⋆

⋆

1

2

1 2

T T

T

T

Abstract.

1 In tro duction

Mapping Tile Logic in to Rewriting Logic

meseguer@csl.sri.com

ugo@di.unipi.it

Joś e Meseguer and Ugo Montanari

Rewriting logic [27, 28, 31] extends to concurrent systems with state changes the

b o dy of theory develop ed within the algebraic semantics approach. It can also b e

R ewriting lo gic

Tile lo gic

memb ership e quational lo gic

2

double

2VH-c ate gories

internal str ate gies

uniform

Meto di e Strumenti p er la Pr o gettazione e la

V erific a di Sistemi Eter o genei Connessi me diante R eti di Comunic azione

CONFER2 COORDINA

Computer Science Lab oratory

, SRI International, Menlo Park,

Dipartimento di Informatica, Universit` a di Pisa,

extends to concurrent systems with state

changes the b o dy of theory develop ed within the algebraic semantics ap-

proach. It is b oth a foundational to ol and the kernel language of several

implementatio n efforts (Cafe, ELAN, Maude). extends (uncon-

ditional ) rewriting logic since it takes into account state changes with

side effects and synchroni zati on. It is esp ecial ly useful for defining com-

p ositional mo dels of computation of reactive systems, co ordinatio n lan-

guages, mobile calculi, and causal and lo cated concurrent systems. In this

pap er, the two logics are defined and compared using a recently develop ed

algebraic sp ecification metho dology

, . Given

a theory , the rewriting logic of is the free monoidal -category

, and

the tile logic of is the free monoidal category

, b oth generated by

. An extended version of monoidal 2-categories, called ,

is also defined, able to include in an appropriate sense the structure of

monoidal double categories. W e show that 2VH-categories corresp ond to

an extended version of rewriting logic, which is able to emb ed tile logic,

and which can b e implemented in the basic version of rewriting logic

using suitabl e . These strategies can b e significantl y

simpler when the theory is . A uniform theory is provided in the

pap er for CCS, and it is conjectured that uniform theories exist for most

pro cess algebras.

Research supp orted by Office of Nav al Research Contracts N00014-95-C-0225 and

N00014-96-C-0114, by National Science F oundation Grant CCR-9633363, and by

the Information T echnology Promotion Agency

, Japan, as part of the Industrial Sci-

ence and T echnology F rontier Program “New Mo dels for Software Architechture”

sp onsored by NEDO (New Energy and Industrial T echnology Development Organi-

zation). Also research supp orted in part by U.S. Army contract DABT63-96-C-0096

(DARP

A); CNR Integrated Pro ject

; and Es-

prit W orking Groups and . Research carried out while the

second author was on leave at Computer Science Lab oratory

, SRI International , and

visiting scholar at Stanford University .

a

b

R

′

′

Cat Cat

Set

R L R

R L

R

L →

− →

T T

M

s s

s

s b s

b

s a a

b tiles c ontexts

structur e d tr ansition systems

initial c onfigur ation final c on-

figur ation effe ct op en

trigger

observations

input output interfac e considered as a semantic framework for concurrency

. Its aim as a foundational

to ol is to faithfully express a wide range of mo dels of computation. As shown

in [27, 31], a rewriting theory yields a cartesian 2-category [22] ( ) which

do es for what a Lawvere theory ( ) do es for an equational theory . More-

over, the mo dels of a rewrite theory can b e considered as 2-pro duct-preserving

2-functors : , that is, as structures based on the 2-category

rather than on the category .

Rewriting logic is not only interesting as a theoretical framework. Several

language implementation efforts (Cafe [18], ELAN [3], Maude [29, 10]) in v arious

countries have adopted rewriting logic as their semantic basis, and supp ort either

executable sp ecifications or parallel programming in rewriting logic. In particular

the ob ject-oriented language Maude develop ed at SRI International is based

on rewriting logic and is efficiently implemented. Maude is also equipp ed with

imp ortant extra features, like internal execution strategies and reflective logic,

which allow it to easily emb ed a v ariety of other logics. A workshop has b een

recently dedicated to all the asp ects of rewriting logic [32].

The tile mo del [19, 20, 21] relies on certain rewrite rules with side effects,

called , reminiscent of SOS rules [38] and SOS [24]. A related mo del

is also [13]. The tile mo del has b een conceived

with similar aims and similar algebraic structure as rewriting logic, and it ex-

tends rewriting logic (in the unconditional case), since it takes into account state

changes with side effects and syncronization.

Tile systems can b e seen as monoidal double categories [14] and tiles them-

selves as double cells. However, the tile mo del (as rewriting logic) can b e pre-

sented in a purely logical form [21], tiles b eing just sp ecial sequents sub ject to

certain inference rules and to certain pro of normalization axioms. The fact that

tile logic extends rewriting logic is reflected at the categorical level by the ob-

serv ation that 2-categories are a sp ecial case of double categories.

W e now briefly intro duce the tile mo del. A tile has the form:

and states that the of the system evolves to the

pro ducing an . However is in general (not closed)

and the rewrite step pro ducing the effect is actually p ossible only if the sub-

comp onents of also evolve pro ducing the . Both trigger and effect

are called , and mo del the interaction, during a computation, of

the system b eing describ ed with its environment. More precisely

, b oth system

configurations are equipp ed with an and an , and the trig-

ger just describ es the evolution of the input interface from its initial to its final

configuration. Similarly for the effect. It is convenient to visualize a tile as a

two-dimensional structure (see Fig. 1), where the horizontal dimension corre-

sp onds to the extension of the system, while the vertical dimension corresp onds

to the extension of the computation. Actually

, we should also imagine a third

dimension (the thickness of the tile), which mo dels parallelism: configurations,

′

⊗ ∗ · a b

s s

Fig. 1. A tile.

tile lo gic

r ewrite rules

pr o of initial

output

interface

effect

final

output

interface

final

configuration initial

configuration

initial

input

interface

trigger

final

input

interface observ ations, interfaces and tiles themselves are all supp osed to consist of several

comp onents in parallel.

Both configurations and observ ations are assumed to b e equipp ed with op er-

ations of parallel and sequential comp osition. Similarly

, tiles themselves p ossess

three op erations of comp osition: parallel ( ), horizontal ( ), and vertical ( )

comp osition.

The op eration of parallel comp osition is self explanatory . V ertical comp osi-

tion mo dels sequential comp osition of transitions and computations. Horizontal

comp osition corresp onds to synchronization: the effect of the first tile acts as

trigger of the second tile, and the resulting tile expresse s the synchronized b e-

havior of b oth.

Computing in consists of starting from a set of basic tiles called

and of applying the comp osition rules in all p ossible ways. In general

the structure of a tile obtained in this way is sp ecified by a , built up from the

basic tiles used in the deriv ation and from the comp osition op erations p erformed

on them, up to certain normalizing axioms (which are those of monoidal double

categories).

A tile reduces to a rewriting logic rule when trigger and effect are identities,

i.e., when input and output interfaces stay idle during the step. In rewriting

logic, the rewriting pro cess is fully asynchronous, in the sense that matching

rules can b e indep endently applied, except when their redexes overlap. A tile

with nontrivial trigger or effect, instead, can b e applied only when it matches

the whole state, or when it can b e comp osed (usually horizontally or in parallel)

with other tiles to build such a global tile.

Abstract semantics can b e defined on tiles in the obvious way

, i.e., by consid-

ering triggers and effects as external observ ations. Equiv alences and congruences

of configurations can then b e defined in terms of traces, or via bisimilarity

, or

3

4

3

4 α

λ

π

π c o or dination languages

tr ansition synchr onization

token

mobile pr o c esses

In tile rewrite systems mo delin g pro cess algebras, the tiles with a closed agent as

initial configuration have empty trigger, i.e., they can b e considered as transitions

of a lab elled transition system, the lab el b eing the effect.

T erms can share v ariables, but shared subterms of closed terms can b e freely copied,

always yieldin g an equiv alent term.

in other ways known for pro cess algebras . Logics of prop erties, and verification

metho ds can also b e defined in the usual way . W e do not consider abstract se-

mantics in this pap er. Definitions and some imp ortant semantic prop erties (e.g.,

conditions for ensuring that bisimilarity is a congruence) are presented in [21].

Tiles have b een used with success for mo deling in detail several classes of

applications. The most obvious is [9]. In this research

area, a common distinction is drawn b etween co ordinators and basic (software)

agents. Basic agents are considered as black b oxes (to ensure interop erability)

which interact with the co ordinators via suitable proto cols. Co ordinators can

b e hierarchically nested and can comp ete and/or co op erate to achieve certain

global goals, which can b e fine grain, as transactions, or coarse grain, as work

plans in computer-supp orted collab orative work (CSCW). Tiles are suitable for

mo deling co ordination languages and systems, since triggers and effects natu-

rally represe nt co ordination proto cols, and tiles themselves define the b ehavior

of co ordinators. In [36], a simple co ordination mo del based on graph rewriting

and synchronization is presented, and its b ehavior is directly describ ed by a

particular but imp ortant class of tiles (algebraic tiles). The hard computational

problem of tile synchronization (which in general is NP-complete) is reduced to

a distributed version of constraint solving, for which effective approaches exist.

In [7, 8] the simplest p ossible interpretation is taken for system configurations,

triggers and effects: markings of P/T Petri nets. However, horizontal comp osition

of tiles yields , an imp ortant feature missing in ordi-

nary nets (where only synchronization is provided), and usually achieved

only through complex constructions.

A main adv antage of tiles is to offer an SOS-like comp ositional framework

where data structures are not restricted to b e syntactic terms. A small v ariation

over ordinary terms which has proved very expressive is term graphs [1, 12].

They are analogous to terms, but the sharing of subterms can b e sp ecified also

for closed (i.e., without v ariables) term graphs. A first-class notion of sharing

is essential for several imp ortant applications. One of them is .

Here the shared entities are names, which can b e free or b ound (i.e., global or

lo cal). Names usually are links to comm unication channels, or to ob jects, or to

remote resources in general. Names have no meaning in themselves, except for

sp ecifying sharing, and in fact can b e -converted freely

. Mo dels of computa-

tion based on free and b ound names are widespread (e.g., logic programming,

-calculus, or pro cess algebras with restriction or hiding), but the most gen-

eral case is represented by mo dels able to comm unicate names, and thus such

that, when sending a priv ate name to the external world, must make global a

previously lo cal name (extrusion). The most studied mo del of this kind is the -

calculus [35]. Name extrusion and handling makes -calculus infinite branching,

|

5

5

T

T

′

′ ′

c oncurr ent π

t t t s

T

T T T T

Alg Set C

Alg C

Commuting transition diamonds define pairs of events, i.e., pairs of events

which can o ccur in any order.

c oncurr ent and distribute d systems

the same

lo c ation

the same c ause

memb ership e quational lo gic p artial memb ership

e quational lo gic PMEqtl PMEqtl

PMEqtl

PMEqtl

a fortiori

PMEqtl one-kinde d p artial memb ership

e quational lo gic PMEqtl

tensor pr o duct and requires sp ecial notions of bisim ulation. Tiles equipp ed with term graphs

handle names as wires, i.e., every sharing connection must b e explicitly defined.

