend IMP with the construct either c0 or c1 having the following operational semantics:

< c0, σ >→ σ′

< either c0 or c1, σ >→ σ′
< c1, σ >→ σ′

< either c0 or c1, σ >→ σ′ .

Consider then the command:

wn = while x 6= n do either x := 2× x; y := y × y or x := 2× x+ 1; y := k × y × y.

Proof that for every σ, σ′ ∈ Σ with 〈wn, σ〉 → σ′

if σ(y) = kσ(x) then σ′ = σ[n/x, kn/y].

Exercise 2 (6)

Prove that the relation RS = (P(ω)\S,⊆) is a partial ordering for every class S of sets of natural numbers.
Then exhibit a class S such that RS is not complete and has no minimum. Finally, prove that RS is
complete if S contains only finite sets.

Exercise 3 (7)

Modify HOFL, assigning the following semantics to the conditional construct:

t0 → 0 t1 → c1 t2 → c2
if t0 then t1 else t2 → c1

t0 → n n 6= 0 t1 → c1 t2 → c2
if t0 then t1 else t2 → c2

.

Define the corresponding denotational semantics and proof that also for the modified semantics t → c
implies [[t]] = [[c]]. Finally, derive both the operational and the denotational semantics of (fact 0), with
fact = rec f.λx. if x then 1 else x× (f x− 1), checking if they coincide or not.

Exercise 4 (5)

Define by structural induction the free names fn(p) of a CCS agent p. Prove by rule induction on the
operational semantics that p

µ→ q implies fn(q) ⊆ fn(p). Show an example where fn(q) ⊂ fn(p). Now
consider the π-calculus, and show an example of p α→ q where fn(p) ⊂ fn(q).

Exercise 5 (5)

A reactive, probabilistic labelled transition system representing the options of a taxi driver has states
s1 (parking), s2 (moving slowly looking for costumers) and s3 (busy with clients); actions p (stay in
the parking) and m (move); and transition function α with αs1ps3 = 0.2, αs1ps1 = 0.8, αs1ms2 = 1,
αs2xs2 = 0.5, αs2xs3 = 0.5, αs3xs1 = 0.6, and αs3xs3 = 0.4, where x is any action p or m. Consider the
two Markov chains obtained by letting the taxi driver choose always p or always m (in the former case
disregard state s2). Are they ergodic? In both cases compute the stationary probability distributions
and the average costs and gains, knowing that the costs of states s1, s2 and s3 are 0, 2 and 5, while the
gains are 0, 0 and 10 respectively. What is the most convenient choice?




















