
Models of Computation

Written Exam on January 8, 2013

(MOD students: Exercises 1-5, 180 minutes Previous TSD students: Exercises 1-3, 120 minutes)

Exercise 1 (8)

Given the IMP command

c = while x 6= 0 do (x := x− 1 ; y := y + 1 ; z =: z × y)

prove that, for every σ, σ′ ∈ Σ,

〈c, σ〉 → σ′ implies σ(y) > 0 ⇒ σ(x) ≥ 0 ∧ σ′ = σ[0/x, σ(y)+σ(x)/y, n/z]
with n = σ(z)(σ(y)+σ(x))!/σ(y)!

while σ(x) < 0⇒ 〈c, σ〉 6→.

Exercise 2 (6)

Given a signature Σ, consider the relation v = <∗ between terms t ∈ TΣ in Σ which is the reflexive
and transitive closure of the subterm-term relation < defined as ti < f(t1, . . . , tn), 1 ≤ i ≤ n.
Prove that v is a partial ordering. Finally discuss when, depending on particular choices of Σ,
such an ordering is complete and/or with bottom.

Exercise 3 (6)

Extend the syntax of HOFL lazy adding the pairing construct < t1, t2 > of functions t1 : σ → τ1

and t2 : σ → τ2, both having arguments of type σ. Here < t1, t2 >: σ → τ1 ∗τ2 defines the function
which, given an argument d, returns the pair (r1, r2), where r1 is the result of t1 given d e r2 the
result of t2 given d.

For the new construct define: (i) a type rule; (ii) the operational semantics, in such a way
that the construct is immediately reduced to canonical form; and (iii) the denotational semantics.
Finally prove that, for every (closed) term (t), the terms (< t1, t2 > t) and ((t1 t), (t2 t)) have:
(i) the same type; (ii) the same canonical form; and (iii) the same denotational semantics.

Exercise 4 (5)

Given the µ-calculus formula Φ = µx.((p∧2x)∨ (¬p∧3x)) write its denotational semantics [[Φ]]ρ
and evaluate it on the LTS below. 1	   2	  

3	  4	  
p	  

Exercise 5 (5)

Consider the π agent P = (x)(P1|P2), with P1 =!((y)zy.!(xy.nil)) and P2 =!(x(y).x(y′).yy′.nil),
and describe informally its behavior. In particular, define a sequence of transitions from P (which
has just the free name z) to a state P ′ where there are three additional free names y1, y2, y3, and
the behavior of P ′ includes any number of transitions labelled by yiyj for yi, yj = y1, y2, y3.
