As a consequence , extrusion do es not present any problem and can b e sp ecified

using finite branching only

. A presentation based on tiles of the ordinary ab-

stract semantics of asynchronous -calculus can b e found in [15]. It employs the

ordinary notion of tile bisimilarity .

Mo dels for are the last application area we

are describing. When concurrency is a primitiv e notion, mo dels of pro cess calculi

usually include comm uting transition diamonds and observ ations of abstract

lo cations or of causality links b etween events. T erm graphs are again the most

convenient structure . Sharing is used within configurations for mo deling the

op erator of pro cess algebras, which in this context means sharing

. Within observ ations, sharing is used to express the fact that two events

share , or, equiv alently

, that the same lo cation has two different

sublo cations. In [16] it is shown that b oth op erational and abstract semantics of

CCS [34] with lo cations [4] can b e conveniently rephrased within the tile mo del.

Again, infinite branching is avoided and the ordinary notion of bisimilarity is

employed.

The aim of this pap er is to build a bridge from tile logic to rewriting logic.

More generally

, we think that it is conceptually useful to emb ed b oth mo dels

into a common semantic framework which makes clear not only their connections,

but also their general role. F or this purp ose, a recent sp ecification metho dology ,

[30, 5, 33] and more sp ecifically

[33] ( ), is employed. theories consist of a partial

ordering of sorts, a signature of op erations, and Horn clauses whose atomic

formulas are either equations = , or assertions : stating the mem b ership

of a term in a certain sort. extends order-sorted equational logic and

supp orts partiality

, subsorts, op erator overloading and error sp ecification. The

key asp ect of relev ant to this pap er is the ability to sp ecify partial

algebras with overloading, subsorts, and op erations with equationally sp ecified

domains of definition. In fact, categories, and 2-categories and double

categories, are partial algebras of this kind, where the op eration of arrow and cell

comp osition is defined only if certain conditions are satisfied. A self-contained

description of a simplified version of ,

, is included. In particular, for this version of the notion

of of theories is develop ed.

T ensor pro duct (see for instance [25, 37]) is a well-known construction for

ordinary algebraic (Lawvere) theories. Its imp ortance can b e understo o d by ob-

serving that the algebraic structures of a theory can b e defined not only on

sets, the standard case ( ), but also on any category with suitable

pro ducts or limits, to yield a category ( ). In particular, given two theo-

ries and , we can consider -algebras on the category of -algebras, that

6

6

′

′

⊗

′

⊗

≃ ≃

⊗

′

′

′ ′ ′

T T

T T

.

T T

T T

T T

T T T T T T

Alg Alg C

Alg Alg C

Alg Alg Set Alg Alg Set Alg Set tensor pr o duct

PMEqtl

PMEqtl

PMEqtl

extende d ER WL

internal str ate gies

uniform

Computads in this pap er are essentiall y imp overishe d versions of monoidal double

categories, b eing equipp ed with sets of double cells where no op eration of comp osition

is defined.

is the category ( ( )), or instead -algebras on the category of -

algebras ( ( ( ))). Regardless of the order, we obtain the same result

up to isomorphism, namely the category of algebras for the

of b oth theories. That is, we have isomorphisms:

( ( )) ( ( )) ( )

The tensor pro duct of theories is a very robust notion, ro oted in the founda-

tions of algebraic semantics, and very useful to o, since the tensor theory

can b e effectively constructed. The construction for presented in this

pap er is somewhat more complex than, but analogous to, the construction for

algebraic theories.

The relev ance of the tensor pro duct construction for tiles is that the theory

of monoidal double categories can b e obtained as the tensor pro duct of the

theory of categories (twice) with the theory of monoids. Thus, one can argue

that if the desired mo del of computation must have op erations of parallel and

horizontal comp osition (to build more parallel and larger systems) and of vertical

comp osition (to build longer computations), then monoidal double categories are

the most natural answer. Of course it is always p ossible to add further structure

restricting the mo dels of interest to suitable sub categories.

Besides its use in sp ecifying different mo dels of computation by the tensor

pruduct of theories, is also used in the pap er for defining theory mor-

phisms, which yield (as for Lawvere theories) corresp onding adjunctions b etween

categories of mo dels. F ree constructions of this kind are employed to define the

algebraic semantics of tile rewrite systems.

The actual connection b etween rewriting logic and tile logic is obtained by

defining in an extended version of 2-categories, called 2VH-categories,

able to include in an appropriate sense the structure of double categories. In

2VH-categories, the op erations of horizontal and vertical comp osition b etween

tiles are derived op erations based on those b etween 2-cells. It is p ossible to see

that 2VH-categories corresp ond to an rewriting logic ( ), which

is able to emb ed tile logic, and which can b e implemented in the basic version of

rewriting logic using suitable . These strategies can b e signif-

icantly simpler when the theory is . In this case the formal translation

presented in the pap er yields an efficient implementation pro cedure. Interest-

ingly enough, this is the case for CCS [34] and, we conjecture, for most pro cess

algebras. In the pap er the case study of (finite) CCS is carried out in detail, and

the corresp onding rewriting theory is extracted and applied to a simple example.

The pap er is organized as follows. Section 2 contains the background on

partial memb ership equational logic, with double categories as an example of

application of the tensor pro duct construction. Section 3 intro duces 2-categories

as a sp ecial case of double categories, 2VH-categories, and computads as mo dels

of rewrite systems. Section 4 defines tile rewrite systems, tile logic and extended i

′

1

1 1

1

′

∈

′

⊤

⊤

⊤ ⊤

⊤

′ k k N

s s s

k f k

s s

k k

f f k

f

s s s

Ω

m

m m

i i il

2 P artial Mem b ership Equational Logic

≤ ≤

⊤ { }

≤ ⊓ ⊔

≤

∈ ≤ ⊆

∈ ≥ ∘ − →

→

∈ ⊆

∈ ≥ ∈

∈

| →

⊓ ⊔

≤ { }

{ } t t

t s

Ω S, , Σ S,

Σ Σ

S, Ω

Ω Ω S, , Σ

Ω A

s S A s s A A

f Σ k A A A

Ω A B Ω

h A B

s S h A B

f Σ k A A B h

h A

s S h

h A B

Ω S, , Σ X x , . . . , x

X

x s , . . . , x s

i , . . . , m s s , . . . , s

Ω

t t

2.1 Partial Algebras and Memb ership Equational Theories

Definition 1.

Definition 2.

(i)

(ii)

(i)

(ii) a a a

a

(i)

P Alg

Definition 3.

p artial memb ership e quational lo gic

PMEqtl

one kinde d

(signatur e) signatur e

sorts

(p artial -algebr a) p artial

-algebr a

-homomorphism

(de clar ation, formula and sentenc e)

variable de clar ation

Atomic -formulas rewriting logic, and proves the adequacy of the latter. Also a tile rewrite system

for CCS is intro duced, which is uniform. An example of a nonuniform rewrite

system is also provided.

This section defines the basic notions of [33]

( ). This is a logic of partial algebras with subsorts and subsort p olymor-

phism whose sentence s are Horn clauses on equations = and mem b ership

assertions : . W e treat here the case, in which the p oset of sorts

has a single connected comp onent. A more detailed exp osition for the many-

kinded case can b e found in [33].

A is a triple = ( ), with ( ) a

p oset with a top element , and = a family of sets indexed by

natural numb ers. Poset ( ) is called the p oset of of .

Given a signature = ( ), a

assigns:

to each a set , in such a way that whenever , we have ;

to each , 0, a partial function : .

Given two partial -algebras and , an is a function

: such that:

for each , ( ) ;

for each , 0, and , if ( ) is defined, then ( ( )) is

also defined and equal to ( ( )).

Notice that, b ecause of condition , for each the function restricts

to a function : .

This determines a category .

Let = ( ) b e a signature. Given a set of v ariables = ,

a

~

is a sequence

: :

where for each = 1 , is a set of sorts .

are either equations

=

′

′

′

⊤

′

′ ′

1 1 1 1

1 1 1 1

∈

∈

∀ ⇐ ∧ ∧ ∧ ∧ ∧

∀ ⇐ ∧ ∧ ∧ ∧ ∧

→ ∈

∈ ∘ − →

|

|

∈

≤

Definition 4.

P Alg P Alg

P Alg P Alg

Σ Σ

Σ

n n m m

n n m m

i i j Σ

s Σ

s

Ω ,Γ Ω

T Ω ,Γ

C at

C at

fth CAT is

                                                                         sorts Object Arrow .

                                                                         subsorts Object < Arrow .

                                                                         ops d(_) c(_) _;_ .

                                                                         vars f g h : Arrow .

Gener al -sentenc es

(the ory, mo del)

existenc e e quation

the ory

Example 1. (c ate gory)

Obje ct Arr ow Obje ct Arr ow

domain c o domain t, t T X T X Σ X

t s

t T X

Ω

X t t u v . . . u v w s . . . w s

X t s u v . . . u v w s . . . w s

t t u v w T X

Ω A X

a X A x s s s

a x A a T X A

a

A, a t t

a t a t a t a t

A, a t s

a t a t A

Γ Ω

Ω Γ

T Ω , Γ

T

d c

C AT T where ( ) (with ( ) the usual free -algebra on v ariables ) or

memb ership assertions of the form

:

where ( ).

are then Horn clauses of the form

~

= = = : :

or of the form

~

: = = : :

where the , , , and are all terms in ( ).

Given a partial -algebra and a v ariable declaration

~

, we can define

assignments :

~

in the obvious way (if : , and , then we must

have ( ) ) and then we can define a partial function : ( ) ,

extending in the obvious way . F or atomic sentence s we then define satisfaction

by

= =

meaning that ( ) and ( ) are b oth defined and ( ) = ( ) (that is, we take

an interpretation) and by

= :

meaning that ( ) is defined and ( ) .

Satisfaction of Horn clauses is then defined in the obvious way

. Given a set

of -sentences, we then define as the full sub category of

determined by those partial -algebras that satisfy all the sentence s in . In

other words, the pair = ( ) is a , and = is the

category of its mo dels.

The theory of categories is a theory in partial mem b ership equational

logic. Its p oset of sorts has sorts and with . There

are two unary and op erations and , and a binary comp osi-

tion op eration ; . The theory is presented by the following axioms, for which we

use a self-explaining Maude-like notation [10]. In the following, to avoid extra

levels of indexing, we will denote theories by their Maude name, e.g., CA

T or

instead of .

