Models of Computation

Written Exam on June 6, 2013

(First part: Exercises 1 and 2, 90 minutes Second part: Exercises 3, 4 and 5, 90 minutes)

(Previous TSD students: Exercises 1, 2 and 3, 120 minutes)

Exercise 1 (7)
Given the IMP command

w=whilex#A0do (y:=y+2z; z:=2—1)
prove that, for every 0,0’ € ¥,
(w,o) — ¢ implies o(x) >0 A o'(y) =0o(y) + (o(z) + 1)* — (o(x) + 1)

while o(z) < 0= (w,0) /.

Exercise 2 (8)

Given a set U, its totally ordered subsets (TOS) are defined as the pairs (5, <) where S C U and < a
total ordering on S, namely < is a partial ordering on S with, in addition, Vs, so € S. 51 < §9 V 59 <
s1. On TOSes, a relation C is defined as (57, <1) C (53, <) iff S} € Sy and <; C <,. Prove that
TOSes with C form a complete partial ordering with bottom. Given two TOSes, their lub (least
upper bound) and their glb (greatest lower bound) are always defined? If not, give counterexamples.

Exercise 3 (5)

Modify the denotational semantics of HOFL for the conditional statement as follow:

[if to : int then t; : T else t5 : T[p = Condd([to]p, [t1]p, [t2]p) where

Condd(zg, 21, 22) wf ifzo = |0] or 21 = 2 then 2z else if 29 = [n], n # 0 then 2, else L), .

Prove that if 7 = int than Condd is monotone continuous, while if, e.g., 7 = int x int then Condd is
not monotone. (Hint: Take ¢; = if ¢, then (0,¢,) else (0,¢,) and t, = if ¢, then (0,0) else (0,¢,),
where ¢, = rec xzint.z.) Explain why the counterexample does not apply when 7 = int.

Exercise 4 (5)

Consider the m-calculus agent P = !((y)Zy.!(Ty.nil)), give the proof of its first transition and describe
informally its behavior. Finally define its trace semantics namely the set {ayas ... q, | 3Q.P 23

Q)

Exercise 5 (5)
A DT Markow circle is a DTMC consisting of a family S = {s;}i=1,., of states. The transitions are

as follows, fori =1,...,n— 1:

a; l1—a; an l1—an
Si = Si+1 S; — 5 Sp — 51 Sp — Sn

Prove for which values of the parameters Markov circles are ergodic, and find the steady state
probabilities of all the states. Finally, assume that a; = a, i = 1,...n, and define all possible parti-

+ione (THimninoe) difforent from 4 QU which are hicirmiilatione and dravw the correancondine DTMC <
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