
Models of Computation

Written Exam on June 6, 2012

(First part: Exercises 1 and 2 Second part: Exercises 3 and 4)

Exercise 1 (8)

We modify the definition of memory σ in IMP as a partial function from locations to integers. The update
function [ ] : Σ×Σ→ Σ is computed as follows: σ[σ′](x) = if σ′(x) is defined, then σ′(x), else if σ(x) is defined
then σ(x), else undefined.

The syntax of IMP is modified as follows. A new syntactic category Mass of multiple assigments, with
notation m, is introduced, with two constructs, ordinary (single) assignment x := a and multiple assignment
composition m|m. Then multiple assigments are commands: c ::= {m} | . . ., while single assignments are not
directly commands anymore. The denotational semantics is as follows:

M[[x := a]]σ = (A[[a]]σ/x) M[[m1|m2]]σ = (M[[m1]]σ)[M[[m2]]σ] C[[{m}]]σ = σ[M[[m]]σ]

where (n/x) is a memory with (n/x)(x) = n and undefined elsewhere.
Prove that: (i) multiple assignment composition is associative, namely

M[[(m1|m2)|m3]]σ =M[[m1|(m2|m3)]]σ;

(ii) the denotational semantics of a single assignment x := a in the ordinary version of IMP coincides with
C[[{x := a}]]; (iii) C[[{x := 1}; {x := 2|y := x}]]σ 6= C[[{x := 1}; {x := 2}; {y := x}]]σ. Finally, (iv) give the
operational semantics of the new constructs and (v) prove their equivalence with the denotational semantics.

Exercise 2 (8)

We consider strings α, β ∈ V ∗ with V = {1, 2, . . . , b}, which are intended to represent natural numbers in base
b with digits without zeroes. A relation < is defined on them:

|α| < |β|
α < β

|α| = |β| ∧ n < m

nα < mβ

|α| = |β| ∧ α < β

nα < nβ
.

Prove that: (i) < is a transitive, well founded relation on V ∗; (ii) ≤ = < ∪{(n, n)} is a non complete partial
ordering with bottom; and (iii) it is a total ordering. Then, (iv) show that total ordering (V ∗, <) is isomorphic
to (ω,<) via monotone function [[ ]] defined as [[λ]] = 0 and [[nα]] = n + b[[α]] (where λ is the string of lenght
zero), namely [[ ]] is bijective and α < β → [[α]] < [[β]].

Exercise 3 (8)

Consider the HOFL program:

t = rec f.λn.if n then 0 else if n− 1 then 1 else 2× (f n− 1)− (f n− 2),

Compute the corresponding Γ : [N⊥ → N⊥]⊥ → [N⊥ → N⊥]⊥ and prove that bf∗c : [N⊥ → N⊥]⊥ - where
f(n) = bnc - is a fixpoint of Γ. Observing that t is in fact a definition by well-founded recursion, conclude that
bf∗c is the unique fixpoint.

Exercise 4 (6)

Determine the processes reachable from p = ((rec x.αx)|(rec x.(α.x|β.nil)))\α and from q = rec x.βx and
prove that p e q are not strong bisimilar, but that they are weak bisimilar. For simplicity, assume the structural
axioms p|q = q|p, (p|q)|r = p|(q|r) e p|nil = p.
