⊤ ⊤

7

( )

( )

H f

H f

H

H

′ ′ ′

⊤

′

⊤

U A A U A

A H

′

′

′ ′

′ ′

′ ′ ′ ′

( )

7

( ) ( ) ( ) ( )

( )

( )

( )

⊓ ⊔

≤ ≤

→

≤ → ≤

{ → }

→

∈

∈

∈ ∩ × × ×

→ | →

→

→ ⊆

→ ⊓ ⊔

→

→

→

→ →

⊓ ⊔

′ ′ ′ ′

′

′ ′

′

∈

′

′ ′

′ ′ ′

⊤

′

⊤

′

⊤

′ ′ ′ ′ ′ ′

⊤

′

⊤

′

⊤

′ ′

′ ′ ′ ′

′

′

′

′ ′

′ ′ k k

k k N

H

Ω Ω

Ω

H s

H s

k H f

H f H H

k

H

H H

H

H

H

Ω ,Γ Ω ,Γ

H H

Ω ,Γ Ω ,Γ

H

Ω ,Γ Ω ,Γ

H

Ω ,Γ Ω ,Γ

Definition 5.

P Alg P Alg

P Alg

P Alg P Alg

P Alg P Alg

Prop osition 6.

P Alg P

Alg P

Alg P Alg

Notice that ( ) = would not b e correct in general, since ( ) =

, where ( ) is not necessarily .

Ω S, , Σ Ω S , , Σ

H Ω Ω

H S, S ,

N H Σ Σ

U

A

s S U A A

f Σ U A A A . . . A A

Ω h A B U h h A

B h h

Ω , Γ Ω , Γ H Ω , Γ Ω , Γ

H Ω Ω U

U U

Γ Γ

H Ω Ω H

Ω , Γ Ω , Γ

H Ω , Γ Ω , Γ

U F

(signatur e and the ory morphism)

signatur e mor-

phism

the ory morphism

Given a the ory morphism , its asso ciate d for getful func-

tor has a left adjoint .

                                                                         var a : Object .

                                                                         mbs d(f) , c(f) : Object .

                                                                         eq d(a) = a .

                                                                         eq c(a) = a .

                                                                         cmb f;g : Arrow iff c(f) = d(g) .

                                                                         ceq d(f;g) = d(f) if c(f)=d(g) .

                                                                         ceq c(f;g) = c(g) if c(f)=d(g) .

                                                                         ceq a;f = f if d(f) = a .

                                                                         ceq f;a = f if c(f) = a .

                                                                         ceq (f;g);h = f;(g;h) if c(f) = d(g) and c(g) = d(h) .

endfth

It is easy to check that a mo del of CA

T is exactly a category (in which

ob jects coincide with identity arrows), and that a CA

T-homomorphism is exactly

a functor.

Given two signatures = ( ) and = ( ), a

: is given by:

1. a monotonic function : ( ) ( ), and

2. an -indexed family of functions : .

Such a signature morphism induces a forgetful functor : ,

where for each we have:

1. for each , ( ) = ;

2. for each , ( ) = ( );

3. for each -homom orphism : , ( ) = :

, which is well-defined as a restriction of b ecause is sort-preserving.

Given theories ( ) and ( ), a : ( ) ( )

is a signature morphism : such that ( ) , so

that restricts to a forgetful functor : .

The reader is referred to [33] for pro of-theoretical conditions on and

to ensure that a signature morphism : is a theory morphism :

( ) ( ).

(free construction asso ciated to a theory morphism [33])

: ( ) ( )

: :

1 1 1

′ ′

∈

⊤

⊤

⊤

⊤ ⊤

∼

⊤ ⊤

→

∈

→

∈ ⊓ ⊔

≤

{ ⊆ }

∈

∈ ∈

∈

∩

⊆ ⊓ ⊔

∈

∈ ⊓ ⊔

⊓ ⊔

→ →

→ →

≤

⊆

→ ⊓ ⊔

∈

Ω ,Γ

A s

s H H s

s s s S

k

k k

f k f k

s s

Ω ,Γ Ω ,Γ

Ω ,Γ

Ω

Ω ,Γ

Definition 7.

P Alg

Definition 8.

(i)

(ii)

Lemma 9.

P Alg P Alg

P Alg

C

P Alg

Definition 10.

P Alg

C

C

H Ω , Γ Ω , Γ

s A η

A U F A s

H H

s S

Ω S, , Σ Ω A Ω

B A S B A

Σ f Σ

b , . . . , b B A b , . . . , b A b , . . . , b

B

s S

B A B

B Ω

B A Ω

Γ

Ω A

B Ω A B

Ω , Γ C AT

Ω

Ω

m C A m C A

m

C B A B

Ω S, , Σ Ω A Ω

A Ω B B A

B A Ω

Γ

A B A

Γ

Ω , Γ C AT

(c onservative, c omplete and p ersistent morphism)

c onservative c omplete

p ersistent w.r.t. sort

c onservative

c omplete p ersistent

(sub algebr a)

-sub algebr a

F or any set of Horn sentenc es in p artial memb ership e quational

lo gic, the c ate gory is close d under -sub algebr as, i.e., if

and is an -sub algebr a of , then .

Example 2. (sub c ate gory)

we ak

(we ak sub algebr a)

we ak

A theory morphism : ( ) ( ) is (resp. ,

) if, for each algebra , the comp onent ( ) :

( ( ( )) corresp onding to of the unit of the adjunction asso ciated

to is injective (resp. surjective, bijective). Morphism is (resp.

, ) if it is conserv ative (resp. complete, p ersistent) w.r.t. all

sorts .

Given a signature = ( ) and a partial -algebra , an

of is an -sorted family of subsets such that:

it is closed under the op erations of , that is, for each , and for each

tuple ( ) , if ( ) is defined, then ( )

;

it is closed under subsorts, in the sense that for each sort we have

= .

It is clear that with such op erations and sorts is itself an -algebra, and

that the inclusion function is an -homomorphism.

It is also easy to prove the following.

F or the theory ( ) = of Example 1, the subalgebras of a category

are exactly its sub categories.

Note that the notion of -subalgebra just defined is strictly stronger than

that of -monom orphism. It is easy to check that, in the category ,

: is a monomorphism iff the asso ciated function : is

injective. Of course, by taking the smallest image of , any such monomorphism

always factors through an isomorphism and an inclusion , where

is a subalgebra, as defined b elow.

Given a signature = ( ) and a partial -algebra , a -

subalgebra of is a partial -algebra such that and such that the

inclusion map is an -homomorphism.

In general, given a set of Horn sentence s in partial mem b ership equational

logic, and a partial algebra , a weak subalgebra of need not

satisfy the sentences . F or example, given a nonempty category , the weak

subalgebra with same arrows and ob jects as , but with all op erations every-

where undefined is not a category

. However, for ( ) = , the following

relationship happ ens to hold b etween subalgebras and weak subalgebras.

′

′

′

′

′ ′ ′

′

′

Example 3. ⊆

⊆

⊆

≤

≤ → ∈

→

→

⊆

⊆

≤ →

→ →

⊗

≃ ≃

⊆

⊗

′ ′

⊤

⊤

′ ′ ′

′

′ ′ ′

′

⊤

′

⊤

′

⊗

′

′

′

′ s

s

s k

f f

f k

Ω Ω ,Γ Ω Ω ,Γ

Ω Ω ,Γ

Ω Ω ,Γ

T T

T T

T

s

s

f k

f

T

T T T T T T

T

T T

T C AT

C AT

Ω S, , Σ

s A

s s A A f Σ

D om A A D om A

D om A A

Ω

A B

T Ω , Γ T Ω , Γ

T T

T Ω , Γ

s s Ω T A A

k f Ω T

D om A A T D om A A

T

Γ

T T

.

T C AT

T T

C D C D

D C

2.2 The T ensor Pro duct Construction

C

I C

C

I

I

C

P Alg C P

Alg C P

Alg P Alg

P Alg Set P

Alg Set

P Alg P Alg

P Alg P Alg

P Alg P Alg

I P Alg

P Alg

P Alg P

Alg P

Alg P

Alg P Alg

I P Alg

P Alg P Alg

I

P Alg P Alg

P Alg

Given a category , if is a weak subalgebra and itself is

a category

, then is a subalgebra, that is, a sub category .

F ollowing lines similar to those in [39], and using also the categorical axiomatiza-

tion of canonical inclusions in a category as a p oset category of sp ecial monos

satisfying suitable axioms suggested in [26], one can, given a signature

= ( ), define partial algebras in a category with finite limits and a

suitable p oset of canonical inclusions . Each sort has an asso ciated ob ject ,

and if there is a canonical inclusion in . Given we

asso ciate to it an arrow ( ) in , where ( ) is a sub ob ject

with a canonical inclusion ( ) . In this way we can define cate-

gories ( ) and ( ) so that our categories and

are the sp ecial case ( ) and ( ). It is not hard to check

that and are categories with limits, and that -subalgebra

inclusions constitute a p oset category of canonical inclusions. Therefore,

given two theories = ( ) and = ( ), we can consider the category

( ). F or example, for the theory of monoids and the theory

of categories, ( ) is the category of strict monoidal categories (see

Section 3.2).

Since the p oset of canonical inclusions that we have chosen is

that of subalgebra inclusions, given a theory = ( ), each subsort relation

in will b e interpreted as a -subalgebra inclusion , and each

partial -ary op eration in will b e interpreted as a -subalgebra inclusion

( ) together with a -homomorphism ( ) . F urther-

more, in order for these interpretations to yield a -algebra structure in ,

the axioms must b e satisfied.

In a way analogous to algebraic theories [25, 17], to lim theories [40] and to

sketches [23], there is then a theory in partial memb ership equational

logic such that

( ) ( )

Notice that we could have chosen a bigger p oset of subalgebra

inclusions, yielding a lo oser definition of ( ). A natural choice for

would have b een the set of weak subalgebra inclusions. This would yield a

notion of tensor pro duct of theories equiv alent to the tensor pro duct of their

corresp onding sketches. However, as we have already p ointed out, the notion

of weak subalgebra is to o lo ose, giving rise in general to somewhat unintuitive

mo dels; for this reason we favor instead the notion of tensor pro duct asso ciated

to subalgebras. Nevertheless, in the sp ecial case = , b ecause of the

prop erty mentioned in Example 3, the definition of ( ) is the

same whether we cho ose subalgebras or instead weak subalgebras as canonical

inclusions in .

The explicit definition of is as follows.

i

i

⋀ ⋀

1 n 1 m

i j

· · · ·

· ·

0 0

1 1

1

1

1

1

1

1 1

1

1 1

1 1

(tensor pr o duct)

tensor pr o duct

Definition 11.

(i)

(ii)

A.

x x

x x

B.

(i)

(ii)

(iii)

C.

x x x x x

x x

′ ′ ′

′ ′ ′ ′

′ ′

′ ′

′ ′

′ ′

′

′

′ ′

′

′ ′ ′ ′

′ ′

′ ′

′

′ ′

′ ′

′ ′ ′ ′

′ ′ ′ ′

′

≤ ≤

′

≤ ≤

′ l

n n

r

m

m

l

m m

i i il

l l

m l

m l l

l

i i il l l

l

r

n

n

l

n l

n

m

m

m

r

m r

m

n

m

l r r r l l

i n r

j m l

≤ ≤

⊗ ⊗

≤ × ≤

⊗ ∈ ⊗ ∈

∈ ⊗ ∈

⊗

⊗

∀ ⇐

{ } ≤ ≤

∀ ⇐

{ ⊤ ⊤ } ≤ ≤

∈

∈

∈ ∈ ̸⊤

∀ ⊤ ⊤

⊤ ⇐ ⊤ ⊤

∈ ∈ ̸⊤

∀ ⊤ ⊤

⊤ ⇐ ⊤ ⊤

∈ × ̸⊤ ̸⊤

∀ ⊤ ⊤ ⇐ ⊤ ∧ ⊤

∈ ∈ ≥

∀ ⇐

⇐ ⊤ ⊤ ∧ ⊤ ⊤

T Ω , Γ T Ω , Γ

Ω S, , Σ Ω S , , Σ

T T Ω Ω

S, S ,

Σ Σ f Σ Σ f Σ

g Σ Σ g Σ f

Σ f Σ Σ

T T

Γ

α x s , . . . , x s φ c

s s , . . . , s , i m

α x s , . . . , x s φ c

s s , , . . . , s , , i m φ c

φ c f Σ

f

β Γ β

f Σ s S , s

x , s , . . . , x , s

f x , . . . , x , s f x , . . . , x , .

g Σ s S, s

x s, , . . . , x s,

g x , . . . , x s, g x , . . . , x , .

s, s S S s s

x , x s, s x , s x s, .

f Σ , g Σ , n m

f g , . . . , g g f , . . . , f

g , f , .

Let = ( ) and = ( ) b e theories in partial mem b ership equa-

tional logic, with = ( ) and = ( ). Then their

is the theory with signature having:

p oset of sorts ( ) ( );

signature , with an op erator ( ) for each , and

with an op erator ( ) for each . In particular, for a

constant in we get a constant in ( ) .

The axioms of are the following:

Inherited Axioms.

F or each axiom in

= ( : : ) ( ) ( )

with = 1 , we intro duce an axiom

= ( : : ) ( ) ( )

with = ( ) ( ) 1 , and with , the obvious

translations of , obtained by replacing each by its corresp onding

.

Similarly

, we define for each axiom the axiom and imp ose all these

axioms.

Subalgebra Axioms.

F or each and each = , we intro duce the axiom:

( : ( ) : ( ))

( ) : ( ) ( ) : ( )

F or each and each = , we intro duce the axiom:

( : ( ) : ( ))

( ) : ( ) ( ) : ( )

F or each ( ) with = and = , we have the axiom:

: ( ) : ( ) : ( ) : ( )

Homomorphism Axioms.

F or each + 0, we intro duce the axiom:

( ( ) ( )) = ( ( ) ( ))

( ) : ( ) ( ) : ( )

where

·

· i

j

′ ′ ′

1

1

1

1

1 2

1 2

1

1

2

2

′

≤ ≤

≤ ≤

′

≤ ≤

′

≤ ≤

′

′

⊗

′ ′

′ ′

′ ′ ′ ′′ ′ ′′

′ ′

′ ij i n

j m

ij j m

ij i n

T T T T T T

C AT C AT

l l r r l r

{ ⊤ ⊤ }

{ ⊤ ⊤ } ≤ ≤

{ ⊤ ⊤ } ≤ ≤

⊓ ⊔

⊗

≃ ≃

⊓ ⊔

→ →

⊗ ⊗ → ⊗

⊗ ≃ ⊗ ⊗ ⊗ ≃ ⊗ ⊗

⊗

⊗

≤ ≤ ≤ ≤

⊗

∗ · x

x

x

Theorem 12.

P Alg P

Alg P

Alg P

Alg P Alg

Cat

P Alg P

Alg DCat

L et , b e the ories in p artial memb ership e quational lo gic. Then we have

the fol lowing isomorphisms of c ate gories:

functoriality

Example 4. (double c ate gory)

double c ate gory x , ,

x , , i n

x , , j m.

T T

T T

.

H T T G T T

H G T T T T .

T T T T T T T T T T

C AT C AT

T T T T C AT

S q uar e

O bj ect, O bj ect O bj ect, Ar r ow , Ar r ow S q uar e,

Ar r ow , O bj ect H ar r ow , O bj ect, Ar r ow V ar r ow ,

O bj ect H ar r ow S q uar e, O bj ect V ar r ow S q uar e.

Ω Ω

d w , c e, d n, c s, , .

= : ( )

= : ( ) 1

= : ( ) 1

The essential prop erty of is expresse d in the following theorem, whose

pro of will b e given elsewhere.

(mo dels of the tensor pro duct)

( ) ( )

A useful prop erty of the tensor pro duct of theories that we will make use

of without pro of is its in the category of theories. Therefore, if

: and : are theory morphisms, we have an asso ciated

theory morphism:

:

It can b e shown that the tensor pro duct of theories is asso ciative and comm u-

tative up to isomorphism, that is, that we have natural isomorphisms of theories

and ( ) ( ) giving a symmetric monoidal

category structure to the category of theories.

A has b een defined [14] as a category structure on , the

category of categories, that is, an ob ject of ( ) = . The

theory then axiomatizes double categories in partial mem b ership

equational logic.

Sp elling out the sp ecification of for the case of = = we get

the following p oset of sorts, where is the top:

( ) = ( ) =

( ) = ( ) =

F or the op erations in we adopt the following N-E-W-S notation:

= = = = ( ; ) = ( ; ) =

The presentation of double categories in Maude-like notation is thus as fol-

lows.

·

·

·

·

·

·

· · · ·

·

· ·

· ·

· · ·

Notice that in the ab ove axiomatization we do not present the literal instances fth DCAT is

                                                                         sorts Object Harrow Varrow Square .

                                                                         subsorts Object < Harrow Varrow < Square .

                                                                         ops n(_) e(_) w(_) s(_) _*_ _ _ .

                                                                         vars f h : Harrow .

                                                                         vars u v : Varrow .

                                                                         vars A B C D : Square .

                                                                         *** Inherited Axioms: Horizontal

                                                                         mbs w(A) , e(A) : Varrow .

                                                                         eq w(v) = v .

                                                                         eq e(v) = v .

                                                                         cmb A*B : Square iff e(A) = w(B) .

                                                                         ceq w(A*B) = w(A) if e(A) = w(B) .

                                                                         ceq e(A*B) = e(B) if e(A) = w(B) .

                                                                         ceq v*A = A if w(A) = v .

                                                                         ceq A*v = v if e(A) = v .

                                                                         ceq (A*B)*C = A*(B*C) if e(A) = w(B) and e(B) = w(C) .

                                                                         *** Inherited Axioms: Vertical

                                                                         mbs n(A) , s(A) : Harrow .

                                                                         eq n(h) = h .

                                                                         eq s(h) = h .

                                                                         cmb A B : Square iff s(A) = n(B) .

                                                                         ceq n(A B) = n(A) if s(A) = n(B) .

                                                                         ceq s(A B) = s(B) if s(A) = n(B) .

                                                                         ceq h A = A if n(A) = h .

                                                                         ceq A h = h if s(A) = h .

                                                                         ceq (A B) C = A (B C) if s(A) = n(B) and s(B) = n(C) .

                                                                         *** Subalgebra Axioms

                                                                         cmb A : Object if A : Harrow and A : Varrow .

                                                                         mbs w(h) , e(h) , n(v) , s(v) : Object .

                                                                         mb f*h : Harrow .

                                                                         mb u v : Varrow .

                                                                         *** Homomorphism Axioms

                                                                         eq n(w(A)) = w(n(A)) .

                                                                         eq n(e(A)) = e(n(A)) .

                                                                         eq s(w(A)) = w(s(A)) .

                                                                         eq s(e(A)) = e(s(A)) .

                                                                         ceq w(A B) = w(A) w(B) if s(A) = n(B) .

                                                                         ceq e(A B) = e(A) e(B) if s(A) = n(B) .

                                                                         ceq n(A*B) = n(A)*n(B) if e(A) = w(B) .

                                                                         ceq s(A*B) = s(A)*s(B) if e(A) = w(B) .

                                                                         ceq (A*B) (C*D) = (A C)*(B D) if e(A) = w(B)

and e(C) = w(D) and s(A) = n(C) and s(B) = n(D) .

endfth

∩

⊓ ⊔

⊗

·

∘

· ∘

PMEqtl

Harr ow V arr ow Squar e

3.1 2-Categories and 2VH-Categories w h V ar r ow w h H ar r ow

H ar r ow V ar r ow

O bj ect

d c

l r

3 Relating 2-Categories and Double Categories w(h) : Object

fth DCAT is CAT CAT renamed by (

                                                                         sorts (Object,Object) to Object . (Arrow,Arrow) to Square .

                                                                         sorts (Arrow,Object) to Harrow . (Object,Arrow) to Varrow .

                                                                         ops d left to w . c left to e . d right to n . c right to s .

                                                                         ops _;_ left to _*_ . _;_ right to _ _ )

endfth

fth 2CAT is including DCAT renamed by (

                                                                         sort Square to Cell Harrow to Arrow Varrow to Object .

                                                                         ops w to l . e to r . n to d . s to c .

                                                                         ops _*_ to _;_ . _ _ to _ _ ) .

endfth of the axioms, but equiv alent forms. F or example, we get from

( ) : (by inherited axioms), plus ( ) : (by the subalgebra ax-

iom prop erly sp eaking), plus the subalgebra axiom forcing =

.

In the following, we enrich our Maude-like notation with the tensor pro duct

construction. The presentation of double categories thus b ecomes much simpler:

W e define 2-categories and 2VH-categories as mo dels of suitable theories.

W e then enrich such structure s to their monoidal version by tensoring with the

theory of monoids, define computads and study the relatively free constructions

asso ciated to these categories of mo dels.

W e now consider 2-categories [22]. They are probably the b est known kind of

enriched category

. In particular, they yield mo dels of rewriting logic in a very

natural way [27]. Here, however, they can b e considered as sp ecial cases of double

categories, where vertical arrows are identified with ob jects. In 2-categories,

squares are called cells, and horizontal arrows are called arrows. Moreover, north

and south source and target are called and , while west and east source

and target are and . Also, horizontal comp osition is denoted ; and vertical

comp osition is denoted . W e can therefore sp ecify 2-categories as follows:

W e now intro duce an extended version of 2-categories, called 2VH-categories,

able to include in an appropriate sense the structure of double categories. In the

following Maude-like presentation, the theory 2CA

T is imp orted as such, without

any renaming. In addition, new sorts , and are intro duced,

which corresp ond to the homonym ous sorts of double categories. The p oset of

sorts is shown in Figure 2.

·

·

·

Fig. 2.

Harr ow V arr ow Arr ow

The sort p oset for 2VH-categories.

Obje ct

Harr ow V arr ow

Arr ow Squar e

Cel l

The basic intuition is that, if we are given a 2-category with sub categories

and of such that they are disjoint except for ob jects, and

such that the horizontal and vertical comp onents can b e recovered from their

comp osition, then we can form a double category by considering squares with

horizontal and vertical sides, and we can define their horizontal and vertical

comp osition by using the already existing cell comp osition of the 2-category .

fth 2VHCAT is including 2CAT

                                                                         sorts Harrow Varrow Square .

                                                                         subsorts Object < Harrow Varrow < Arrow Square < Cell .

                                                                         ops n(_) e(_) w(_) s(_) _*_ _ _ .

                                                                         vars f h : Harrow .

                                                                         vars u v : Varrow .

                                                                         var t : Arrow .

                                                                         vars p q : Square .

                                                                         vars A B : Cell .

                                                                         cmb t : Object if t : Harrow and t : Varrow .

                                                                         cmb n(A) : Cell iff A : Square and n(A) : Harrow .

                                                                         cmb e(A) : Cell iff A : Square and e(A) : Varrow .

                                                                         cmb w(A) : Cell iff A : Square and w(A) : Varrow .

                                                                         cmb s(A) : Cell iff A : Square and s(A) : Harrow .

                                                                         ceq n(q) = h if d(q) = h;v .

                                                                         ceq e(q) = v if d(q) = h;v .

                                                                         ceq w(q) = v if c(q) = v;h .

                                                                         ceq s(q) = h if c(q) = v;h .

                                                                         eq d(q) = n(q);e(q) .

                                                                         eq c(q) = w(q);s(q) .

                                                                         cmb f;h : Harrow iff r(f) = l(h) .

                                                                         cmb u;v : Varrow iff r(u) = l(v) .

                                                                         cmb p*q : Square iff e(p) = w(q) .

                                                                         cmb A*B : Cell iff A , B : Square and e(A) = w(B) .

                                                                         cmb p q : Square iff s(p) = n(q) .

                                                                         cmb A B : Cell iff A , B : Square and s(A) = n(B) .

∘

· ∘

⇐ ⇐

⇔ ⇔

⇐ ∧

∗ ·

∗ ⇔ ∧ ∧ ∗

⇔ ∧

∗

∘ ⇐

⊓ ⊔

Prop osition 13.

3.2 Monoidal Mo dels and Computads

L et b e the signatur e morphism fr om DCA

T to 2VHCA T

r elating homonymous sorts and op er ators. Then is a the ory morphism.

                                                                         ceq p*q = (n(p);q) (p;s(q)) if e(p) = w(q) .

                                                                         ceq p q = (p;e(q)) (w(p);q) if s(p) = n(q) .

endfth

view V from DCAT to 2VHCAT is

endview q

q

n q h d q h v e q v d q h v

d q n q e q

c q

H ar r ow , V ar r ow < Ar r ow

f g H ar r ow r f l g u v V ar r ow r u l v

t O bj ect t H ar r ow t V ar r ow

A B C el l A, B S q uar e e A w B A B S q uar e

n A C el l A S q uar e n A H ar r ow

p q

n p q p s q e p w q

V

V

W e comment on the ab ove presentation. The basic idea is to represent a

square as a sp ecial cell where the domain arrow is the comp osition of the north

horizontal arrow and the east vertical arrow. Similarly

, the co domain arrow of

is the comp osition of the west vertical arrow and the south horizontal arrow. This

is the meaning of equations ( ) = ( ) = ; and ( ) = ( ) = ; ,

and of the equation ( ) = ( ); ( ). There are also three analogous equations

for ( ).

T o make this idea precise it is necessary to make b oth horizontal arrows and

vertical arrows into sub categories of the category of arrows of the 2-category .

This is expressed by the subsort ordering and by

clauses ; : ( ) = ( ) and ; : ( ) = ( ). F urther-

more, the clause : : : states that horizontal

arrows and vertical arrows are disjoint except for ob jects.

Notice that the op erations and of horizontal and vertical square com-

p osition are defined only on adjacent squares (and not on other cells) according

to clauses : : ( ) = ( ) : . Sim-

ilarly

, N-E-W-S op erations are defined only on squares according to the clause

( ) : : ( ) = , and the other three analogous

clauses.

Finally

, the op eration of horizontal comp osition of squares is defined in terms

of horizontal and vertical comp osition of cells according to equation =

( ( ); ) ( ; ( )) ( ) = ( ). Similarly for vertical comp osition of squares.

W e then have a natural theory morphism from DCA

T to 2VHCA T.

The pro of is not difficult, and corresp onds to showing that all the axioms of

double categories can b e proved from the axioms of 2VH-categories. The theory

morphism ab ove can b e trivially sp ecified in Maude-like notation.

In this section we add a monoidal structure to the mo dels previously presented.

This is quite imp ortant for making our approach expressive, since the monoidal

op eration represe nts parallel comp osition. The extension is almost effortless

thanks to the tensor pro duct of theories intro duced in Section 2.2. In fact it

8

d , c ,

1

1 1 1 1 1 1 1

1

1

1

1 1

1

1 1

8

1 1 2 2 1 2 1 2

⊗

⊗

⊗

⊗

⊗

⊗ ⊗ ⊗ ⊗

⊗

⊗ ⊗

⊗

⊗

⊗ ⊗ ⊗ ⊗

⊗ ⊗ ⊗

⊗

⊗ ⊗

· ·

O bj ect, a b O bj ect

d f g d f d g , c f g c f c g ,

f g f g f f g g .

Homomorphism axioms b etween the op eration of the monoid and the op erations

of the category:

( ) = ( ) = ; =

are already subsumed by other existing axioms.

fth MON is

                                                                         sort Monoid .

                                                                         ops _ _ .

                                                                         vars a b c : Monoid .

                                                                         mb a b : Monoid .

                                                                         eq a = a .

                                                                         eq a = a .

                                                                         eq a (b c) = (a b) c .

endfth

fth MONCAT is MON CAT renamed by (

                                                                         sorts (Monoid,Object) to Object . (Monoid,Arrow) to Arrow .

                                                                         ops left to . left to .

                                                                         ops d right to d . c right to c . ; right to ; )

endfth

fth MONDCAT is MON DCAT renamed by (

                                                                         sorts (Monoid,Object) to Object . (Monoid,Square) to Square .

                                                                         sorts (Monoid,Harrow) to Harrow . (Monoid,Varrow) to Varrow .

                                                                         ops left to . left to .

                                                                         ops n right to n . e right to e . s right to s .

                                                                         ops w right to w . * right to * . right to )

endfth is enough to intro duce a theory MON of monoids and then to apply the ten-

sor construction. W e directly show all our extensions in Maude-like notation.

W e also intro duce computads, which are an imp overished version of monoidal

double categories, able to mo del tile rewrite systems.

The theory of monoids is as follows, where the monoidal op eration is .

The theory of (strict) monoidal categories can b e sp ecified as follows:

Notice that we overload the symb ol using it for b oth the tensor construction

on theories and for the monoidal op eration within a theory .

In the ab ove construction we have two subalgebra axioms:

: :

while homomorphism axioms are the well-known axioms of monoidal pro duct :

( ) = ( ) ( ) ( ) = ( ) ( )

; = ( ; ) ( ; )

W e can now derive the theory of monoidal double categories.

M O N D C AT

M O N V H C AT

W

1 1 2 2 1 2 1 2

1 1 2 2 1 2 1 2

2

⊗ ⊗ ⊗

⊗ ⊗ ⊗ ⊗

⊗ ⊗ ⊗ ⊗

⊗ ⊗ ⊗

⊗ ∗ ⊗ ∗ ⊗ ∗

⊗

⊗ ⊗

∘ ∘

· ·

⊗

⊓ ⊔

∀

⇐ ∧

⊓ ⊔

1

MonDCat P Alg

1 1

Mon2VHCat P Alg

Theorem 14.

(i)

(ii)

Definition 15.

D

D

O bj ect, a b O bj ect, f g H ar r ow , u v V ar r ow ,

n A B n A n B , e A B e A e B ,

w A B w A w B , s A B s A s B ,

A B A B A A B B ,

A B A B A A B B .

W

F

A C el l , f , h H ar r ow , u, v V ar r ow

A S q uar e d A f v c A u h.

The the ory morphism fr om MONDCA

T to MON2VHCA

T is:

c omplete;

p ersistent w.r.t. sorts Obje ct, Harr ow and V arr ow.

(uniform monoidal double c ate gory)

uniform fth MON2VHCAT is MON 2VHCAT renamed by (

                                                                         sorts (Monoid,Object) to Object . (Monoid,Arrow) to Arrow .

                                                                         sorts (Monoid,Cell) to Cell . (Monoid,Harrow) to Harrow .

                                                                         sorts (Monoid,Varrow) to Varrow . (Monoid,Square) to Square .

                                                                         ops left to . left to .

                                                                         ops d right to d . c right to c .

                                                                         ops l right to l . r right to r . ; right to ; .

                                                                         ops right to . n right to n . e right to e .

                                                                         ops w right to w . s right to s .

                                                                         ops * right to * . right to )

endfth

view W from MONDCAT to MON2VHCAT is id V .

endview

Subalgebra axioms and homom orphism axioms are as follows:

: : : :

( ) = ( ) ( ) ( ) = ( ) ( )

( ) = ( ) ( ) ( ) = ( ) ( )

; = ( ; ) ( ; )

= ( ) ( )

Notice that we could have obtained the same theory MONDCA

T by applying the

tensor pro duct construction to MONCA

T and CA

T, or to CA

T and MONCA T

(but not to MONCA

T and MONCA

T!). W e call =

the category of monoidal double categories.

W e now intro duce the monoidal version of 2VH-categories and of the theory

morphism V.

W e call = the category of monoidal 2VH-

categories.

W e now present the main result of the pap er.

W e will b e interested in the following prop erty:

A monoidal double category is if the monoidal 2VH-category

( ) satisfies the following additional conditional mem b ership axiom:

( : : : )

: ( ) = ; ( ) = ;

1 1

1 1 c omputads

rules

∗ ⇔ ∧ ∧ ∗

∗

⊗ ⊗

⊗ ⊕

∘

⊗

⊕

⊗ ⊕

⊗

⊗

⊕

⊕

·

·

A B Rul e A, B H ar r ow e A w B A B H ar r ow

A B

fth CTD is

                                                                         including MONCAT renamed by (

                                                                         sorts Object to Object . Arrow to Harrow .

                                                                         ops to . to .

                                                                         ops d to w . c to e . ; to * ) .

                                                                         including MONCAT renamed by (

                                                                         sorts Object to Object . Arrow to Varrow .

                                                                         ops to . to .

                                                                         ops d to n . c to s . ; to ) .

                                                                         sort Rule .

                                                                         subsorts Object < Harrow Varrow < Rule .

                                                                         vars a b : Object .

                                                                         vars f g : Harrow .

                                                                         vars u v : Varrow .

                                                                         vars A B : Rule .

                                                                         mb f g: Harrow .

                                                                         mb u v: Varrow .

                                                                         eq a b = a b .

                                                                         cmb A : Harrow if A B : Rule .

                                                                         cmb B : Harrow if A B : Rule .

                                                                         cmb A : Varrow if A B : Rule .

                                                                         cmb B : Varrow if A B : Rule .

                                                                         cmb f*g : Harrow iff e(f) = w(g) .

                                                                         cmb A*B : Rule iff A , B : Harrow and e(A) = w(B) .

                                                                         cmb u v : Varrow iff s(u) = n(v) .

                                                                         cmb A B : Rule iff A , B : Varrow and s(A) = n(B) .

                                                                         cmb A : Object if A : Harrow and A : Varrow .

                                                                         mbs w(h) , e(h) , n(v) , s(v) : Object .

Whenever this axiom is satisfied, it is easy to check whether a cell is a square,

b ecause it is enough to check whether the condition in the right mem b er of the

clause is satisfied.

W e now give, as usual in Maude-like form, the presentation of ,

which (when provided with suitable generators) corresp ond to tile rewrite sys-

tems. Computads are reminiscent of monoidal double categories in that they

also have a monoidal category of horizontal arrows and a monoidal category of

vertical arrows sharing the ob jects. However, instead of squares they have ,

for which no op eration is defined, unless they happ en to b e horizontal or vertical

arrows. F or horizontal comp osition this is expressed by the rule:

: : ( ) = ( ) :

which states that horizontal comp osition of two elements (of the top sort) is

defined iff they are adjacent horizontal arrows, and in this case it is an horizontal

arrow.

⊗ ⊕

⊕ ⊗

⊓ ⊔

∈

∈

∈

⊕ ⊗

Ctd P Alg

Prop osition 16.

S

Rul e S q uar e

S

A U A

α A

U A α

α A

U A α A

U A

W S Z

C T D

S

S q uar e

S Rule

S q uar e

S Rule S q uar e

S Rule

A priori

L et b e the signatur e morphism fr om CTD to MONDCA

T mapping sort

to sort , op er ator to op er ator and for the r est r elating homony-

mous sorts and op er ators. Then is a the ory morphism.

                                                                         mbs w(A) , e(A) : Varrow .

                                                                         mbs n(A) , s(A) : Harrow .

                                                                         eq n(w(A)) = w(n(A)) .

                                                                         eq n(e(A)) = e(n(A)) .

                                                                         eq s(w(A)) = w(s(A)) .

                                                                         eq s(e(A)) = e(s(A)) .

endfth

view S from CTD to MONDCAT is

                                                                         sort Rule to Square .

                                                                         op to .

endview

view Z from CTD to MON2VHCAT is S;W .

endview

Notice that the structure of monoidal categories is imp orted for b oth hor-

izontal and vertical arrows. the two monoidal op erators and on

vertical and horizontal arrows are different (but they coincide on ob jects). How-

ever, they will b e b oth mapp ed to the same op erator when defining the theory

morphism from computads to monoidal double categories.

W e call = the category of computads. Computads are essen-

tially an imp overished version of monoidal double categories and can b e used to

present a monoidal double category as the free extension of a given computad.

Therefore one can easily show the existence of a theory morphism from CTD to

MONDCA T.

(morphism from CTD to MONDCA T)

The ab ove prop erty can b e easily proved, since the axioms which must b e

satisfied by are the same which must b e satisfied by ( ). The only exception

is when a square is not a horizontal arrow. Then, as an element

of ( ) , horizontal comp osition is not defined on , and thus no related

axioms must b e satisfied. Similarly

, if is not a vertical arrow, in

( ) , vertical comp osition is not defined on it. Finally

, if is

neither a horizontal nor a vertical arrow, in ( ) , no monoidal op eration

is defined on it.

The signature morphism ab ove can b e sp ecified in Maude-like notation.

W e can now comp ose and to obtain a morphism from CTD to

MON2VHCA

T and apply the result of Prop osition 6 in a couple of interesting

cases.

∗ ∗

( )

∗ ∗

∈ ×

∗

R

4 Tile Logic and Enric hed Rewriting Logic

→

→ →

→

→ ⊓ ⊔

×

{ }

∈ → ⊓ ⊔

⊓ ⊔

→

R

R R

R

R ∈ R

− →

R ⊢ − → ⊓ ⊔

L

R R

S S

Z

Z Z

S W W

v ,w v ,w S S

v ,w

G

h v

h v

h v

S

S

S

S q uar e

u

v

tile u

v

U F

U

F F

F F U

S S S

Σ Σ S

S f Σ f v w

Σ Σ

Σ

F Σ Σ

Σ Σ

S

C S, Σ , Σ , R

S

Σ Σ R

F

F

α α F

α f g n α f e α v w α u s α g

f g

Prop osition 17. Ctd MonDCat Mon2VHCat

MonDCat Ctd

Ctd MonDCat Mon2VHCat Ctd

Ctd Mon2VHCat

Mon2VHCat MonDCat

Definition 18.

Definition 19.

M

M M

Definition 20.

M M

The for getful functor has a left adjoint

. Similarly, the for getful functor

has a left adjoint . F urthermor e, c an b e ob-

taine d by c omp osing with the left adjoint to the for getful functor

.

(many-sorte d hyp er-signatur e)

(many-sorte d, hyp er) signatur e

(strict monoidal c ate gory fr e ely gener ate d by a signatur e)

monoidal

gr aphs

(tile r ewrite system, tile lo gic)

horizontal

vertic al

tile r ewrite system

tile lo gic

(adjunctions from to and to )

: :

:

:

:

W e now formally intro duce (the monoidal version of ) tile rewrite systems and

tile logic.

Given a set of sorts, a is an -indexed

family of sets = , where denotes the free monoid on set

. Each is denoted : .

Given a signature , ( ) is the strict monoidal category freely generated

by .

Notice that the ab ove well known free construction can b e easily seen to

b e the left adjoint functor construction asso ciated to a theory morphism. It is

enough to define an (ordinary

, total, algebraic) theory MONGRPH of

consisting of no des (equipp ed with a monoidal op eration) and of hyp er-

arcs (equipp ed with source and target op erations), and to consider the theory

morphism G: MONGRPH MONCA

T mapping no des into ob jects and hyp er-

arcs into arrows; then = . Since is a mo del of MONGRPH, ( ) is

then a mo del of MONCA

T, i.e., a strict monoidal category .

Let and b e two disjoint signatures, called the and the

signature resp ec tively

. They must share the same set of sorts .

A = ( ) is the computad where the set of

ob jects is the free monoid on , the horizontal (resp. vertical) arrows are the

arrows of ( ) (resp. ( )), and the set of rules is .

The of is the monoidal double category ( ) freely generated

from by the left adjoint functor describ ed by Prop osition 17.

In the following, for either a rule in or a square ( ) we

write : if ( ) = , ( ) = , ( ) = and ( ) = , and we also

write .

As shown in [27], the Lawvere 2-theory of an unconditional rewrite theory

is the free 2-category with finite 2-pro ducts generated by when viewed as

an appropriate computad. Therefore, in 2-categorical terms rewriting logic is the

ER WL

ER WL

⊗

R

R

⊗

R

Y Y

Y

Z

h v

Z

Z

u

v u

v

Z

S q uar e

W W

S W Z

Z W S

h v

tile u

v u

v

Z

× ⊗

→

⊗

→

R

L ∈

L L

R R ∈

R ∈

R

R R R

R ⊢ − → − → ∈ R

⊓ ⊔

→

R

R → R

R R

R

R ⊢ − → ⇐ ⇒ R ⊢ − →

⊓ ⊔

→

R

P C AT

Y M O N C AT P C AT

M O N C AT M O N C AT

U F

F

F

C S, Σ , Σ , R

F

F

f g α f g F

F U

η F U F

F F F η

C S, Σ , Σ , R

f g f g

α α f v u h

F α

α

P2Cat Mon2Cat

Mon2Cat

Mon2Cat Mon2VHCat

Ctd

Mon2VHCat

Definition 21.

Mon2VHCat MonDCat

Corollary 22.

monoidal r ewrite the ory

enriche d r ewrite the ories

(enriche d r ewriting lo gic)

enriche d r ewriting lo gic

ER WL

Given a tile r ewrite system we have

squar e

not logic asso ciated to the mo dels of the theory 2 of 2-categories with finite

2-pro ducts. Regarding the cartesian 2-pro duct as a monoidal op eration

exactly corresp onds to defining a theory morphism : 2 2 ,

where 2 is the tensor pro duct 2 . The forgetful functor

: has then a left adjoint , which allows us to consider

the notion of a as an appropriate computad that has

first a free extension to a monoidal Lawvere theory , and whose

standard 2-Lawvere theory is = ( ).

The desired link b etween tile logic and rewriting logic can b e obtained by

considering monoidal rewrite theories that generate monoidal Lawvere theories

not just in , but in the richer category . W e shall call

such rewrite theories . As computads they coincide with

tile rewrite systems , that is, they can b e regarded as computads .

Their logic is then captured by their monoidal 2VH Lawvere theory

, namely

( ) .

Given a tile rewrite system = ( ), the

( ) of is the monoidal 2VH-category ( ) freely generated from by

the left adjoint functor describ ed by Prop osition 17.

W e write iff there is a square : ( ) .

Tile logic and enriched rewriting logic are then systematically related by the

left adjoint to the forgetful functor : ,

that for any tile rewrite system gives us a unit map

: ( ) ( ( ))

mapping tile logic into enriched rewriting logic, since (by Prop osition 17) we

have ( ) = ( ( )). Since by Theorem 14 we know that is surjective on

squares and bijective on arrows, we then obtain the following adequacy prop erty

for this mapping.

(adequacy of enriched rewriting logic)

= ( )

The practical imp ortance of this result is that we can use an implementa-

tion of rewriting logic such as those currently av ailable (Cafe [18], ELAN [3],

Maude [10]) to p erform deductions in tile logic. Notice that the ab ove equiv a-

lence dep ends crucially on the rewrite pro of b eing a : ; ; ,

since in ( ) we can have many rewrite pro ofs that are not squares and

therefore are v alid tile pro ofs. The constraint that the rewrite pro of must

+ + sos

′ ′

′ ′

|

|

|

|

|

|

|

|

|

|

|

|

Definition 23.

μ μ

μ

μ

μ μ

μ

μ

μ α α

τ μ

μ

R

R ⊓ ⊔

∩ ∅

∪ ∉

∪ { }

\ |

| \ − → | \

− →

− → − →

| − → |

| \ − → | \

− →

− → ∉{ }

\ − → \

− →

− →

− →

− →

− →

| − → |

− → − →

| − → |

− →

| − → |

S

μ.P P

P Q μ α,α

P α Q α

P Q

P R Q

P Q

R P Q

P Q

P R Q R

P Q, P Q

P P Q Q

P Q

R P R Q

τ

a

a a

τ

τ in-

ternal str ate gy

(uniform tile r ewrite system)

uniform

Example 5. (tile and r ewriting lo gic for CCS)

Syntax of CCS.

Op er ational Semantics of CCS.

F

Δ

α Δ Δ Δ Δ Δ

Λ Δ Δ λ τ Λ

Λ τ μ

P nil μ.P P α P P P P .

P

.

a.nil b.nil a.nil a nil nil a,

a.nil nil

a.nil b.nil nil a.nil nil

a.nil b.nil anil nil nil

a.nil b.nil anil a nil nil a b e a square can b e imp osed and implemented by means of the notion of an

[11] that restricts the rewrite pro ofs by requiring the overall pro of

to b e an appropriate comp osition of squares yielding a square. Of course, if the

tile rewrite system is uniform in the sense of the following definition, then the

strategy imp osing the constraint that pro ofs are squares can b e defined much

more simply

, since one only needs to check the sides of the overall pro of.

A tile rewrite system is if its asso ciated monoidal double category

( ) is uniform (see Definition 15).

As an interesting example of a uniform system, we now present CCS, Mil-

ner’s Calculus for Comm unicating Systems [34]. F or the tile presentation, we

follow [21].

Let b e the alphab et for basic actions (which is ranged over

by ) and the alphab et of complementary actions ( = and = );

the set = will b e ranged over by . Let b e a distinguished action,

and let (ranged over by ) b e the set of CCS actions.

The syntax of finite CCS agents is defined by the following grammar:

::= +

Given a pro cess , its dynamic b ehaviour can

b e describ ed by a suitable transition system, along the lines of the approach,

where the transition relation is freely generated from the following set of inference

rules.

Given the transition

(( + ) ) ( )

its pro of is as follows:

+

( + )

(( + ) ) ( )

W e now present the tile rewrite system for CCS.

CCS

a a a a

⊗ ⊗

⊗ ⊗

⊗

′

0 1

1 1 2 1 1 0

1 1

1

1 1

1 1 h ,

h , h , h ,

v ,

μ

μ μ μ

μ

μ μ

μ μ μ

μ

μ μ

μ μ μ

μ λ λ λ

τ

μ

μ

τ

Z

μ μ

μ μ

μ μ

λ

⊗

∈

\ ∈ | ∈ ∈

∈

− → \ − → \ ∉ { }

− → ⊗ − → ⊗

| − → | | − → | | − → |

→ ⊗ →

∗ ⊗ ∗ ∗ ⊗ ∗ ∗ ∗

→ \ → \ ∉ { }

→ ⊗ → ⊗

| → | | → |

| → |

⊗ n m

m n nil Σ μ.

α Σ Σ Σ

μ. Σ

μ α α μ α, α

.

μ

μ

μ

μ

α nil nil b nil .

F

μ μ p p μ p α μ p α μ α, α

μ p q μ p q μ p q μ q p

μ p q μ p q μ p q p μ q

τ p q λ p λ q .

t t

Pref Res

Suml Sumr

Compl Compr Synch

Pref

Suml

Prefix Suml Prefix Synch Res

Pref Res

Suml Sumr

Compl Compr

Synch

Signatur es of the CCS R ewrite System.

er aser

Rules of the CCS R ewrite System.

CCS Rules and Tiles as Cel ls.

ER WL

There is only one sort 1. The free monoid

generated by it is represente d by underlined natural numb ers with =

+ . F or the horizontal signature the op erators are: ( ) ; and

( ) ; + and ( ) ; and !( ) ( ) . The latter constructor,

called , is needed to discard the rejected alternative after a choice step.

F or the vertical signature the op erators are ( ) .

: 1 : for

: + 1 ! : + ! 1

: : :

W e asso ciate a name to every rule of the tile rewrite system in order to

refer to them later. The rules closely corresp ond to the ordinary SOS rules. F or

instance rule states, as its SOS counterpart, that constructor can b e

deleted, i.e., it can b e replaced by the identity 1. F urthermore, the trigger is

also the identity

, and thus the corresp onding SOS rule is an axiom. Finally

, the

effect is and this corresp onds to the lab el of the transition in the SOS case. As

another example, rule defines left choice. The initial configuration is the

constructor + : 2 1, while the final configuration is 1 ! : 2 1, which states

that the first comp onent is preserved and the second comp onent is discarded.

The trigger states that in the first comp onent we must have an action while

no action (i.e., identity action) is required on the second comp onent. Action

is then transferred to the effect. W e call the computad defined in this way .

The tile corresp onding to the previous example is obtained as follows:

= ((( ) ( ) ) ( ))

According to Definition 21, we can now employ

the functor to derive the enriched rewriting logic semantics of our CCS

rewrite system. F or this purp ose, we first sp ecify the cell version of our rewrite

rules and then apply rewriting.

: [ ( )] : [ ] [ ] for

: [ + ] [ ] !( ) : [ + ] [ ] !( )

: [ ] [ ] : [ ] [ ]

: [ ] [ ] [ ]

W e use standard term notation for left and right hand sides of rewriting

rules, i.e., for the domain and co domain arrows of cells. This is p ossible since

almost all our horizontal and vertical constructors are term constructors, i.e.,

return one v alue. The only exception is discharger, which returns no v alue. T o

accommo date for the discharger, we extend the ordinary term notation intro-

ducing the monoidal op eration. Notice that the parallel comp osition !( ) still

′

′

′

′

Synch

1

1

1

2

2

4

2

3

3

4

4

3 λ

v

v v w

u w

w

v

v u

w v

′

′ ′ ′ ′ ′′ ′ ′′ ′

′

·

′

′ ′

·

′ ′ ′ ′

1

4

1 2

2

1 3

3

2

3

4

4

1 3 2

2

3 1

4 2

3 1

4

4 1 3

ER WL

ER WL

Example 6. (four bricks c ounter example)

⊗ ⊗ ⊗ ⊗ ⊗ ⊗

|

|

| \ → | \ →

| \ → ⊗ | \ →

⊗ | \ → ⊗ | \

| \ ⊗

⊓ ⊔

− → ∗ − − → − →

∗ − → − − →

∘ ∘ ∘ ∘

∗ ·

⊓ ⊔ t t

t t t t t t t t t t t t t t .

τ p q

λ p λ q

τ a.nil b.nil a.nil a τ a.nil b.nil a.nil a

a a.nil b.nil a a.nil a a a.nil b.nil a a.nil a

a a.nil b.nil nil a nil b.nil nil a

nil nil a b.nil .

α

S

α f g h β g g ϵ h h

γ h g f δ g g .

f β v α w g , v v g ϵ g v v g w γ v δ f returns one v alue, and thus can b e safely used in a subterm p osition. It is easy

to see that, thanks to the homom orphism axioms of monoidal categories, the

following prop erties hold, where and are terms without v ariables:

!( ) =!( ) !( ) !( ) =!( ) !( ) ( !( )) = ( ) !( )

T o distinguish b etween horizontal and vertical arrows, when comp osed to form

an arrow, we use square brackets. F or instance in the left hand side [ ] of

, the horizontal part is inside the brackets and the vertical part is outside,

while in the right hand side [ ] [ ] the vertical part is inside the brackets and

the horizontal part is outside.

W e can now show the deriv ation in style for our running example.

[(( + ) ) ] [ [( + ) ]]

([ [ + ]] [ [ ]]) ([ [ ]] !( ) [ [ ]])

([ [ ]] !( ) ) ( !( ) ) =

( ) !( )

It is natural to pro ceed top down in the pro of, as in a goal-oriented ev alu-

ation of SOS inference rules. W e thus start with the initial configuration and

the exp ected action. Notice that the presence of more than one level of square

brackets in all the intermediate terms of our deriv ation makes clear that

all its sub-deriv ations are cells but not squares. Only the entire deriv ation is a

square, and actually it is easy to see that it can b e made equal, employing the

axioms of MON2VHCA

T, to the square defined ab ove.

In general it is not enough to check that the domain (resp. co domain) arrow

of a cell is the comp osition of a horizontal and a vertical arrow (resp. a vertical

and a horizontal arrow) to make sure that the cell is a square. The following

well-known “four bricks” computad provides a conterexample.

Let consist of the underlined natural numb ers, and let all constructors,

b oth horizontal and vertical, have 1 as source and target. The set of rules is as

follows:

= = =

= =

It is easy to see that the cell

; ; ; ; ; ; ; ; ; ; ; ; ;

is not a square. In fact, even if domain and co domain arrows are of the right

form, this cell cannot b e obtained from the rules just employing horizontal and

vertical comp ositions and .

5 Conclusion

Prop osition 24. CCS

The tile r ewrite system of Example 5 is uniform.

ER WL

symmetric

c artesian

However, counterexamples as shown ab ove cannot b e found for the CCS

rewrite system b ecause of the following prop erty:

The ab ove result guarantees that a very simple implementation exists of the

tile logic for CCS into rewriting logic. In fact there is no need to keep the pro of

terms while rewriting, since to show that an deriv ation corresp onds to

a tile deriv ation it is enough to check the domain and co domain arrows of the

resulting cell.

In this pap er we have employed partial memb ership equational logic to de-

fine (monoidal) double categories, 2-categories and their generalization, 2VH-

categories. The aim was to build a tight connection b etween two very general

mo dels of computation, tile logic and rewriting logic. Tile logic is esp ecially

useful for defining comp ositional mo dels of computation of reactive systems,

co ordination languages, mobile calculi, and causal and lo cated concurrent sys-

tems. Rewriting logic extends the algebraic semantics approach to concurrent

systems with state changes and is the basis of several existing languages. In par-

ticular, the language Maude develop ed at SRI is efficiently implemented and is

equipp ed with imp ortant extra features, like execution strategies and reflective

logic, which allow it to easily emb ed a v ariety of other logics. W e have shown

that rewriting logic deriv ation (of squares) within 2VH-categories coincides with

tile logic deriv ation within double categories, when starting from the same com-

putad. Thus if an implementation of 2VH-categories within Maude is provided

using internal strategies, the mo dels of computation sp ecified via tile rewrite

sistems can b e actually run in Maude. Also, the notion of uniform tile rewrite

system was intro duced, for which the internal strategy is particularly simple,

and a tile rewrite system for CCS was presented which is actually uniform.

Several lines of future research are p ossible and promising at this p oint. One

consists of actually building in Maude the internal strategies ab ove and of car-

rying out exp eriments ab out the flexibility and efficiency of execution in Maude

of tile sp ecifications. In particular, it will b e very imp ortant to define sp ecific

formats of tile rewrite systems which guarantee uniformity . W e are confident

that most pro cess algebras will fall in these classes. Results in this direction

would make it easy to exp eriment with Maude ab out new calculi and ab out ver-

ification techniques for reactive systems. Finally

, the definition of more refined

theories can b e tackled for particular versions of the tile mo del. F or example,

most of the applications describ ed in the intro duction require a version of tiles

(and thus of double categories) which is monoidal rather than simply

monoidal, and some of them require double categories. Definitions in

the general case (where the structure should app ear on b oth dimensions) are far

from trivial [2], since natural transformations on double categories are defined

in terms of four functors from a double to a four-fold category

. Up coming work

15

st

6 Ac kno wledgmen ts

References

T erm Gr aph R e duction

Multiple F unctors I: Limits R elative to Double Cate-

gories

Pr o c. Intl. Workshop

on R ewriting L o gic and its Applic ations

Observing L o c alities

Pr o-

c e e dings of T

APSOFT’97

Pr o c ess and T erm Tile L o gic.

Zer o-Safe Nets, or T r ansition Synchr onization Made Sim-

ple

Zer o-Safe Nets: The Individual T oken Appr o ach

Co or dination L anguages and Mo dels

Internal Str ate gies in a R efle ctive L o gic

A 2-Cate goric al Pr esentation of T erm Gr aph R ewrit-

ing by Rob erto Bruni and the authors [6] prop oses suitable notions of symmetric

monoidal and cartesian double categories, and shows that the relation b etween

monoidal double categories and monoidal 2VH-categories exploited in this pa-

p er can b e smo othly extended to the symmetric monoidal and cartesian case.

Also, preliminary results show for instance the p ossibility of programming and

executing in Maude the tile systems recently prop osed in the literature [16] for

lo cated and mobile calculi.

W e would like to thank Narciso Mart ´ ı-Oliet and Rob erto Bruni for their com-

ments.

1. H.P

. Barendregt, M.C.J.D. v an Eekelrn, J.R.W. Glauert, J.R. Kennaway

, M.J.

Plasmeijer, M.R. Sleep, , Pro c. P

ARLE, Springer LNCS

259, 141–158, 1987.

2. A. Bastiani, C. Ehresmann

, Cahiers de T op ologie ed Ǵ eoḿ etrie Diff́ erenti ell e (3), 1974, pp. 545-621.

3. P

. Borov ansk ´ y, C. Kirchner, H. Kirchner, P

.-E. Moreau, and M. Vittek. ELAN: A

logical framework based on computationa l systems. In 1

, ENTCS, North Holland, 1996.

4. G. Boudol, I. Castellani , M. Hennessy

, A. Kiehn, , Theoretical

Computer Science, 114: 31–61, 1993.

5. Adel Bouhoul a, Jean-Pierre Jouannaud, and Joś e Meseguer. Sp ecificati on and

pro of in memb ership equational logic. In M. Bidoit and M. Dauchet, editors,

. Springer LNCS 1214, 1997.

6. R. Bruni, J. Meseguer, and U. Montanari. T echnical

Rep ort, SRI International, in preparation.

7. R. Bruni, U. Montanari,

. In: Catuscia Palamide ssi , Joachim Parrow, Eds, EXPRESS’97, ENTCS, V ol.

7, 1997.

8. R. Bruni, U. Montanari, . In:

F rancesco Parisi-Presi cce, Ed., Pro c. 12th W

ADT W orkshop on Algebraic Devel-

opment T echniques, Spinger LNCS, 1998, this volume.

9. P

. Ciancarini , C. Hankin, Eds., , LNCS 1061,

1996.

10. Manuel G. Clavel, Steven Eker, Patrick Lincoln , and Joś e Meseguer. Principl es of

Maude. In: J. Meseguer, Guest Ed., First International W orkshop on Rewriting

Logic and its Applicati on s, ENTCS 4 (1996).

11. M. Clavel, J. Meseguer, . In: J. Meseguer,

Guest Ed., First International W orkshop on Rewriting Logic and its Applicati on s,

ENTCS 4 (1996).

12. A. Corradini, F. Gadducci,

. In: Eugenio Moggi, Giusepp e Rosolini , Eds., Category Theory and Computer

Science 1997, Springer LNCS 1290, 1997, pp.87-105.

π

103

96

An Algebr aic Semantics for Structur e d T r ansition

Systems and its Applic ation to L o gic Pr o gr ams

Cat́ egories Structuŕ ees

A Tile-Base d Co or dination View of the Asynchr onous -

c alculus

Tiles for Concurr ent and L o c ate d Calculi

Col l. Math.

Pr o c. of the Kunming International CASE Symp osium, Kunming, China, Novem-

b er

On the Algebr aic Appr o ach to Concurr ent T erm R ewriting

The Tile Mo del

Tiles, R ewriting Rules and CCS

R eview of the Elements of 2-c ate gories

Comp ositionality Thr ough an Op er ational Semantics of

Contexts

Pr o c. Midwest Cate gory Seminar II

J. L o gic

Computat.

R ewriting as a Unifie d Mo del of Concurr ency

F unctorial Semantics of R ewrite Systems

Conditional R ewriting L o gic as a Unifie d Mo del of Concurr ency

R ese ar ch

Dir e ctions in Concurr ent Obje ct-Oriente d Pr o gr amming

R ewriting L o gic as a Semantic F r amework for Concurr ency: A

Pr o gr ess R ep ort CONCUR’96: Concur-

r ency The ory

Pr o cs. R ewriting L o gic and Applic ations

13. A. Corradini, U. Montanari,

, Theoretical Computer Science ,

1992, pp.51-106.

14. C. Ehresmann, : I and I I, Ann.

´

Ec. Norm. Sup. 80, Paris

(1963), 349-426; I I I, T op o. et Ǵ eo. diff. V, Paris (1963).

15. G. F errari, U. Montanari,

. In: Igor Prv ara, Peter Ruzick a, Eds., Mathematical F oundations of Com-

puter Science 1997, Springer LNCS 1295, 1997, pp. 52-70.

16. G. F errari, U. Montanari, . In: Catuscia

Palamides si, Joachim Parrow, Eds, EXPRESS’97, ENTCS, V ol. 7.

17. P . F reyd. Algebra v alued functors in general and tensor pro ducts in particula r.

, 14:89–106, 1966.

18. K. F utatsugi and T. Sawada. Cafe as an extensibl e sp ecificati on environment. In

, 1994.

19. F. Gadducci, , PhD The-

sis, Universit` a di Pisa, Pisa. T echnical Rep ort TD-96-02, Department of Computer

Science, University of Pisa, 1996.

20. F. Gadducci, U. Montanari, . In: Gordon Plotkin, Colin Stirling ,

and Mads T ofte, Eds., Pro of, Language and Interaction: Essays in Honour of Robin

Milner, MIT Press, to app ear. Also T echnical Rep ort TR-96-27, Department of

Computer Science, University of Pisa, 1996

21. F. Gadducci, U. Montanari, . In: J. Meseguer,

Guest Ed., 1st Int. W orkshop on Rewriting Logic and its Applicati ons , ENTCS 4

(1996).

22. G.M. Kelly

, R.H. Street, , Lecture Notes in

Mathematics 420, 1974, pp. 75-103.

23. C. Lair, Etude Ǵ eń erale de la Cat́ egorie des esquisses, Esquisses Math. 24 (1974).

24. K.G. Larsen, L. Xinxin,

, in Pro c. ICALP’90, LNCS 443, 1990, pp. 526-539.

25. F.W. Lawvere. Some algebraic problems in the context of functorial semantics of

algebrai c theories. In , pages 41–61. Springer

Lecture Notes in Mathematics No. 61, 1968.

26. N. Mart ´ ı-Olie t, J. Meseguer, Inclusion and Subtyp es I: First-order Case,

, V ol.6 No.3, pp.409-438, 1996.

27. J. Meseguer, , SRI T echnical Rep ort,

CSL-93-02R, 1990. See the app endi x on .

28. J. Meseguer, , The-

oretical Computer Science , 1992, pp. 73-155.

29. J. Meseguer. A logical theory of concurrent ob jects and its realization in the Maude

language. In Gul Agha, Peter W egner, and Akinori Y onezawa, Eds.,

, pp. 314–390. MIT Press,

1993.

30. J. Meseguer. Memb ership algebra. Lecture and abstract at the Dagstuhl Seminar

on “Sp ecificatio n and Semantics,” July 9, 1996.

31. J. Meseguer,

, in: U. Montanari and V. Sassone, Eds.,

, Springer LNCS 1119, 1996, 331-372.

32. J. Meseguer, Ed., , First International

W orkshop, ENTCS 4 (1996).

A

Memb ership Equational L o gic as a L o gic al F r amework for Equational

Sp e cific ation

Communic ation and Concurr ency

A Calculus of Mobile Pr o c esses

Gr aph R ewriting and Constr aint Solving for Mo del ling

Distribute d Systems with Synchr onization

Cate gories and F unctors

A Structur al Appr o ach to Op er ational Semantics

Cate gory The ory and

Computer Pr o gr amming LNCS

L okal pr¨ asentierb ar e Kate gorien

33. J. Meseguer,

. In: F rancesco Parisi-Presi cce, Ed., Pro c. 12th W

ADT W orkshop on

Algebraic Development T echniques, Spinger LNCS, 1998, this volume.

34. R. Milner, , Prentice-Hall , 1989.

35. R. Milner, J. Parrow, D. W alker, (parts I and I I),

Information and Computation, 100:1–77, 1992.

36. U. Montanari, F. Rossi,

, in: Paolo Ciancarin i and Chris Hankin,

Eds., Co ordinatio n Languages and Mo dels, LNCS 1061, 1996, pp. 12-27. F ull pap er

submitted for publicati on.

37. B. Pareigis, , Academic Press, 1970.

38. G. Plotkin, , T echnical Rep ort

DAIMI FN-19, Computer Science Department, Aarhus University

, 1981.

39. A. Poigń e. Algebra categorical y

. In D. Pitt et al., editor,

, volume 240 of , pages 76–102. Springer-V erlag ,

1985.

40. P

. Gabriel and F. Ulmer. . Springer Lecture Notes

in Mathematics No. 221, 1971.

This article was pro cessed using the L T

E

X macro pack age with LLNCS style